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Ȁƾʒψȴ
.ƽǃơƽǂȨ κǺ Ǽơǂʑơ ǁȅǾ ȁǻǌȴ ǉǁƢƦǾơ ȁǯǷƷ ǁƽ ǽʒʑƢȨŷƢƬƥ ʏ ȁψƦǋ ʏǃƢǇ ȁǿʒȃƥ ƽǁȅǺ ǁƽ ƮƸƥ ȁƥ ƍȁǺƢǾ ǼƢʑƢȨ ǽʑơ
Ȅ ƩơǂƯơ ƽȅƳȄ ǵʒǶƽ ȁƥ ǴƢƷ ǽʑơ Ƣƥ ƍƽǂʒɟ κǺ ƩƢǌǾ ǁƢƬƻƢǇ ǽʑơ ǁƽ ȁψʑǁƢƥ ʏ˪Ƣƥ κɟƾǿǌƻǁƽ ǃơ ȁψƦǋ ǽʑơ ƪʒǻȂơ
ƽǂψǷǻǟ ƮǟƢƥ ǂǺơ ǽʑơ Ȅ ƍƾǿʑƢǻǾ κǻǾ ȀƽǁȄƕǂƥ ơǁ ǁƢǜƬǾơ ƽǁȅǺ ǁơƾǯǺ Ǽƕ ʏƢȂǂƬǺơǁƢȨ κƻǂƥ ƍκǘƻǂʒǣ ʏƢȂ ǼơƾʒǺ
ǁơƾʑƢȨ ʏƢǔǪ Ƣʑ κψʒǺƢǿʑƽ ȁǾǃȄǁ Ƣƫ ƪǇơ Ȁƾǋ κǠǇ ƍȁǺƢǾ ǼƢʑƢȨ ǽʑơ ǁƽ .ƽȅǋ κǺ ǁƢƬƻƢǇ ǽʑơ ǁƽ ȁψʑǁƢƥ ǩʒǠǓ
Ǽơȅǿǟ ȁƥ ƍƽǁơǀɟ κǺ ǂƯơ Ʃơǁƿ ʏ ȁψʑǁƢƥ ǂǻǟ ǴȅǗ ǂƥ ȁɒ  ȁǾƢɓƫ κɟƾǾǂʑǀȨ Ȅ ǉǁƢƦǾơ ʏ ȁǯǷƷ ǁƽ Ʃơǁƿ ƪɒǂƷ
ǖǇȅƫ ʏǃƢǇ ȁǿʒȃƥ .ƽǂʒɟ ǁơǂǮ ʏǃƢǇ ȁǿʒȃƥ ƽǁȅǺ ǽʒʑƢȨŷƢƬƥ ʏ ȁψƦǋ ǁƽ ȁψʑǁƢƥ υʒǺƢǿʑƽ ǁƽ κǇƢǇơ ǂƬǺơǁƢȨȄƽ
ȁǿʒȃƥ ʏƢȂ ǹƬʑǁȅϋǶơ ǽʑǂƫƽǂƥǁƢɒǂȨ ǃơ κψʑ Ǽơȅǿǟ ȁƥ ȀǃȄǂǺơ ȁɒ ƍƽǂʒɟ κǺ ƩǁȅǏ ȀǁȅǜǿǺ ƾǿȴ κψʒƬǾɆ ǹƬʑǁȅϋǶơ
ǁƽ ǂƬǺơǁƢȨ Ȅƽ ǽʑơ ƽȅƦȃƥ ʏ ȀƾǿȂƽ ǼƢǌǾ ʏǃƢǇ ȁǿʒȃƥ ƲʑƢƬǾ .ƪǇơ Ȁƾǋ ȁƬƻƢǿǋ ƍǸȅǷǟ ǂϋʑƽ Ȅ ǂϋƥƢƬǋ ǁƽ ʏǃƢǇ

.ƪǇơ ȁǯǷƷ
ǆȩǇ ƍƾǋ ƾȂơȅƻ ƮƸƥ ƢȂǂϋƥƢƬǋ υʑǄʒǪ Ȅ ȁǷƠǈǺ υʑǄʒǪ ȁƥ ǕȅƥǂǺ ʏǁȅƠƫ ƽǁȅǺ ǁƽ ơƾƬƥơ ǁƽ ƍȁǺƢǾ ǼƢʑƢȨ ǽʑơ ǁƽ
Ȅ Ȁƽǂɒ κǪǂǠǺ ơǁ ȀǁȅǜǿǺ ƾǿȴ κψʒƬǾɆ ǹƬʑǁȅϋǶơ ƍǁƢȃȴ ǊƼƥ ǁƽ .ƾǾȅǋ κǺ κǪǂǠǺ ǂϋƥƢƬǋ ǁƽ κǘƻǂʒǣ ǂǏƢǿǟ
ƲʑƢƬǾ ǽʒǿȴ ǹȂ .ƪƻơƽǂȨ ǹʒȂơȅƻ ǽʒʑƢȨŷƢƬƥ ȁψƦǋ Ȅ Ǽơǂʑơ ǁȅǾ ȁǻǌȴ ǉǁƢƦǾơ ȁǯǷƷ κǪǂǠǺ ȁƥ ǹƴǿȨ ǊƼƥ ǁƽ
ȁǠǶƢǘǺ ƽǁȅǺ Ǌǋ ǵǐǪ ǁƽ ȀƢɠƬǇƽ ƽǂψǷǻǟ ǂƥ ƢȂ ǆʒǗƢǿǤǺ ʏƢȂƢǘƻ ǂʒƯƢƫ κǇǁǂƥ Ȅ ȁψƦǋ ʏǃƢǇ ȁǿʒȃƥ ȁƥ ǕȅƥǂǺ

.ƪǪǂɟ ƾȂơȅƻ ǁơǂǮ
Ȅ ʏǂʒɟ ȀǃơƾǾơ .ƽǁơƽ ǍƢǐƬƻơ κǠǮơȄ ǽʒǋƢǺ υʑ ǁƽ ʏǂʒɟ ȀǃơƾǾơ ǃơ ȀƾǺƕ ƪǇƽ ȁƥ ƲʑƢƬǾ ȁƥ ƍƪǫȂ ǵǐǪ ƪʑƢȃǾ ǁƽ
ƪƸǏ ǃơ ǼơȅƬƥ Ƣƫ ƍƾǋ ǸƢƴǾơ ǼƢǻǶƕ ǁƽ ʏǂϋʑƽ ǂϋƥƢƬǋ ǁƽ Ǽơǂʑơ ǁȅǾ ʏ ȁǻǌȴ ʏ ȀɆȄǂȨ ǸƢǻƫơ Ǹƾǟ ǵʒǶƽ ȁƥ ǊʑƢǺǃƕ
ǵǏƢƷ ǼƢǿʒǻǗơ ƍƪǇơ ȁƬǪǂɟ ǁơǂǮ ȀƽƢǫƬǇơ ƽǁȅǺ ȁǺƢǾ ǼƢʑƢȨ ǽʑơ ǁƽ ȁɒ ʏǃƢǇ ȁʒƦǋ ʏƢȂƾɒ ǃơ ȀƾǺƕ ƪǇƽ ȁƥ ƲʑƢƬǾ

.ƽȅǻǾ
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ǃʒȅƣǑƬ ƫǈǃȄǫ ȏȑ

:ȁƿʓϚȵ

ρǼǸǠ ƫǿȅƣǡǻ ǂƾ ȏȑȖȕ ǵƣǈ ǂƾ Ȃɓ ƫǈƢ ǽȅǃƭϚǷƢ ǽȅǃƬȅǃɔȀǈ ǃϝƦƣƭǌ ϗʒ ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ρǸǻ ʐ ȁɇȅǃȩ

ȅ ƿǌ ȁƾǃȪǈ ʐƾƣʓȀƦ ʐƣȃ ǋǿƢƾ ȁƣϝǍȃȅɈȩ ȂƦ ǽƖ ƫƼƣǈ ƫʒǂȆǻƣǻ ȅ ƿʓǈǂ ƥʒȆǑƬ ȂƦ ʐǂȆȄǼƴ Ǉʓʒǂ ʐǂȅƣȀǫ ȅ

.ƿǿƢǂǁɠ ρǻ Ƣǂ ȂʓǷȅƢ ƫƼƣǈ ȅ ρƸƢǃǘ ǶƸƢǃǻ ρƴǂƣƼ ȅ ρǸƼƢƾ ʐƣȃ ȁȅǃɠ ʐǂƣϚǼȃ ƣƦ ȁɇȅǃȩ ǾʒƢ ǃǔƣƸ ǵƣƸ ǂƾ

ǾʒƢ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ʐɇǃǿƢ Ȃɓ ƫǈƢ ρƸƢǃǘ ǵƣƸ ǂƾ Ǝǃƭǻ ȓȐȖ ƣƦ ǃƦƢǃƦ ρǙʓƹǻ ƣƦ ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ

ρǸʓǻ ȒȘȘ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǽƣʒǃƴ ȁƿǌ ǹƣƵǿƢ ʐƣȃ ρƸƢǃǘ ǮƧǘ .ƿǈǂ ρǻ ƫǷȅ ǽȅǃƭϚǷƢƣϝʓɠ ȑ ȂƦ ǃϝƦƣƭǌ

ρǙƼǃʓǤ ȅ ρǙƼ ʐƣȃǃƭǻƢǂƣȩ ʐǄƣǈ ȂȀʓȄƦ ȅ ǾʓʓǡƬ ʐƢǃƦ .ƫǈƢ ƫǠƣǈ ȏȓ ǄƢ ǋʓƦ ȂϚʒǂƣƦ ǃǼǠ ǵȆǘ ȅ ǃȪǻƖ

ǂƾ ρǬǸƭƽǻ ƪƣǰʓǰƹƬ ȅ ƣȃ Ǌȅǂ ... ȅ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƎρɠƿȀǸʓǉɠ ƎƫɓǃƸ Ǟȅǃǌ ȂǙǰǿ ƿȀǿƣǻ ƎǃϝƦƣƭǌ ǾʒƢ

ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ʐƾƣȄȀǍʓȩ ʐ ȂϚƧǌ ʐƢǃƦ ƣȃǃƭǻƢǂƣȩ ǾʒƢ ǾʓʓǡƬ ȂƦ Ȃǻƣǿ ǽƣʒƣȩ ǾʒƢ Ȃɓ ƫǈƢ ǹƣƵǿƢ ǵƣƸ

.ƾǄƢƾǃȩ ρǻ

ρɠƿȀǍƼǂƾ Ȃɓ ƾƢƾ ǺʓȃƢȆƼ ǽƣǍǿ .ƫǈƢ ȂƭǉƦƢȅ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǂƾ ȂϚʒǂƣƦ ͣρɠƿȀǍƼǂƾ ȂƦ ǞȆǔȆǻ ǾʒƢ ƫʓǼȃƢ

ƎƫǈƢ ƾȆƴȆǻ ʐƾƣȄȀǍʓȩ ʐ ȂϚƧǌ ǂƾ ȂϚʒǂƣƦ ρɠƿȀǍƼǂƾ ǄƢ ǃƭǍʓƦ ǃƦƢǃƦȅƾ żƣƧʒǃǰƬ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǂƾ ȂϚʒǂƣƦ

ʑƧǙǯ ǋǌ ƾȆƴȅ ƫǸǠ ȂƦ Ǝǃϝʒƾ ǩǃǘ ǄƢ .ƫǈƢ ǂƢƾǂȆƼǃƦ ʐƢ ȁɈʒȅ ƫʓǼȃƢ ǄƢ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ǶʓǷƾ ǾʓǼȃ ȂƦ

ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ʐ ȂǿǄȅǂ ƎȂϚƧǌ ǂƣƭƼƣǈ ǶʓǷƾ ȂƦ ǽǂƣǰƬ ǋȃƣɓ ȅ ȂϚƧǌ ǾʒƢ ǂƾ ˫ƣƦ ƪǂƿǯ ƣƦ ʐƣȃ

ǵƖ ȁƿʒƢ ʐƾƣȄȀǍʓȩ ʐ ȂϚƧǌ ϗʒ ǽƢȆȀǠ ȂƦ Ƣǂ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ƎǽƢȆƭƦ Ȃɓ ǾʒƢ ǶʓǷƾ ȂƦ .ƾǂƢƾ ʐǃʓϝǼǍȵ ǋȃƣɓ

ǃǼǠ ǵȆǘ ȅ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ǂƾ ρǼȄǻ ǋǰǿ Ȃɓ ǃƭǻƢǂƣȩȅƾ ǾʒƢ ƣƬ ƫǈƢ ǹǄ˫ Ǝƾǃɓ ρǫǃǡǻ ǊǂƣƧǿƢ ʐ ȂǰǸƸ ʐƢǃƦ

.ƿǿȆǌ ȂȀʓȄƦ ƥǈƣȀǻ ǂƢƿǰǻ ȂƦ ƎƿȀȀɓ ρǻ ƣǬʒƢ ȂϚʒǂƣƦ

.ƾǂƢƾ ƾȆƴȅ ρƬȅƣǬƭǻ ʐƣȃ ǺƭʒǂȆϝǷƢ ƎǃϝƦƣƭǌ ʐƣȃǃƭǻƢǂƣȩ ʐǄƣǈ ȂȀʓȄƦ ʐƢǃƦ ƿʒƾ ǺʓȃƢȆƼ ȂǻƢƾƢ ǂƾ Ȃɓ ǂȆǘ ǽƣǼȃ

ʐǄƣǈ ȂȀʓȄƦ Ǌȅǂ ƎǽƢǃʒƢ ǂȆǿ ʐ ȂǼǍȵ ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ʐƾƣȄȀǍʓȩ ȂϚƧǌ ʐƢǃƦ Ȃǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ

ʐȅǂ ǃƦ ǏƽǍǻ ǂȆǘ ȂƦ Ƣǂ ʐǄƣǈ ȂȀʓȄƦ ǃʓưƣƬ ȅ Ǻʓȃƾ ρǻ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ ȅ ρǫǃǡǻ Ƣǂ ρϚʓƭǿɇ ȁǂȆǝȀǻƿȀȵ

.Ǻʓȃƾ ρǻ ǽƣǍǿ ȂϚƧǌ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ʐ ȂǿǄȅǂ

ȂʓƧǌ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ƫƹǐ ǄƢ ǽƣȀʓǼǘƢ ʐƢǃƦ ȅ ƎǽƢǃʒƢ ǂȆǿ  ȂǼǍȵ ʐ ȁɇȅǃȩ ƫƼƣǈ ǶʓǼɔƬ ǹƿǠ ǶʓǷƾ ȂƦ

ȁƿǌ ȁƾƣǬƭǈƢ ʐƣȃƿɓ ǂƾ ȁƿǌ ƾƣƵʒƢ Ƴʒƣƭǿ ƫƹǐ ρǈǂǃƦ ȅ ʐǃʓɠ ȁǄƢƿǿƢ ƎȂǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ ȁƿǌ ǹƣƵǿƢ ʐƣȃ ʐǄƣǈ

ƪƣǑƽǍǻ ƾǂȆǻ ǂƾ ǶʓǑǬƬ ȂƦ ȕ ǶǑǫ ǂƾ .ƿǌ ǹƣƵǿƢ ǽƣǼǷƖ GSI ǅɓǃǻ ǂƾ ǃϝʒƾ ǃϝƦƣƭǌ ǂƾ Ȃǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ

.ƾǃɓ ǺʓȃƢȆƼ ƫƧƹǐ ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ ȅ ʐǃʓɠ ȁǄƢƿǿƢ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ƎǾʓǌƣǻ



ǃʒȅƣǑƬ ƫǈǃȄǫ ȏȒ

:ȁɇƢȅ ƿʓǸɓ

ǺƭʒǂȆϝǷƢƎǇǿƣǿȅǄǂ ǖȆǙƼ ƎρǙƼ ʐƣȃǃƭǻƢǂƣȩ ƎρǙƼǃʓǤ ʐƣȃǃƭǻƢǂƣȩƎǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ƎʐǄƣǈ ȂȀʓȄƦ ƎǊǂƣƧǿƢ ȂǰǸƸ

ǃʓǉǻ ƷʓƹǑƬ ƎϗʓƭϚǸȪǼʓǈ ǇʒǃƬƣǻ ƎʐǄƣǈ ȂȀʓȄƦ Ǝρǉǿƣɓǃǫ ƫǌƣɡǿ ƎǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ƎȁǂȆǝȀǻƿȀȵ ρϚʓƭǿɇ

.ƣƭƦ ǋǿǄ ƷʓƹǑƬ ƎȂƭǉƦ



ȏ ǶǑǫ

Ȃǻƿǰǻ

ȁƿʓϚȵ ȏ . ȏ

ƣȃǃϝƦƣƭǌ ϗʒǅʓǫ

ȁƣɡǿ ǽƢȆƭƦ ƣƬ ƫǈƢ ȁƿǌ ƥƧǈ Ȃɓ ƫǈƢ ǽǂƿǻ ǵȆƹƬ ϗʒ ƣȃǃϝƦƣƭǌ ϗʒǅʓǫ ǹƣǿ ȂƦ ϗʒǅʓǫ ǄƢ ƿʒƿƴ ȂƼƣǌ ǂȆȄǜ

ǵȆǘ ȂƦ ρɡƭǉƦ ƾƢȆǻ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ ǃʒȅƣǑƬ ƫʓǬʓɓ .ƫǌƢƾ ƣȃ ǽƖ ǎƢȆƼ ʐ ȁƿȃƣǍǻ ȅ ƾƢȆǻ ȂƦ ʐǃƬ ǮʓǼǠ

ƲȆǻ ǵȆǘ Ȃɓ ǺʓʒƣǼǿ ȁƾƣǬƭǈƢ ρƴƢȆǻƢ ǄƢ ƿʒƣƦ Ɵʓǌ ǃȃ ʐ ȁƿȃƣǍǻ ʐƢǃƦ .ƾǂƢƾ ƎǺʒǃƦ ρǻ ǂƣɓ ȂƦ Ȃɓ ρƴƢȆǻƢ ƲȆǻ

ǃƭȃƣƬȆɓ ƲȆǻ ǵȆǘ ƣƦ ρƴƢȆǻƢ ȂƦ ƿǌƣƦ ǃƭϚȵȆɓ ʐƢ Ɵʓǌ Ȃȵ ǃȃ ǾʒƢǃƦƣȀƦ ƎƿǌƣƦ Ɵʓǌ ʐ ȁǄƢƿǿƢ ǄƢ ǃƭϚȵȆɓ ǽƖ

.ƫǈƢ Ǆƣʓǿ

ǩƿȃ ƣƦ ƾǂȆƼǃƦ ǂƾ Ƣǂ ǽƣϚǻƢ ǾʒƢ ǃƬ˫ƣƦ ʐɇǃǿƢ ƣƦ ʐƢ ȂϚʒǂƣƦ ƎƿǿǂƢƾ ȂǿȆɠ ƲȆǻ ƫʓǐƣƼ ƪƢǂǀ ǹƣǼƬ Ȃɓ ƣƵǿƖ ǄƢ

ƣȃǃϝƦƣƭǌ ȂƦ ǺǸǠ ƾǃƧǍʓȩ ʐƢǃƦ ǶʓǷƾ ǾʒƢ ȂƦƎƾǃɓ ȁƿȃƣǍǻ Ƣǂ ǃƭϚȵȆɓ ȂƧƬǃǻ ǄƢ ρƬƣʓƠǅƴ ǽƢȆƭƦ ƣƬ ƾǂȅƖ ρǻ ǺȃƢǃǫ

ʐ ȂǷƾƣǡǻ ƪǂȆǐ ȂƦ ȅ ƿȃƾ ρǻ ǽƣǍǿ Ƣǂ ʐɇǃǿƢ ȅ ǹǃƴ ʐǄǂƢ Ǻȃ Ȃɓ ǾʓƭǍȀʒƢ ȂǷƾƣǡǻ ǄƢ ǽƣǿƢƿϚʒǅʓǫ .ǺʒǂƢƾ Ǆƣʓǿ

:ƫǈƢ ȏ . ȏ

E = mcȐ (ȏ . ȏ)

ƫǷƣƸ ǽƢȆƬ ρǻ Ƣǂ ǹǃƴ Ȃɓ ǾʒƢ ȂƦ ȂƴȆƬ ƣƦ ƎȂǷƾƣǡǻ ǾʒƢ ǆƣǈƢǃƦ .ƿȀȀɓ ρǻ ȁƾƣǬƭǈƢ ƿʒƿƴ ƪƢǂǀ ʑʒƣǈƣȀǌ ʐƢǃƦ

ƪƢǂǀ ǄƢ ǃƬ ǾʓɡȀǈ ǂƣʓǉƦ ρƬƢǂǀ ȂƦ ƿǿƢȆƬ ρǻ ƾǂȆƼǃƦ ǂƾ ρǍƧȀƴ ʐɇǃǿƢ Ǝƫǫǃɠ ǃǝǿ ǂƾ ʐɇǃǿƢ ǄƢ ʐǅɓǃǼƭǻ

ƎƿǌƣƦ ǃƭǍʓƦ ǩƿȃ ƣʒ ǹȅƾ ʐ ȂϚʒǂƣƦ ƣƦ ƾǂȆƼǃƦ ǂƾ ȂϚʒǂƣƦ ʐɇǃǿƢ Ȃȵ ǃȃ .ƾȆǌ ǶʒƿƧƬ ƎȂϚʒǂƣƦ ʐ ȁƿȀȃƾ ǶʓϚǍƬ

ƲȆǻ ǵȆǘ ƎǺʓȃƾ ȂϚʒǂƣƦ ȂƦ ʐǃƭǍʓƦ ʐɇǃǿƢ Ȃȵ ǃȃ ƫǰʓǰƸ ǂƾ .ƿʒƖ ρǻ ƾȆƴȅ ȂƦ ǃƭǍʓƦ ǹǃƴ ƣƦ ρƬƢǂǀ ǂȆȄǜ ǽƣϚǻƢ

ȏȓ



Ȃǻƿǰǻ . ȏ ǶǑǫ ȏȔ

ƫǈƢ ǶʓǷƾ ǾʒƢ ȂƦ .ƾȆǌ ρǻ ǺȃƢǃǫ ƕƣʓǌƢ ǄƢ ʐǃƭǍʓƦ ƪƣʓƠǅƴ ʐ ȁƿȃƣǍǻ ǽƣϚǻƢ ȅ ƾȆǌ ρǻ ǃƭϚȵȆɓ ȂϚʒǂƣƦ ƪƢǂǀ

ƾȆƴȅ ǺǷƣǠ ǂƾ ǽȆȀɓƢ Ǻȃ Ȃɓ ǺʓȀɓ ƿʓǷȆƬ Ƣǂ ρƬƢǂǀ Ǻʓƭǉȃ ǂƾƣǯ ˫ƣƦ ρǸʓƼ ʐƣȃ ʐɇǃǿƢ ƣƦ ʑʒƣȃǃϝƦƣƭǌ ǂƾ ƎȂɓ

.ƿǿǂƢƿǿ

ǽȅǃƬȅǃɔȀǈ

ǂȆǘ ȂƦ ȁƿȀȀɓ ƫʒƢƿȃ ʑƧǙǯȅƾ ͣρǉʓǘƣȀǥǻ ǽƢƿʓǻ ƣȄǿƖ ǂƾ Ȃɓ ƿȀƭǉȃ ʐȆǰǸƸ ʐƣȃǃϝƦƣƭǌ ǄƢ ρȃȅǃɠ ǽȅǃƬȅǃɔȀǈ

Ǟƣǡǌ ȅ  ʑƧǙǯȅƾ ƪǂƿǯ ƣȃǃϝƦƣƭǌ ǂƾ.ƾȆǌ ρǻ ƪƢǂǀ ʐɇǃǿƢ ǋʒƢǅǫƢ ƥƧǈ ȅ ƿȀɓ ρǻ ǃʓʓǥƬ ǂȅƾ ǃȃ ǂƾ ɟȀȃƣǼȃ

ƣƦ LHC ǽƣȄƴ ǂƾ ȁƿǌ ȂƭƼƣǈ ǽȅǃƬȅǃɔȀǈ ǾʒǃƭɠǂǅƦ ƎǽȆȀɓƢ Ǻȃ ƣƬ.ƿȀȀɓ ρǻ ǏƽǍǻ Ƣǂ ȂϚʒǂƣƦ ʐɇǃǿƢ Ǿʓǌƣǻ

.ƫǈƢ ǃƭǻȆǸʓɓ Ȑȕ Ǘʓƹǻ

ǊǂƣƧǿƢ ȂǰǸƸ

ȁǃʓƼǀ ρǿ˫Ȇǘ ʐƣȃ ƫǠƣǈ ʐƢǃƦ ƫƦƣư ʐɇǃǿƢ ƣƦ ƾȆƼ ǂƾ Ƣǂ ƪƢǂǀ Ȃɓ ƫǈƢ ǽȅǃƬȅǃɔȀǈ ǄƢ ρǠȆǿ ǊǂƣƧǿƢ ȂǰǸƸ

Ǿʓǌƣǻ ȅƾ ǾʒƢ ǽƣʓǻ ρǈƣǈƢ ƪȅƣǬƬ Ȃɓ ƿǿǂƢƾ ƾȆƴȅ ρǿȆƬȅǃȩ ȅ ρǿȅǃƭϚǷƢ ʐƣȃ Ǿʓǌƣǻ ǃǔƣƸ ǵƣƸ ǂƾ .ƿȀɓ ρǻ

ǶʓǷƾ ǾʓǼȃ ȂƦ ƎƿǿǂƢƾ ƥǈƣȀƬ ǹǃƴ ǹǂƣȄȵ ȂƧƬǃǻ ǆȆɔǡǻ ƣƦ ƣȃ ǋƦƣƬ ǾʒƢ .ƫǈƢ ρǿȅǃƬȅǃɔȀǈ ʐƣȃ ǋƦƣƬ ǂȆǕƸ

ρǻ ƯǠƣƦ ǞȆǔȆǻ ǾʒƢ ȅ ƫǈƢ ρǿȅǃƭϚǷƢ ʐƣȃ Ǿʓǌƣǻ ǄƢ ǃƭǼɓ ǂƣʓǉƦ ƣȃ ǋƦƣƬ ǾʒƢ ǂƢƿǰǻ ρǿȆƬȅǃȩ ʐƣȃ Ǿʓǌƣǻ ǂƾ

ƎƿǿȆǌ ǂƢƿʒƣȩƣǿ ρƭƸƢǂ ȂƦ ȅ ƿȀȃƾ ǽƣǍǿ ʐǃƬƿʒƿǌ ǋȀɓƢȅ ǵˬƭƼƢ ǄƢ ρǠȆǿ ǃȃ ȂƦ ρǿȆƬȅǃȩ ʐƣȃ Ǿʓǌƣǻ Ȃɓ ƾȆǌ

ȁǂƣƦȅƾ ρǍƦƣƬ ǶʒƿǡƬ ǶʓǷƾ ȂƦ ƿǿȆǌ ρǻ ǵˬƭƼƢ ǂƣȵƾ Ǿʓǌƣǻ ǂƾ Ȃɓ ρƬƢǂǀ ρǿȅǃƭϚǷƢ ʐƣȃ Ǿʓǌƣǻ ǂƾ Ȃɓ ρǷƣƸ ǂƾ

.ƿǿǂȅƖ ρǻ ƫǈƾ ȂƦ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǋƼǃȵ ǂȅƾ ǽƢǂƢǅȃ ǄƢ ƿǡƦ Ƣǂ ƾȆƼ ǂƢƿʒƣȩ ƫǷƣƸ

ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ƶǃǘ

ǂƣȄȵ ǄƢ Ȃɓ ƫǈƢ ǽȅǃƭϚǷƢ ǽȅǃƬȅǃɔȀǈ ǃϝƦƣƭǌ ϗʒ ƫƼƣǈ ʐƢǃƦ ρǼǸǠ ȁɇȅǃȩ ϗʒ [ȏ] ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ƶǃǘ

ȂǰǸƸ ȅ ǃƭǈȆƦ ƣʒ ʐɇǃǿƢ ȁƿȀʒƢǅǫƢ ȂǰǸƸ ƎρǙƼ ǃϝƦƣƭǌ ƎρǿȅǃƭϚǷƢ ɟȀǬƬ :ƫǈƢ ȁƿǌ ǶʓϚǍƬ ρǸǐƢ ƫǼǉǯ

ȂƭƼƣȀǌ ρǸǻ ȁɇȅǃȩ ϗʒ ǽƢȆȀǠ ȂƦ ȅ ƿʓǈǂ ρǻˬǈƢ ʐƢǂȆǌ ǇǸƵǻ ƥʒȆǑƬ ȂƦ ȏȑȖȗ ǵƣǈ ǂƾ ƶǃǘ ǾʒƢ .ǊǂƣƧǿƢ

ʐƣǻǃɠ ǶʓǷƾ ȂƦ ρǿȅǃƭϚǷƢ ɟȀǬƬ ǂƾ ǽȅǃƭϚǷƢ ƎƢƿƭƦƢ Ȃɓ ƫǈƢ ƪǂȆǐ ǾʒƢ ȂƦ Ǿʓǌƣǻ ǾʒƢ ǂƾ ǂƣɓ ƿȀʒƖǃǫ .ƾȆǌ ρǻ

ȂƦ ǮʒǂǅƬ ʐƢǃƦ ƥǈƣȀǻ ʐƢ ʐɇǃǿƢ ȂƦ ρǙƼ ʐǃϝƦƣƭǌ ƣƦ ǇȪǈ ƎƾȆǌ ρǻ ƾƣƵʒƢ [Ȑ] ǋǿȆʒŸƣǻǃɠ ȁƿʒƿȩ ȅ ƾƣʒǄ

ȁƿǿƣǈǂ ǊƢ ʑʒƣȄǿ ʐɇǃǿƢ ȂƦ ǽȅǃƭϚǷƢ ʐɇǃǿƢ ƎʐɇǃǿƢ ʐ ȁƿȀʒƢǅǫƢ ʐ ȂǰǸƸ ǂƾ .ƿǈǂ ρǻ ʐɇǃǿƢ ʐ ȁƿȀʒƢǅǫƢ ʐ ȂǰǸƸ

ʐ ȂǰǸƸ ƣʒ ȁƿȀȀɓǂƣƧǿƢ ʐ ȂǰǸƸ) ƿǿȆǍʓǻ ǂƣƧǿƢ ǽƖ ǂƾ ǽȅǃƭϚǷƢ ʐƣȃ Ȃƭǈƾ Ȃɓ ʐƢ ȂǰǸƸ ȂƦ ǇȪǈ ȅ ƾȆǌ ρǻ

ƎȂǰǸƸ ǽȅǂƾ ͣǋƦƣƬ ʐƣȃ ȂǼǍȵ ȅ ȁƿȀȀɓ ǺƼ ʐƣȃ ǇʓǘƣȀǥǻ ǄƢ ǂǁɠǂƾ ƣȃ ǽȅǃƭϚǷƢ .ƾȆǌ ρǻ ƾǂƢȅ (ǊǂƣƧǿƢ

ǾʒƢ ȂƦ ƪƢǂǀ Ȃɓ Ƣǂ ʐƢ ʐɇǃǿƢ .ƿȀȀɓ ρǻ ƿʓǷȆƬ ρǿȅǃƬȅǃɔȀǈ ǽƣǍƼǂƾ ǋƦƣƬ (ƣȃ ȁƿȀǿƢǄǃǷ ƣʒ ƣȃǄƣǈ ǽƣǈȆǿ)



Ȃǻƿǰǻ . ȏ ǶǑǫ ȏȕ

.ƾǃɓ ǾʓǻƙƬ (RF) ʑʒȆʒƾƢǂ ƿǻƣǉƦ ʐƣȄɓƢȅƣɓ ǂƾ ƣȄǿƖ ȂƦ ƾƿƵǻ ǽƾƢƾ Ƥƣƭǌ ƣƦ ƿʒƣƦ ƿȀȃƾ ρǻ ƫǈƾ ǄƢ ƪǂȆǐ

ǵƣǼǌ ǂƾ ȅ ƾǂƢƾ ǃƭǻ ȓȐȖ ƣƦ ǃƦƢǃƦ ρǙʓƹǻ Ȃɓ ƾǃʓɠ ρǻ ǂƢǃǯ ǹǂƣȄȵ Ƕǉǿ ʐƣȃǃϝƦƣƭǌ ʐ Ȃƭǈƾ ǂƾ ǃϝƦƣƭǌ ǾʒƢ

ǂȅƾ ǽƢƿȀȵ Ȃǿ ʐƢ ȁƿȀʒƖ ǂƾ ˫ƣƦ ʐƣǼǿ ǄƢ ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ :ȏ . ȏ ǶϚǌ

.ƫǈƢ ȁƿǌ ƾǂȅƖǃƦ ǽƣʒƾƢǂŸǃƭǻȆϚʓȩ Ȑȕȓ Ǿʓǌƣǻ ǾʒƢ ʐƢǃƦ ρǡʓƧǘ ρɠƿȀǸʓǉɠ .ƿǌ ƿȃƢȆƼ ȂƭƼƣǈ Ǿʒȅǅǯ ǃȄǌ

ǩƿȃ Ȑ . ȏ

ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ʐƢǃƦ ρϚʓǻƣȀʒƾ ʐƣȃ ȂǑƽǍǻ ʐǄƣǈ ȂȀʓȄƦ ƎȂǻƣǿ ǽƣʒƣȩ ǾʒƢ ρǸǐƢ ǩƿȃ

ȂƦ ȂǰǸƸ ǂƾ ǽƣʒǃƴ ƣƬ ƿǿȆǌ ρǻ ȁǃʓƼǀ ρǿƣǻǄ ƪƿǻ ʐƢǃƦ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ƪƢǂǀ Ȃɓ ƣƵǿƖ ǄƢ .ƫǈƢ ǽƢǃʒƢ ǂȆǿ

.ƿǿȆǌ ƣȄǿƖ Ǿƭǫǂ ƫǈƾ ǄƢ ƫʒƣȄǿ ǂƾ ȅ ƪƢǂǀ ʐǂƢƿʒƣȩƣǿ ƥƧǈ ƿȀǿƢȆƬ ρǻ ρǙƼǃʓǤ ƪƢǃưƢ ƎƿǈǃƦ Ǿʓǡǻ ǂƢƿǰǻ ϗʒ

ǩƿȃ ǄƢ ʐǃƭǍʓƦ ƪƣʓƠǅƴ ʐ ȁƿȃƣǍǻ ǽƣϚǻƢ Ȃɓ ƾȆǌ ρǻ ƥƧǈ ǅʓǿ ȂϚʒǂƣƦ ρɠƿȀǍƼǂƾ ǋʒƢǅǫƢ Ǝǃϝʒƾ ǩǃǘ ǄƢ

ƪǂȆǐ ǊǂƣƧǿƢ ȂǰǸƸ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ʐƢǃƦ ƿǡ̅Ʀ ƿȀȵ ǂƾ ʐǄƣǈ ȂȀʓȄƦ Ȃɓ ƫǈƢ Ǆƣʓǿ ǶʓǷƾ ǾʓǼȃ ȂƦ .ƾƾǃɠ ǺȃƢǃǫ

ȂƦ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ǂƾ ǊǂƣƧǿƢ ȂǰǸƸ ʐƣȃ ǇʓǘƣȀǥǻ ƪǂƿǯ ȅ ρϚʓǻƣȀʒƾ ƪƣǑƽǍǻ ƎȂǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ .ƾǃʓɠ

ǶƦƣǯ ʐ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƎǺɓ ρɠƿȀǸʓǉɠ ƣƦ ʐƢ ȂϚƧǌ ƎǽƖ ʐ ȂƵʓƭǿ Ȃɓ ƾȆǌ ρǻ ȂȀʓȄƦ ʐƢ ȂǿȆɠ

ǄƢ ƣȃ ʐǄƣǈ ȂʓƧǌ ȅ ƪƣƧǈƣƹǻ ǹƣƵǿƢ ʐƢǃƦ .ƿǌƣƦ ƣȃ ʐǄƣǈ ȂʓƧǌ ǂƾ ƕˬƼ ȂǝǬƹǻ ʐ ȁǄƢƿǿƢ ȂƦ ȂƴȆƬ ƣƦ ǵȆƧǯ

ʐƾƢƿǡƬ ȅ ƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ [Ȕ] SPECTRA ȅ [ȓ] AT Ǝ[Ȓ] elegant Ǝ[ȑ] MAD-X ǃʓǝǿ ʑʒƣȃƿɓ

ȂʓƧǌ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ ʐƣȃ ȁƾƢƾ ƫƹǐ ǄƢ ǽƣȀʓǼǘƢ ʐƢǃƦ ǾʓȀȵ Ǻȃ .ƿǿƢ ȁƿǌ Ǻǈǂ ƥǸƭǻ ǗǈȆƬ ƣȃ ǂƢƾȆǼǿ ǄƢ



Ȃǻƿǰǻ . ȏ ǶǑǫ ȏȖ

ƿȀʒƖǃǫ .ƫǈƢ ȁƿǌ Ȃǉʒƣǰǻ ʐǃʓɠ ȁǄƢƿǿƢ ƣƦ MAD-X ȅ elegant ʐƣȃƿɓ ǂƾ ƪƢǂǀ ʐǃʓɠƾǂ Ƴʒƣƭǿ ƎʐǄƣǈ

ǽƖ Ƴʒƣƭǿ Ȃɓ ƎƫǈƢ ȁƿǌ ǹƣƵǿƢ ǃϝʒƾ ǃϝƦƣƭǌ ϗʒ ǂƾ ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ Ǿʓǌƣǻ ǽƾȆƧǿ ȁƾƣǻƖ ǶʓǷƾ ȂƦ ʐǃʓɠ ȁǄƢƿǿƢ

.ƾȆǌ ρǻ ȁƾƢƾ ǋʒƣǼǿ ǶʓǑǬƬ ȂƦ ǺƭǬȃ ǶǑǫ ǂƾ

ȂǡǷƣǙǻ ǂƣƭƼƣǈ ȑ . ȏ

ϗʒǅʓǫ ǄƢ ǶǑǫ ǾʒƢ ǂƾ .ƾǃʓɠ ρǻ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ ƎƪƢǂǀ ƫɓǃƸ ʐǂȆơƬ ȂȀʓǍʓȩ ƢƿƭƦƢ Ǝȅǂ ǋʓȩ ʐ Ȃǻƣǿ ǽƣʒƣȩ ǂƾ

ȅ ρƸƢǃǘ ƪƢǂǀ ʑƦƣʒƾǂ ǆƣǈƢǃƦ Ȃɓ ʑʒƣȃƿɓ ǄƢ ρǷȆƧǯ ǶƦƣǯ ƷʓǔȆƬ ȂƦ ƣƬ ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ƪƢǂǀ ρǿȆƭǸʓǻƣȃ

ǂƾ ƣȃ ǽƖ ρǈǂǃƦ ǞȆǿ ȅ ρǙƼǃʓǤ ǃǐƣȀǠ ρǫǃǡǻ ȅ ρǈǂǃƦ ȂƦ ǹȆǈ ǶǑǫ ǂƾ .ƫǫƣʒ ƫǈƾ ƎƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ

ƎʐǄƣǈ ȂʓȀȄƦ ǺƭʒǂȆϝǷƢ ǽƢȆȀǠ ȂƦ Ȃɓ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ ǹǂƣȄȵ ǶǑǫ ǂƾ .ƾȆǌ ρǻ ȂƭƼƢƾǃȩ ʐǄƣǈ ȂʓƧǌ ʐƣȃƿɓ

ƾǂȆǻ ǄȅǃǻƢ ȂƦ ƣƬ ǽƖ ʐƣȃƾǃƦǂƣɓ ȅ ȂȶƽʒǂƣƬ ȅ ȁƿǌ ρǫǃǡǻ ƓƫǈƢ Ȃƭǫǃɠ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ Ȃǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ

ȅ ƾǄƢƾǃȩ ρǻ ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ ȂƦ ǺƵȀȩ ǶǑǫ .ƾǃʓɠ ρǻ ǂƢǃǯ ρǈǂǃƦ

ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ǶʓǸƹƬ ȅ ρǈǂǃƦ ȂƦ ǺǍǌ ǶǑǫ ǂƾ .ƾǃʓɠ ρǻ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ ȂϚƧǌ ǾʒƢ ƤƣƽƭǿƢ Ƕʒ˫ƾ

ǶǑǫ ǂƾ .ǺʓȀɓ ρǻ ƷʓƹǑƬ ȅ ρǫǃǡǻ Ƣǂ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ƿǡƦ ǪǸƭƽǻ ʐƣȃǃƭǻƢǂƣȩ ȅ ǺʒǄƢƾǃȩ ρǻ ʐǄƣǈ ȂȀʓȄƦ ǄƢ

ρǻ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ Ƣǂ ƫǈƢ ρǡǯƢȅ Ǿʓǌƣǻ ϗʒ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ Ƴʒƣƭǿ Ƕǻƣǌ Ȃɓ ƪƣǰʓǰƹƬ ǹȅƾ ƫǼǉǯ ƎǺƭǬȃ

ȅ ʐƿȀƦ ϓǼƴ ȂƦ ǃƼƖ ǶǑǫ ǂƾ ƫʒƣȄǿ ǂƾ .ƾƢƾ ǺʓȃƢȆƼ ƶǃǌ ǅʓǿ Ƣǂ ǽƖ ƪƣǠˬǘƢ ȅ Ǿʓǌƣǻ ƪƣǑƽǍǻ ȅ Ǻʓȃƾ

.ƫƼƢƾǃȩ ǺʓȃƢȆƼ ȁƿǌ ǹƣƵǿƢ ƾǂƢȆǻ ʐǃʓɠ ȂƵʓƭǿ



Ȑ ǶǑǫ

ʐǂȆơƬ ȂȀʓǍʓȩ

ǂƾ Ƣǂ ƪƢǂǀ ƫɓǃƸ ȅ ǂƣƭǫǂ ȂƼƣǌ ǾʒƢ .ƫǈƢ ƣȃ ǃϝƦƣƭǌ ϗʒǅʓǫ ρǸǐƢ ʐƣȃ ȂƼƣǌ ǄƢ ρϚʒ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ

ϗʓǈˬɓ ϗʓǿƣϚǻ ƣƦ Ƣǂ ǵȆǉɓƣǻ ƪ˫ƾƣǡǻ Ȃɓ ǺʒǂƢƾ Ǆƣʓǿ ȂƵʓƭǿ ǂƾ .ƿȀɓ ρǻ ȂǡǷƣǙǻ ρǉʓǘƣȀǥǻȅǃƭϚǷƢ ǽƢƿʓǻ

.ǺʒǂȅƖ ƫǈƾ ȂƦ Ƣǂ ǃϝƦƣƭǌ ʐƣȃ Ǿʓǌƣǻ ǂƾ ǂƢƾǂƣƦ ƪƢǂǀ ƫɓǃƸ ͣρǻȆǼǠ ƪ˫ƾƣǡǻ ƣƬ ǺʓȀɓ ǮʓǬǸƬ

ȂʓǷȅƢ ǵȆǐƢ ȏ . Ȑ

ƿʒƾ ϗʒ ǾƭǌƢƾ ȂƦ ƫƧǉǿ ƿǿƢȆƬ ρǻ Ȃɓ ƾȆǌ ρǻ ȁƾƢƾ ƷʓǔȆƬ ǂƢƾǂƣƦ ƪƢǂǀ ƫɓǃƸ ȂʓǷȅƢ ǵȆǐƢ ƫǼǉǯ ǾʒƢ ǂƾ

.ƿǌƣƦ ƿʓǬǻ ǃϝƦƣƭǌ ǂƾ ǂƢƾǂƣƦ ƪƢǂǀ ƫɓǃƸ ʐƢǃƦ ρǸɓ

ρǉʓǘƣȀǥǻ ρƭƽǈ ȅ ǇƭǿǂȆǷ ʐȅǃʓǿ ȏ . ȏ . Ȑ

:ƾȆǌ ρǻ ƾǂƢȅ Ǻǉƴ ȂƦ Ȃɓ ƫǈƢ ρǑǷƣƼ ʐȅǃʓǿ ƣƦ ǃƦƢǃƦ ȂǿƣɔƬ ƪƢǃʓʓǥƬ Ȃɓ ƿȀɓ ρǻ ǽƣʓƦ ǾƬȆʓǿ ǹȅƾ ǽȆǿƣǯ

dp

dt
= F (ȏ . Ȑ)

F ʐȅǃʓǿ ƎƿȀɓ ƫɓǃƸ (E;B) ǇʓǘƣȀǥǻȅǃƭϚǷƢ ǽƢƿʓǻ ǂȆǕƸ ǂƾ v ƫǠǃǈ ƣƦ q ǂƣƦ ƣƦ ʐƢ ȁǂǀ Ȃɓ ρƭǷƣƸ ǂƾ

:ƾȆǌ ρǻ ǃʒǄ ƪǂȆǐ ȂƦ ȏ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

F = q(E + v �B) (Ȑ . Ȑ)

:ƣƦ ƫǈƢ ǃƦƢǃƦ ƣȃȅǃʓǿ ǄƢ ϗʒ ǃȃ ǂƣɓ ƎƫƦƣư ǽƣǻǄ ϗʒ ǂƾ

W =

Z Ȑ

ȏ
Fds =

Z Ȑ

ȏ
Fvdt (ȑ . Ȑ)

ȏȗ



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ ȐȘ

Ƥƣƭǌ ʐƢǃƦ ȅ ƿȃƾ ρǻ ǃʓʓǥƬ Ƣǂ ȁǂǀ ʐɇǃǿƢ E ρϚʒǃƭϚǷƢ ǽƢƿʓǻ Ȃɓ ƫǈƢ ǏƽǍǻ ȑ . Ȑ ȅ Ȑ . Ȑ ƪ˫ƾƣǡǻ ǄƢ

ȁǂǀ ǃƦ ƾǂƢȅ ʐɇǃǿƢ ƢǃʒǄ ƎƾǂƢƿǿ ȁǂǀ ʐɇǃǿƢ ǃƦ ʐǃʓưƣƬ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ρǫǃǘ ǄƢ ƎƾȆǌ ρǻ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ȂƦ ǽƾƢƾ

ƣƦ .ƿȀɓ ρǼǿ ƾƣƵʒƢ ȁǂǀ ʐɇǃǿƢ ǂƾ ʐǃʓʓǥƬ ȅ ƫǈƢ ȁǂǀ ƫǠǃǈ ǃƦ ƾȆǼǠ ƫǰʓǰƸ ǂƾ ȅ ȁǂǀ ƫɓǃƸ ǃʓǉǻ ǃƦ ƾȆǼǠ

ƫƧǉǿ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ƎρƭʓƧǉǿ ʐƣȃ ʐɇǃǿƢ ʐƢǃƦ ƎȐ . Ȑ ȂǷƾƣǡǻ ƤǃǕǸǐƣƸ ǂƾ ƫǠǃǈ ƾȆƴȅ ǶʓǷƾ ȂƦ ǵƣƸ ǾʒƢ

ʐƣȃǃϝƦƣƭǌ ǂƾ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǋǰǿ ȂƵʓƭǿ ǂƾ .ƾǂƢƾ ȂϚʒǂƣƦ ǃʓǉǻ ǋǼƼ ǃƦ ʐǃƭǍʓƦ ǃʓưƣƬ ρϚʒǃƭϚǷƢ ǽƢƿʓǻ ȂƦ

ǽƢƿʓǻ ȂɔȀʒƢ ƣƦ Ǝǃϝʒƾ ρǿƣʓƦ ȂƦ .ƿǌƣƦ ρǻ ƣȃ ǇʓǘƣȀǥǻ Ȃǿƣȃƾ ǂƾ ƪƢǂǀ ʐȅǃʒƢƾ ƫɓǃƸ ǽƾǃɓ ƾȅƿƹǻ Ǝ˫ƣƦ ʐɇǃǿƢ

ǃɠƢ .ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ǃϝƦƣƭǌ ǂƾ ȂϚʒǂƣƦ ǅɓǃǼƬ ȅ ƫʒƢƿȃ ʐƢǃƦ ǽƖ ǄƢ ρǷȅ ƾǂƢƿǿ ȁǂǀ ʐɇǃǿƢ ǃƦ ʐǃʓưƣƬ ρǉʓǘƣȀǥǻ

ǎƣƼ ƫǷƣƸ ǾʒƢ ƎƫǈƢ ƾȆǼǠ ȁǂǀ ƫǠǃǈ ǃƦB ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǽƖ ǂƾ Ȃɓ ǺʒǃʓϝƦ ǃǝǿ ǂƾ Ƣǂ ǎƣƼ ƫǷƣƸ ϗʒ

ρǷȆǘ ȂǬǷȆǻ ƣƦ Ȃǉʒƣǰǻ ǂƾ ρǔǃǠ ȂǬǷȆǻ ƎǃϝƦƣƭǌ ǂƾ ρƭʓƧǉǿ ʐƣȃ ȂϚʒǂƣƦ ʐƢǃƦ ƢǃʒǄ ƿǌƣƦ Ʒʓƹǐ ƿǿƢȆƬ ρǻ żƣǻȆǼǠ

Ȑ . Ȑ ȂǷƾƣǡǻ ǂƾ ϗʓƬƣƭǈƢ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǂȆǕƸ ǂƾ Ɠƾǃɓ ρǌȆȩ ǺǍȵ ǽƖ ǄƢ ǽƢȆƬ ρǻ ȅ ƫǈƢ ϗȵȆɓ ǂƣʓǉƦ

:ǺʓȀɓ ȂƧǈƣƹǻ Ƣǂ ǋǼƼ Ǟƣǡǌ ǺʓǿƢȆƬ ρǻ ƎF = mvȐ

�
Ƣǃɠǅɓǃǻ ʐȅǃʓǿ ȅ

� =
mv

qB
=

p

qB
(Ȓ . Ȑ)

ǋǼƼ ǽƢƿʓǻ ƤǃǕǸǐƣƸ Ȃɓ ƫǬɠ ǽƢȆƬ ρǻ Ȓ . Ȑ ȂǷƾƣǡǻ ǄƢ .ƫǈƢ ȁǂǀ ȂǿƣɔƬ p ȅ ǹǃƴ m ƎȂǷƾƣǡǻ ǾʒƢ ǂƾ Ȃɓ

:ƣƦ ǃƦƢǃƦ � ǋǼƼ Ǟƣǡǌ ȅ B

B� [Tm] =
p

q
=

ȏȘ
ȐȚȗȗȖ

A

Z
p [
GeV u

c
] (ȓ . Ȑ)

ƣʒ ρǉʓǘƣȀǥǻ ρƭƽǈ Ƣǂ ȓ . Ȑ ȂǷƾƣǡǻ .ƿȀƭǉȃ ρǼƬƢ ǹǃƴ ȅ ȁǂǀ ǂƣƦ ƥʓƬǃƬ ȂƦ A ȅ Z ˫ƣƦ ʐ ȂǷƾƣǡǻ ǂƾ .ƫǈƢ

ʑƧǙǯȅƾ ǽƢƿʓǻ ǃʓưƣƬ ȅ ƫǈƢ ǃϝƦƣƭǌ ϗʒǅʓǫ ρǈƣǈƢ ʐƣȃǃƭǻƢǂƣȩ ǄƢ ρϚʒ ƫʓǼɓ ǾʒƢ Ɠ [ȕ] Ǻʓǻƣǿ ρǻ ȂǿƣɔƬ ρƭƽǈ

ǋʒƣǼǿ Ƣǂ ȁǂǀ ʐ ȂǿƣɔƬ ƣƦ ȁǂǀ ǃʓǉǻ Ǟƣǡǌ ʐ ȂǙƦƢǂ ρǉʓǘƣȀǥǻ ρƭƽǈ ƫǰʓǰƸ ǂƾ .ƿȃƾ ρǻ ǽƣǍǿ Ƣǂ ƪƢǂǀ ǃƦ

.ƿȃƾ ρǻ

ǵȆǉɓƣǻ ƪ˫ƾƣǡǻ Ȑ . ȏ . Ȑ

ǽƢƿʓǻ ǄƢ ȅ ƪƢǂǀ ʐɇǃǿƢ ǋʒƢǅǫƢ ʐƢǃƦ ρϚʒǃƭϚǷƢ ǽƢƿʓǻ ǄƢ ƣȃǃϝƦƣƭǌ ǂƾ ƎǺʒƾǃɓ ȁǂƣǌƢ ǾʒƢ ǄƢ ǋʓȩ Ȃɓ ǂȆǘ ǽƣǼȃ

ǇʓǘƣȀǥǻȅǃƭϚǷƢ ʐƣȃ ǽƢƿʓǻ ǃƦ Ȃɓ ρȀʓǿƢȆǯ ȂƦ ǾʒƢǃƦƣȀƦ .ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ƪƢǂǀ ǅɓǃǼƬ ȅ ƫʒƢƿȃ ʐƢǃƦ ρǉʓǘƣȀǥǻ

ǶʓǷƾ ǾʓǼȃ ȂƦ ȅ ƿǿƿǌ ȂƠƢǂƢ ǵȆǉɓƣǻ ɑǂˬɓ ǅǼʓƴ ǗǈȆƬ ǂƣƦ ǾʓǷȅƢ ǾʓǿƢȆǯ ǾʒƢ .ǺʒǂƢƾ Ǆƣʓǿ ƎƿȀƭǉȃ ǺɓƣƸ

ȂƭǉƦ ώǙǈ ϗʒ ǂƾ ρϚʒǃƭϚǷƢ ǂƣǌ Ȃɓ ƿȀɓ ρǻ ǽƣʓƦ ʐƢǃƦ ǆȅƣɠ ǽȆǿƣǯ .ƿǿǂƢƾ ƪǃȄǌ ǵȆǉɓƣǻ ƪ˫ƾƣǡǻ ȂƦ



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ Ȑȏ

:ƫǈƢ ώǙǈ ǽƖ ǂƾ ȁƿǌ ǂȆǑƹǻ ρϚʒǃƭϚǷƢ ǂƣƦ ƣƦ ƥǈƣȀƭǻI
Eds =

q

"Ș
; r:E =

�

"Ș
; (Ȕ . Ȑ)

ǽƢƿʓǻ ʐƢǃƦ ǆȅƣɠ ǽȆǿƣǯ ǾʓȀȶǼȃ .ƫǈƢ Ƕɓ ǂƣƦ ρǷƣϝȵ � ȅ ƕˬƼ ρȃƾǂǁɠ ƥʒǃǔ "Ș ȂǷƾƣǡǻ ǾʒƢ ǂƾ Ȃɓ

:ƫǈƢ ǃǬǐ ȂƭǉƦ ώǙǈ ϗʒ ǄƢ ƲǂƣƼ ǂƾ ρǉʓǘƣȀǥǻ ǏǷƣƼ ρǷƣϝȵ Ȃɓ ƿȀɓ ρǻ ǽƣʓƦ ρǉʓǘƣȀǥǻI
Bds = Ș; r:B = Ș; (ȕ . Ȑ)

.ƾǂƢƿǿ ƾȆƴȅ ρǉʓǘƣȀǥǻ ʑƧǙǯȅƾ Ȃɓ ƫǈƢ ǾʒƢ ǆȅƣɠ ǽȆǿƣǯ ǃϝʒƾ ǽƣʓƦ

ρϚʒǃƭϚǷƢ ǽƢƿʓǻ ʐƣǰǷƢ ƯǠƣƦ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǃʓʓǥƬ ȂǿȆϝȵ Ȃɓ ƿȃƾ ρǻ ǽƣǍǿ ʐƾƢǂƣǫ ǽȆǿƣǯ ǃϝʒƾ ǩǃǘ ǄƢ

ǃʓǉǻ ϗʒ ǵȆƸ ρϚʒǃƭϚǷƢ ǽƢƿʓǻ ϗʒ ǄƢ ρǙƼ ǵƢǃɡƭǿƢ Ȃɓ ƿȀɓ ρǻ ǽƣʓƦ ȂǷƾƣǡǻ ǾʒƢ ƎǃƬ Ǯʓǯƾ ǽƣʓƦ ȂƦ .ƾȆǌ ρǻ

:ƫǈƢ ώǙǈ ǽƣǼȃ ǂƾ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ƪƢǃʓʓǥƬ ƺǃǿ ρǬȀǻ ƣƦ ǃƦƢǃƦ ȂƭǉƦI
Edl = �d�B

dt
; r � E = �@B

@t
; (Ȗ . Ȑ)

ƪƢǃʓʓǥƬ ȅ ρϚʒǃƭϚǷƢ ǽƣʒǃƴ ȂǿȆϝȵ Ȃɓ ƿȃƾ ρǻ ǽƣǍǿ ǃȪǻƖ ǽȆǿƣǯ.ƫǈƢ ώǙǈ ǂƾ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ρǷƣϝȵ �B Ȃɓ

ρǙƼ ǵƢǃɡƭǿƢ ƎϗʓƬƣƭǈƢ ρϚʒǃƭϚǷƢ ǽƢƿʓǻ ͣǎƣƼ ƫǷƣƸ ǂƾ .ƿȀɓ ρǻ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ƿʓǷȆƬ ρϚʒǃƭϚǷƢ ǽƢƿʓǻ

:ǺʒǂƢƾ ȅ ƿǌƣƦ ρǻ ƣǕǫ ǽƖ ǶƼƢƾ ρϚʒǃƭϚǷƢ ǽƣʒǃƴ ƣƦ ƥǈƣȀƭǻ ȂƭǉƦ Ǘʓƹǻ ϗʒ ǵȆƸ ρǉʓǘƣȀǥǻ ǽƢƿʓǻI
Bdl =

Z
(�ȘJ + �Ș"Ș

@E

@t
)ds; r �B = �ȘJ + �Ș"Ș

@E

@t
; (ȗ . Ȑ)

ƎǶɓ ǂƣƦ ρǷƣϝȵ � Ǝǽƣʒǃƴ ρǷƣϝȵ J ƎρǉʓǘƣȀǥǻ ǽƢƿʓǻ B ƎρϚʒǃƭϚǷƢ ǽƢƿʓǻ E Ǝ ȗ . Ȑ ƣƬȔ . Ȑ ƪ˫ƾƣǡǻ ǂƾ

ρǉʓǘƣȀǥǻ ρȃƾǂǁɠ ƥʒǃǔ �Ș Ǝ F=m ȖȚȖȓȒȐ � ȏȘ�ȏȐ ƣƦ ǃƦƢǃƦ ȅ ƕˬƼ ρϚʒǃƭϚǷƢ ρȃƾǂǁɠ ƥʒǃǔ "Ș

ƪ˫ƾƣǡǻ ƎJ ǽƣʒǃƴ ρǷƣϝȵ ȅ � ǂƣƦ ρǷƣϝȵ ǽƾǃɓ ǏƽǍǻ ǄƢ ƿǡƦ .ƫǈƢ H=m Ȓ��ȏȘ�ȕ ƣƦ ǃƦƢǃƦ ȅ ƕˬƼ

ƫǈƢ ǾʒƢ ƪ˫ƾƣǡǻ ǾʒƢ ρɠɈʒȅ ǾʒǃƭǼȄǻ .ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ρϚʒǃƭϚǷƢ ȅ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǾʓʓǡƬ ʐƢǃƦ ǵȆǉɓƣǻ

ǽƢƿʓǻ ǄƢ ʐƢ Ȃƭǈƾ ȂƦ Ƣǂ ρǙƼ ǃʓǤ ȅ ȁƿʓȶʓȩ ʐƣȃ ǽƢƿʓǻ ǺʓǿƢȆƭƦ ƣƬ ƿȀɓ ρǻ ϗǼɓ ρɠɈʒȅ ǾʒƢ ȅ ƿȀƭǉȃ ρǙƼ Ȃɓ

.Ǻʓȃƾ ρǻ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ Ȑ . Ȑ ǋƽƦ ǂƾ Ƣǂ ρɠɈʒȅ ǾʒƢ .ǺʓȀɓ ǶʒƿƧƬ ǃƬ ȁƾƣǈ ʐƣȃ

ǇʓǘƣȀǥǻȅǃƭϚǷƢ ǽƢƿʓǻ ǂƾ ǂƢƾǂƣƦ ȁǂǀ ϗʒ ρǿȆƭǸʓǻƣȃ ȑ . ȏ . Ȑ

Ǻƭǉʓǈ ϗʓǻƣȀʒƾ Ǌȅǂ ȅƾ ǃȃ ȅ ƾǂƢƾ Ƣǂ ρȀƬȆʓǿ ϗʓǿƣϚǻ ǂƾ ȅǃʓǿ ǋǰǿ ǽƣǼȃ ρǿȆƭǸʓǻƣȃ ϗʓǿƣϚǻ ǂƾ ρǿȆƭǸʓǻƣȃ

ǃƭǻƢǂƣȩ ǃȃ ǄƢ ǽƢȆƭʓǻ Ȃɓ ƾǂƢƾ Ƣǂ ʐƾƢǄƖ ǾʒƢ ρǿȆƭǸʓǻƣȃ ϗʓǿƣϚǻ ƎǊȅǂ ȅƾ ǾʒƢ ǽƣʓǻ ǂƾ .ƿȀȃƾ ρǻ ƷʓǔȆƬ Ƣǂ
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Ƕǰƭǉǻ ǃƭǻƢǂƣȩ ǽƢȆȀǠ ȂƦ ρȀƬȆʓǿ ϗʓǿƣϚǻ ƪ˫ƾƣǡǻ ǂƾ Ȃɓ ʐǃƭǻƢǂƣȩ Ǝƾǃɓ ȁƾƣǬƭǈƢ ǃʓǥƭǻ ǃƭǻƢǂƣȩ ǽƢȆȀǠ ȂƦ Ƕǰƭǉǻ

ρǿȆƭǸʓǻƣȃ ϗʓǿƣϚǻ Ȃɓ ǺʒȆǌ ρǻ ȂƴȆƭǻ ƎρǿȆƭǸʓǻƣȃ ȅ ʐɈǿƢǃɠ˫ ǶϚǌ Ȃǉʒƣǰǻ ƣƦ .ƫǈƢ ǽƣǻǄ ƎƾȆǌ ρǻ ȁƾƣǬƭǈƢ

ƎȂƭǫƣʒ ǺʓǼǡƬ ǃʓǥƭǻ ǃʓʓǥƬ ƣƦ Ȃɓ ƫǈƢ ǾʒƢ Ǌȅǂ ǾʒƢ ʐƣȃ ƫʒǅǻ ǾʒǃƭǼȄǻ ǄƢ ρϚʒ ƎƾǂƢƾ ʐǃƭǍʓƦ ʐƣȃ ƫʒǅǻ

ǃʓʓǥƬ ϗʒ ϓǯƢȅ ǂƾ Ǝƿǌ ǶǰƭȀǻ ǃϝʒƾ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ȂƦ Ȃƭǫƣʒ ǺʓǼǡƬ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ϗʒ ǄƢ ǽƢȆƬ ρǻ

.ƾȆǌ ρǻ ρǿƣǈƖ ȂƦ ǶƠƣǉǻ ȅ ƪˬϚǍǻ ǶƸ ƯǠƣƦ ƥǈƣȀǻ ƪƣǑƭƽǻ

ρǸɓ ǶϚǌ

ǾƭƼƣǈ ʐƢǃƦ ȅ ǺʒǂƢƾ ρǿȆƭǸʓǻƣȃ ǾƭƼƣǈ ȂƦ Ǆƣʓǿ ƎǇʓǘƣȀǥǻȅǃƭϚǷƢ ǽƢƿʓǻ ǂƾ ǂƢƾǂƣƦ ƪƢǂǀ ƫɓǃƸ ƷʓǔȆƬ ʐƢǃƦ

:Ǻʓȃƾ ǂƢǃǯ ɈǿƢǃɠ˫ŸǃǸʒȅƢ ȂǷƾƣǡǻ ǂƾ ƣƬ ǺʒǂƢƾ Ʋȅƾǅǻ ǃʓǥƭǻ ƫǬƴ ϗʒ ǽƾǃɓ Ƣƿʓȩ ȂƦ Ǆƣʓǿ ρǿȆƭǸʓǻƣȃ

d

dt

@L

@ _r
� @L

@r
(ȏȘ . Ȑ)

ǽƢƿʓǻ ǂƾ e ǂƣƦ ƣƦ ȁǂǀ ϗʒ ʐɈǿƢǃɠ˫.ƿȃƾ ρǻ Ƣǂ ǇƭǿǂȆǷ ʐȅǃʓǿ ȂǙƦƢǂ Ȑ . Ȑ ȂǷƾƣǡǻ ƿȀǿƣǼȃ ȂǷƾƣǡǻ ǾʒƢ

:ƫǈƢ ǃʒǄ ǶϚǌ ȂƦ ǇʓǘƣȀǥǻȅǃƭϚǷƢ

L =
mvȐ

Ȑ � e�+ eAv (ȏȏ . Ȑ)

ρϚʒǃƭϚǷƢ ǽƢƿʓǻ.ƫǈƢ ǃǷƣϚǈƢ ρϚʒǃƭϚǷƢ Ƕʓǉǿƣƭȩ � ȅ ʐǂƢƾǃƦ ρǉʓǘƣȀǥǻ Ƕʓǉǿƣƭȩ A ƎƫǠǃǈ v ȂǷƾƣǡǻ ǾʒƢ ǂƾ

:ƿǿȆǌ ρǻ ǏƽǍǻ ǃʒǄ ʐ ȂǙƦƢǂ ƣƦ ʐɈǿƢǃɠ˫ ǾʒƢ ȂƦ ǗƧƬǃǻ ρǉʓǘƣȀǥǻ ȅ

B = �r � A; E = � 5 �� @A

@t
(ȏȐ . Ȑ)

:ƫǈƢ ǃʒǄ ƪǂȆǐ ȂƦ ǅʓǿ ρƭʓƧǉǿ ʐɈǿƢǃɠ˫

L = �mcȐ



� e�+ eAv (ȏȑ . Ȑ)

ƣƦ ǃƦƢǃƦ ȅ ǇƭǿǂȆǷ ƫƦƣư 
 Ȃɓ


 =
ȏ

ȏ � �Ȑ (ȏȒ . Ȑ)

ʐ ȂǿƣɔƬ ˫ƣƦ ǪʒǂƣǡƬ ȂƦ ȂƴȆƬ ƣƦ .ƿǌƣƦ ρǻ ǂȆǿ ƫǠǃǈ c ȅ ȁǂǀ ƫǠǃǈ v Ȃɓ ƎƫǈƢ v
c

ǃƦƢǃƦ � ǾʓȀȶǼȃ .ƫǈƢ

:ƾȆƦ ƿȃƢȆƼ ǃʒǄ ǶϚǌ ȂƦ x ȂǬǷȆǻ ʐƢǃƦ Ʋȅƾǅǻ

Px =
@L

@vx
= mvx + eAx (ȏȓ . Ȑ)
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ρǻ ǃʒǄ ƪǂȆǐ ȂƦ Ȃƭǫƣʒ ǺʓǼǡƬ ʐ ȂǿƣɔƬ ȂǙƦƢǂ ƫʒƣȄǿ ǂƾ ƎǺʓȀɓ ȂƧǈƣƹǻ ǅʓǿ z ȅ y ʐƣƭǈƢǂ ʐƢǃƦ Ƣǂ ȂǿƣɔƬ ǃɠƢ

:ƾȆǌ

P = mv + eA (ȏȔ . Ȑ)

ȂƦ ʐƢǃƦ Ȃɓ ǂƿǿƢɈǷ ƪˬʒƿƧƬ ƎƫʒƣȄǿ ǂƾ .ƫǈƢ p = mv ρϚʓǿƣϚǻ ʐƾƣǠ ȂǿƣɔƬ ǄƢ ƪȅƣǬƭǻ Ȃƭǫƣʒ ǺʓǼǡƬ ȂǿƣɔƬ

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ǶϚǌ ȂƦ Ǝ[Ȗ] ƫǈƢ ʐɈǿƢǃɠ˫ ǄƢ ρǿȆƭǸʓǻƣȃ ǽƾǂȅƖ ƫǈƾ

H(qi; Pi; t) =
X

_qiPi � L(qi; _qi; t) (ȏȕ . Ȑ)

ȂǙƦƢǂ ǽƢȆƬ ρǻ ȏȕ . Ȑ ȅ ȏȏ . Ȑ ƪ˫ƾƣǡǻ ǄƢ ȁƾƣǬƭǈƢ ƣƦ .ƫǈƢ ȁǂǀ ʐ Ȃƭǫƣʒ ǺʓǼǡƬ ȂǿƣɔƬ Pi ȅ ǽƣϚǻ qi Ȃɓ

:ƾǂȅƖ ƫǈƾ ȂƦ ǇʓǘƣȀǥǻȅǃƭϚǷƢ ǽƢƿʓǻ ǂƾ ǂƢƾǂƣƦ ȁǂǀ ϗʒ ʐƢǃƦ Ƣǂ ρǿȆƭǸʓǻƣȃ

H =
ȏ
Ȑ [(P � eA)]

ȏ
Ȑ + e� (ȏȖ . Ȑ)

ρǿȆƭǸʓǻƣȃ ƎǺʒǃʓϝƦ ǃǝǿ ǂƾ Ƣǂ ȏȑ . Ȑ ʐ ȂǷƾƣǡǻ ρƭʓƧǉǿ ƪƢǃưƢ ǃɠƢ .ƫǈƢ Ȃƭǫƣʒ ǺʓǼǡƬ ȂǿƣɔƬ P ȂǷƾƣǡǻ ǾʒƢ ǂƾ Ȃɓ

:ƾȆǌ ρǻ ȂƧǈƣƹǻ ǃʒǄ ǶϚǌ ȂƦ

H = [(P � eA)ȐcȐ +mȐcȒ]
ȏ
Ȑ + e� (ȏȗ . Ȑ)

.ƿȀƭǉȃ p = 
mv ȅ E = 
mcȐ ƣƦ ǃƦƢǃƦ ƥʓƬǃƬ ȂƦ ρƭʓƧǉǿ ƪƢǂǀ ʐƢǃƦ ȂǿƣɔƬ ȅ ʐɇǃǿƢ Ȃɓ ƿʓǌƣƦ ȂƭǌƢƾ ȂƴȆƬ

ρȀƹȀǻ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ȂƦ ƪƣǑƭƽǻ ǶʒƿƧƬ

ƣƦ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ǂƾ.ƾǂƢƾ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ƤƣƽƭǿƢ ȂƦ ρɡƭǉƦ ƎƫɓǃƸ ƪ˫ƾƣǡǻ ǶƸ ʐǂƢȆǌƾ ƣʒ ρǿƣǈƖ

ƎƿǿƢ Ȃƭǫǃɠ ǂƢǃǯ ρȀƹȀǻ ƣʒ Ǻʓǰƭǉǻ ʐƣȃ ǃʓǉǻ ǂƾ ǃϝʒƿϚʒ ǂƣȀɓ ǂƾ Ȃɓ Ǻʓƭǉȃ ȅǂ ȂƦ ȅǂ ƣȃ ǇʓǘƣȀǥǻ ǄƢ ρǬʒƾǂ

ϓƴǃǻ ȁǃʒƢƾ ƣʒ ϓƴǃǻ ǃʓǉǻ ǄƢ ǩƢǃƹǿƢ ǹƣɡȀȃ ǂƾ ƪƢǂǀ ƫɓǃƸ ρǈǂǃƦ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ʐƢǃƦ ƤƣƽƭǿƢ ǾʒǃƭȄƦ

ƫǈƢ ȏǂƿʒƣȀǈƢŸƫǿǃǫ ƪƣǑƭƽǻ ǄƢ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ƪƣǑƭƽǻ ʐƢǃƦ ƤƣƽƭǿƢ ǾʒǃƬ ƥǈƣȀǻ .ƫǈƢ

ƎǂƿʒƣȀǈƢ ȅ ƫǿǃǫ ǹƣǿ ȂƦ ʐȆǉǿƢǃǫ ǽƢƿʓǔƣʒǂ ȅƾ ǗǈȆƬ ȏȖȓȏ ȅ ȏȖȒȕ ǵƣǈ ǂƾ ƪƣǑƭƽǻ ǾʒƢ .(ȏ . Ȑ ǶϚǌ)

ȁǂǀ ϗʒ ϗʓƬƣǼȀʓǈ ƎǽƣǿƢƿʓǔƣʒǂ ǾʒƢ ǗǈȆƬ ȁƿǌ ρǫǃǡǻ ʐƣȃǃƭǻƢǂƣȩ .ƿǌ ρǫǃǡǻ ǶʓǉǿƢǃǬʒƾ ȅ ƪƣʓǔƣʒǂ ǂƾ

ƫɓǃƸ ǄƢ Ǣǂƣǫ Ƣǂ ρȀƹȀǻ ǃʓǉǻ ρǈƿȀȃ ƪƣʓǐȆǑƼ ȅ ƪƣǑƽǍǻ ȅ ʐƿǡƦ Ȃǈ ʐƣǕǫ ǂƾ ρȀƹȀǻ ǃʓǉǻ ǵȆǘ ǂƾ

ǪʒǃǡƬ ƣƦ .ƿǌƣƦ ρǻ ǎƣƼ ʐƢ ȂǙǰǿ ǂƾ ϓƴǃǻ ǃʓǉǻ ǩƢǃƹǿƢ Ǟƣǡǌ � Ǝȏ . Ȑ ǶϚǌ ǂƾ .ƿȀȃƾ ρǻ ǋʒƣǼǿ Ǝȁǂǀ
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(Ɩ)

ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ǶϚǌ ǂƾ (ʑƦƖ ρȀƹȀǻ) ƪƢǂǀ ρǿƣǈȆǿ ƫɓǃƸ ȅ (ɟǿǂ ǅǻǃǯ ρȀƹȀǻ) ȁǂǀ ϓƴǃǻ ǃʓǉǻ .ǂƿʒƣȀǈƢŸƫǿǃǫ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ǂƾ ƫɓǃƸ :ȏ . Ȑ ǶϚǌ

.ƫǈƢ ϓƴǃǻ ǃʓǉǻ ʐȅǂ ƪƢǂǀ ƫɓǃƸ ƫȄƴ ƣƦ ʐǄƢȆǻ ȅ ȁǂǀ ρǷȆǘ ƪƣǑƭƽǻ s ȅ Ǝǃʓǉǻ ρȀƹȀǻ Ǟƣǡǌ � .ƫǈƢ

:ƫǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ ȁǂǀ ƫɓǃƸ ρȀƹȀǻ Ǝ(x; y; s) ƣƦ ȆǉǼȃ ʐƣƭǈƢǂ ƣƦ (x̂; ŷ; ŝ) ȂϚʒ ǂƢƾǃƦ Ȃǈ

r = rȘ + xx̂ + yŷ (ȐȘ . Ȑ)

.ƿȀƭǉȃ ϓƴǃǻ ǽƣϚǻ ǄƢ ȁǂǀ ǩƢǃƹǿƢ (x; y) ȅ ϓƴǃǻ ȁǂǀ ǽƣϚǻ rȘ Ȃɓ

ʐƢ Ȃƭǫƣʒ ǺʓǼǡƬ ƪˬʒƿƧƬ ʐƢǃƦ .ǺʓʒƣǼǿ ȂƧǈƣƹǻ ƿʒƿƴ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ǂƾ Ƣǂ ρǿȆƭǸʓǻƣȃ ƿʒƣƦ ƥʓƬǃƬ ǾʒƢ ȂƦ

:[ȗ] ƿǿǃʓɠ ρǻ ƪǂȆǐ G ƿǷȆǻ ǟƦƣƬ ǄƢ ȁƾƣǬƭǈƢ ƣƦ Ȃɓ

G = �(cPc � ecAc)(rȘ + xûx + yûy) (Ȑȏ . Ȑ)

.[ȏȘ] ƾȆƦ ƿȃƢȆƼ ǃʒǄ ǶϚǌ ȂƦ ρǿȆƭǸʓǻƣȃ ƿǷȆǻ ǟƦƣƬ

Hnew(Qk; Pk; t) = Hold(qk; pk; t) +
@G

@t
(ȐȐ . Ȑ)

ǾʓȀȵ Ǻȃ .ƫǈƢ ǾʒǅƬǂƣɓ Ǻʒƿǯ ƪƣǑƭƹǻ ȁƣɡƭǈƾ ǂƾ Ʋȅƾǅǻ ȂǿƣɔƬ ǃϝǍʒƣǼǿ Ǝc ǏƼƣǌ ƎȐȘ . Ȑ ȂǷƾƣǡǻ ǂƾ

ȁƣɡƭǈƾ ǂƾ ƿʒƿƴ ρǿȆƭǸʓǻƣȃ ƫʒƣȄǿ ǂƾ.ƿȀƭǉȃ Pk ȅ Qk ʐƢǃƦ ρǼʒƿǯ ƪƣǑƭƽǻ pk ȅ qk ƎȐȏ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

ǶϚǌ ȂƦ Ǝ[ȗ] ƿʒƖ ρǻ ƫǈƾ ȂƦ ȏȗ . Ȑ ȂǷƾƣǡǻ ȅ ǾʒǅƬǂƣɓ ȁƣɡƭǈƾ ǂƾ ρǿȆƭǸʓǻƣȃ ƪˬʒƿƧƬ ǄƢ Ȃɓ ρȀƹȀǻ ƪƣǑƭƽǻ
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:ƫǈƢ ǃʒǄ

H = e�+ c

vuutmȐcȐ +
(Ps � eAs(ȏ + x

�
))Ȑ

(ȏ + x
�
)Ȑ + (Px � eAx)Ȑ + (Py � eAy)Ȑ: (Ȑȑ . Ȑ)

:ƾǃɓ ȂƧǈƣƹǻ Ƣǂ ƫɓǃƸ ƪ˫ƾƣǡǻ ǽƢȆƭƦ ƣƬ ƫǈƢ ǹǄ˫ ǃʒǄ ƥʓƬǃƬ ȂƦ ρǸƸƢǃǻ ƎρǿȆƭǸʓǻƣȃ ǽƾǂȅƖ ƫǈƾ ȂƦ ƣƦ

ρǻ ƎƿȀƭǉȃ ȁǂǀ ƫɓǃƸ ǃʓǉǻ ǄƢ ρǡƦƣƬ ǇʓǘƣȀǥǻȅǃƭϚǷƢ ƲƢȆǻƢ ǹƣǼƬ Ȃɓ ǶʓǷƾ ǾʒƢ ȂƦ :Ƕǰƭǉǻ ǃʓǥƭǻ ǃʓʓǥƬ . ȏ

.ƾǃɓ ȁƾƣǬƭǈƢ ȁǂǀ ƫɓǃƸ ǃʓǉǻ Ǝ s ǄƢ Ƕǰƭǉǻ ǃʓǥƭǻ ǽƢȆȀǠ ȂƦ t ǟƦƣƬ ʐƣƴ ȂƦ ǽƢȆƬ

ǗǉƦ ǄƢ Ȃɓ ƿȃƾ ρǻ ȁǄƣƴƢ ƣǻ ȂƦ ρɠɈʒȅ ǾʒƢ ƎƿȀƭǉȃ ϗȵȆɓ ǂƣʓǉƦ ƪƢǂǀ ȂǿƣɔƬ ȅ ǽƣϚǻ :ǽƾǃɓ ȁǅʓǷƣǻǃǿ . Ȑ

ǺʓȀɓ ρǻ ȁǅʓǷƣǻǃǿ Ƕɓ ȂǿƣɔƬ ȂƦ Ƣǂ ρǿȆƭǸʓǻƣȃ ȅ ƣȃ ȂǿƣɔƬ ǹƣǼƬ ǾʒƢǃƦƣȀƦ .ǺʓȀɓ ȁƾƣǬƭǈƢ ƣȃ ǃʓǥƭǻ ǾʒƢ ρǿƢȆƬ ʐǃǈ

:ƿʒƖ ρǻ ǂƾ ǃʒǄ ǶϚǌ ȂƦ ρǿȆƭǸʓǻƣȃ ƪƣʓǸǼǠ ǾʒƢ ǹƣƵǿƢ ǄƢ ƿǡƦ Ǝ[ȏȘ]

H = �(ȏ +
x

�
)(�eAs

p
+

q
ȏ � (Px � eAx)Ȑ + (Py � eAy)Ȑ)) (ȐȒ . Ȑ)

ǂƾ ǾʓȀȶǼȃ . Py =
Py;old

p
ȅ Px =

Px;old

p
:ρȀǡʒ ƎƿȀƭǉȃ Ȃƭǫƣʒ ǺʓǼǡƬ ȁƿǌ ȁǅʓǷƣǻǃǿ ȂǿƣɔƬ Py ȅ Px Ȃɓ

.ƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ EȐ = (H � e�)Ȑ = pȐcȐ +mȐcȒ ȂǙƦƢǂ ǄƢ ȐȒ . Ȑ ʐ ȂǷƾƣǡǻ

As ρǷȆǘ ʐǂƢƾǃƦ Ƕʓǉǿƣƭȩ ǄƢ Ȃɓ ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ρǔǃǠ ʐƣȃ ǽƢƿʓǻ ǄƢ żƣǻȆǼǠ ǃϝƦƣƭǌ ϗʒǅʓǫ ǂƾ :ƥʒǃǰƬ. ȑ

ǃǝǿ ǂƾ Ȃɓ ʐǃϝʒƾ ǄƣƵǻ ƥʒǃǰƬ .ƫǈƢ Ax = Ay = Ș Ȃɓ ǺʓȀɓ ρǻ ǒǃǫ ƫǷƣƸ ǾʒƢ ǂƾ .ƿʒƖ ρǻ ƫǈƾ ȂƦ

ȁǅʓǷƣǻǃǿ ȂǿƣɔƬ. p � ps : ǺʒǂƢƾ ȅ ƫǈƢ ρǷȆǘ ȂǿƣɔƬ ǄƢ ǃƭϚȵȆɓ ǂƣʓǉƦ ρǔǃǠ ȂǿƣɔƬ Ȃɓ ƫǈƢ ǾʒƢ ƎǺʒǃʓɠ ρǻ

:ǺʒǂƢƾ ȅ ƫǈƢ ȁǂǀ ƫɓǃƸ ǃʓǉǻ ǃƦ ǆƣǼǻ ƥʓǌ ƣƦ ǃƦƢǃƦ ƪƣƧǈƣƹǻ ǂƾ ȁƿǌ

x
0
= dx

ds
= px

ps
� px

p
; y

0
= dy

ds
= py

ps
� py

p

.x0 � ȏ; y
0 � ȏ :ƫǌƢƾ ǺʓȃƢȆƼ ƯƹƦ ƾǂȆǻ ƥʒǃǰƬ ȂƦ ȂƴȆƬ ƣƦ ȅ

ρǻ ǽƣʓƦ � = �p
pȘ

= (p�pȘ)
pȘ

ƪǂȆǐ ȂƦ ρǸǐƢ ǃʓǉǻ ǄƢ ȁƿǌ ǩǃƹȀǻ ƪƢǂǀ ʐƢǃƦ ȂǿƣɔƬ ǩƢǃƹǿƢ ǾʓȀȶǼȃ

: ƫǌȆǿ ǽƢȆƬ ρǻ ǵȅƢ ƥʒǃǰƬ ǂƾ ȅ ƎƫǈƢ ȁƿǌ ǩǃƹȀǻ pȘ ϓƴǃǻ ȂǿƣɔƬ ǄƢ ƪƢǂǀ ǾʒƢ ȂǿƣɔƬ ƫǰʓǰƸ ǂƾ .ƾȆǌ

. ȏ
p

= ȏ
pȘ(ȏ+�)

� (ȏ��)
pȘ

ǃʒǄ ʐ ȁƿǌ ȁƾƣǈ ƪǂȆǐ ȂƦ ȐȒ . Ȑ ȂǷƾƣǡǻ ǂƾ ȁƿǌ ǪʒǃǡƬ ρǿȆƭǸʓǻƣȃ Ǝȁƿǌ ȂƠƢǂƢ ʐƣȃ ƥʒǃǰƬ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ

:ƿʒƖ ρǻ ƫǈƾ ȂƦ

H � �(ȏ +
x

�
)(�eAx

pȘ
(ȏ � �) +

p
ȏ + x0Ȑ � y0Ȑ) (Ȑȓ . Ȑ)



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ ȐȔ

ƣƴ ǃȃ ƎƪƣƧǈƣƹǻ ǂƾ ȁƿǌ ȁƾǃƦ ǂƣɓ ȂƦ ǵȅƢ ȂƧƬǃǻ ƥʒǃǰƬ ǶʓǷƾ ȂƦ ρǷȅ ƎƿȀƭǉʓǿ Ȃƭǫƣʒ ǺʓǼǡƬ ȂǿƣɔƬ y0 ȅ x0 żƣǻȆǼǠ

ρǻ Ƣǂ Ȃƭǫƣʒ ǺʓǼǡƬ ȂǿƣɔƬ ȁǂǀ ƫɓǃƸ ǃʓǉǻ ǃƦ ǆƣǼǻ ƥʓǌ ƎǺʒǃʓϝƦ ǃǝǿ ǂƾ ǃǬǐ Ƣǂ Ay ȅ Ax ρǔǃǠ ǃǐƣȀǠ

.ƿȃƾ

ƫɓǃƸ ƪ˫ƾƣǡǻ

:ƾǃɓ ƲƢǃƽƭǈƢ ƎƢǂ ǵȅƢ ȂƧƬǃǻ ǶʓǉǿƢǃǬʒƾ ƣƦ ƫɓǃƸ ƪ˫ƾƣǡǻ ǽƢȆƬ ρǻ ρǿȆƭǸʓǻƣȃ ƪ˫ƾƣǡǻ ǄƢ

_qi =
@H

@pi
; _pi = �@H

@qi
(ȐȔ . Ȑ)

ƣƦ .ƫǈƢ ǽƣǻǄ ȂƦ ƫƧǉǿ ƣȃǃʓǥƭǻ ǾʒƢ ǮƭǍǻ ǃϝǍʒƣǼǿ ȂǙǰǿ ƫǻˬǠ ȅ ƿȀƭǉȃ Ȃƭǫƣʒ ǺʓǼǡƬ ʐƣȃǃʓǥƭǻ pi ȅ qi Ȃɓ

:ƫǈƢ ǃʒǄ ƪǂȆǐ ȂƦ x ʐƣƭǈƢǂ ǂƾ ƫɓǃƸ ȂǷƾƣǡǻ ȐȔ . Ȑ ǹȅƾ ȂǷƾƣǡǻ ǄƢ ȁƾƣǬƭǈƢ

P
0

x = �@H

@x
(Ȑȕ . Ȑ)

:ǺʒǂƢƾ ǃʒǄ ƪǂȆǐ ȂƦ ǅʓǿ ρȀƹȀǻ ʐƣǕǫ ǂƾ Ƣǂ r� ǪʒǃǡƬ .ƫǈƢ ǂƢǃǯǃƦ P 0
x = x

00 ȅ Px = x
0 � e

p
Ax Ȃɓ

r � A =
ȏ

hxhyhs

�����������
x̂ ŷ ŝ

@
@x

@
@y

@
@sx

hxAx hyAy hsAs

�����������
(ȐȖ . Ȑ)

Ȃɓ Ƣǂ ρǔǃǠ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ƣȄȀƬ ƎǾʓȀȶǼȃ .ƫǈƢ hs = ȏ + x
�

ȅ hx = hy = ȏ ƎȐȖ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

ρǻ ƥƧǈ ƪƣʓǔǃǫ ǾʒƢ . Ǻʒǃʓɠ ρǻ ǃǝǿ ǂƾ Ƣǂ ƾȆǌ ρǻ ρǔǃǠ ʐƣƭǈƢǂ ǂƾ Ƕʓǉǿƣƭȩ ʐƣȃ ȂǬǷȆǻ ǽƿǌ ǃǬǐ ƯǠƣƦ

:[ȗ] ƿǿȆǌ ȂƧǈƣƹǻ ǃʒǄ ǶϚǌ ȂƦ ƫɓǃƸ ƪ˫ƾƣǡǻ ƫʒƣȄǿ ǂƾ ȅ ƿȀǌƣƦ Ax = Ay = Ș Ȃɓ ƿǿȆǌ

x
00

+
e

PȘ
By(ȏ +

x

�
)(ȏ � �) � ȏ

�

p
ȏ � x0Ȑ � y0Ȑ = Ș; (Ȑȗ . Ȑ)

y
00

+
e

PȘ
Bx(ȏ +

x

�
)(ȏ � �) = Ș: (ȑȘ . Ȑ)

ǃʒǄ ƪǂȆǐ ȂƦ Ȃɓ ʐǂƣʓƭƼƢ ǽƢƿʓǻ ϗʒ ʐƢǃƦ ƫɓǃƸ ƪ˫ƾƣǡǻ ƎȑȘ . Ȑ ȅ Ȑȗ . Ȑ ƪ˫ƾƣǡǻ .ƫǈƢ � = �p
p

Ȃɓ

:ƾȆǌ ρǻ ǪʒǃǡƬ

B = Bx(x; y)x̂+By(x; y)ŷ (ȑȏ . Ȑ)

.ƿǌƣƦ ρǻ



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ Ȑȕ

ʑƧǙǯƿȀȵ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǗǉƦ Ȑ . Ȑ

ǽƢȆƬ ρǻ ƎƫǈƢ ǽȆɠƣǿȆɠ ʐƣȃ ʑƧǙǯƿȀȵ ƪƢǃưƢ ǄƢ ʐƢ ȂǠȆǼƵǻ ǶǐƣƸ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ȂɔȀʒƢ ȂƦ ȂƴȆƬ ƣƦ

ʐƣȃ ʑƧǙǯƿȀȵ ƣƦ Ȃǉʒƣǰǻ ǂƾ (ǃƬ˫ƣƦ ƪƣƴǂƾ ƣʒ ʑƧǙǯǂƣȄȵ ƎʑƧǙǯȅƾ) ʑƧǙǯƿȀȵ ǃȃ ƪǂƿǯ Ȃɓ ƾƢƾ ǏʓƽǍƬ

ǽƖ ǂƾ ǽƢƿʓǻ ȅ ƾǂƢƿǿ ƾȆƴȅ ρǿƣʒǃƴ ƣʒ ǂƣƦ ȴʓȃ ǽƖ ǂƾ Ȃɓ ƿʒǃʓϝƦ ǃǝǿ ǂƾ Ƣǂ ʑʒƣǕǫ .ƫǈƢ ȁǄƢƿǿƢ Ȃȵ ȂƦ ǃϝʒƾ

ȂƦ Ƣǂ ǵȆǉɓƣǻ ȂǷƾƣǡǻ ǽƢȆƬ ρǻ ȗ . Ȑ ȅ ȕ . Ȑ ƪ˫ƾƣǡǻ ǄƢ ȁƾƣǬƭǈƢ ƣƦ .ƿȀɓ ρǼǿ ǃʓʓǥƬ ǽƣǻǄ ƣƦ ȅ ƫǈƢ ϗʓƬƣƭǈƢ

:ƫǌȆǿ ǃʒǄ ƪǂȆǐ

r:B = Ș; r � B = Ș (ȑȐ . Ȑ)

ǃʒǄ ǶϚǌ ȂƦ ƎƿȀɓ ρǻ ǭƿǐ ȑȐ . Ȑ ȂǷƾƣǡǻ ǂƾ Ȃɓ Bz ƫƦƣư ȂǬǷȆǻ ƣƦ B = (Bx; By; Bz) ρǉʓǘƣȀǥǻ ǽƢƿʓǻ

:ƫǈƢ

By + iBx = Cn(x+ iy)n�ȏ (ȑȑ . Ȑ)

ǃϝǸǼǠ ǽƢȆƬ ρǻ Ǝ˫ƣƦ ǒǃǫ ƪƣƧưƢ ʐƢǃƦ .ƿȀƭǉȃ ǽƢƿʓǻ ρǰʓǰƸ ʐƣȃǃʓǥƭǻ Bx ȅBy ƎǗǸƭƽǻ ƫƦƣư ϗʒ Cn Ȃɓ

:ƫǫǃɠ ǃǝǿ ǂƾ ǃʒǄ ƪǂȆǐ ȂƦ ȑȑ . Ȑ ȂǷƾƣǡǻ ƫǼǈ ȅƾ ǃȃ ǂƾ Ƣǂ ǶʓǉǿƢǃǬʒƾ

@

@x
+ i

@

@y
(ȑȒ . Ȑ)

ȂǷƾƣǡǻ ǂƾ ȑȑ . Ȑ ȂǷƾƣǡǻ Ȃɓ Ǻʓǈǂ ρǻ ȂƵʓƭǿ ǾʒƢ ȂƦ ƎƫǈƢ ƫƦƣư Bz ȅ ƿȀƭǉȃ z ǄƢ Ƕǰƭǉǻ By ȅ Bx Ȃɓ ƣƵǿƖ ǄƢ

.Ǻʓǻƣǿ ρǻ İʑƧǙǯƿȀȵ ǽƢƿʓǻİ Ƣǂ ȑȑ . Ȑ ȂǷƾƣǡǻ ǽƢƿʓǻ .ƿȀɓ ρǻ ǭƿǐ ȑȐ . Ȑ

ǋʒƣǼǿ ... ȅ n = ȑ ƣƦ Ƣǂ ʑƧǙǯ ǋǌ Ǝn = Ȑ ƣƦ Ƣǂ ʑƧǙǯǂƣȄȵ Ǝn = ȏ ƣƦ Ƣǂ ʑƧǙǯȅƾ Ǝȑȑ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

ǄƢ ȁƾƣǬƭǈƢ ƣƦ Ǝ(ƫǈƢ ȏ ȂƧƬǃǻ ƣƦ ǽƢƿʓǻ Ƕǻƣǌ ƪǂƣƧǠ ǃȃ) ƿȀƭǉȃ ρǙƼ ǵȆǉɓƣǻ ƪ˫ƾƣǡǻ Ȃɓ ƣƵǿƖ ǄƢ.Ǻʓȃƾ ρǻ

:ƫǫǃɠ ǃǝǿ ǂƾ ǃʒǄ ƪǂȆǐ ȂƦ ʐƿʒƿƴ ǶƸ ǽƢȆƬ ρǻ ƎρȄǿ ǺȃǃƦ ǽȆǿƣǯ

By + iBx =
1X
n=ȏ

Cn(x+ iy)n�ȏ (ȑȓ . Ȑ)

:ƾȆǌ ρǻ ǃʒǄ ǶϚǌ ȂƦ ȂǷƾƣǡǻ ǾʒƢ ƎʑƧǙǯ ƪƣǑƭƽǻ ǂƾ Ȃɓ

B� + iBr =
1X
n=ȏ

Cnr
n�ȏei(n�ȏ)� (ȑȔ . Ȑ)

:ƾǃɓ ρǉʒȆǿǄƣƦ ǃʒǄ ǶϚǌ ȂƦ ǽƢȆƬ ρǻ Ƣǂ ȑȓ . Ȑ ȂǷƾƣǡǻ ƥʓƬǃƬ ǾʒƢ ȂƦ

By + iBx = Bref

1X
n=ȏ

(bn + ian)(
x+ iy

Rref

)n�ȏ (ȑȕ . Ȑ)



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ ȐȖ

ǽƢƿʓǻ ǗǈȆƬ żƣǻȆǼǠ Ȃɓ ƿȀƭǉȃ ϓƴǃǻ Ǟƣǡǌ ȅ ϓƴǃǻ ʐƣȃ ǽƢƿʓǻ ƥʓƬǃƬ ȂƦ Rref ȅBref Ǝȑȕ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

ǃǐƣȀǠ bn ȅ an ǾʓȀȶǼȃ .ƿǿȆǌ ρǻ ǏƽǍǻ ƎƿǿȆǌ ρǻ ʐǃʓɠ ȁǄƢƿǿƢ bn ȅ an ǽƖ ǂƾ Ȃɓ ρǠƣǡǌ ȅ ρǸǐƢ ʑƧǙǯȅƾ

.ƫǈƢ ƤǂȆǻ ʑƧǙǯƿȀȵ ȂƦ ǖȆƦǃǻ bn ȅ ʐƾƣǠ ʑƧǙǯƿȀȵ ȂƦ ǖȆƦǃǻ an Ȃɓ ƿȀƭǉȃ ȁƿǌ ȁǅʓǷƣǻǃǿ ʐƣȃ ʑƧǙǯƿȀȵ

ƣƦ ǇʓǘƣȀǥǻ ϗʒ .ƫǈƢ ρǰǫƢ ȅ ʐƾȆǼǠ ʐƣƭǈƢǂ ǾʓƦ İρɠƿǌ ƫǬƴİ ǃϝǍʒƣǼǿ (x+ iy) Ǝȑȕ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

ƥʓƬǃƬ ǾʒƿƦ.ƫǈƢ ρǸǐƢ ǽƢƿʓǻ ȂƦ ƫƧǉǿ ȏȘ�Ȓ ǄƢ ǃƭϚȵȆɓ bn ȅ an ʑƧǙǯ ƿȀȵ ƥʒƢǃǔ ʐƢǂƢƾ ˫ƣƦ ƫʓǬʓɓ

:ƾƢƾ ǋʒƣǼǿ ǃʒǄ ǶϚǌ ȂƦ Ƣǂ ʐƢ ȂǿƢȆƭǈƢ ƪƣǑƭƽǻ ǂƾ ʑƧǙǯƿȀȵ ǽƢƿʓǻ ǗǉƦ ǽƢȆƬ ρǻ

B� + iBr = Bref

1X
n=ȏ

(bn + ian)(
rei�

Rref

)n�ȏ (ȑȖ . Ȑ)

ρǻ ȂƠƢǂƢ ǽƢƿʓǻ ƾǂȆǻ ǂƾ ρǰʓǯƾ ƪƣǠˬǘƢ ƎȂɓ ƫǈƢ ǾʒƢ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǂƾ ʑƧǙǯƿȀȵ ǗǉƦ ʐƣʒƢǅǻ ǄƢ ρϚʒ

ǄƢ ȂϚʒǂƣƦ ϗʒ ǃʓǉǻ ǂƾ Ȃɓ ρǿƣǻǄ .ƾǃɓ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ǎȆǑƽǻ ʐƣȃƿɓ ǂƾ ǽƢȆƬ ρǻ ǽƖ ǄƢ Ȃɓ ƿȃƾ

ǵƣǰƭǿƢ ǃʓǉǻ ʐǄƣǈ ȂʓƧǌ ʐƢǃƦ ȂǸʓǈȅ ǾʒǃƭȄƦ ʑƧǙǯ ƿȀȵ ƫǌƣɡǿ ƎƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ ǪǸƭƽǻ ǇʓǘƣȀǥǻ ǽƢǂƢǅȃ

.ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ Ȑ . Ȑ ǶϚǌ ǂƾ ʑƧǙǯ ǋǌ ϗʒ ȅ ʑƧǙǯǂƣȄȵ ϗʒ ǏǷƣƼ ǽƢƿʓǻ ǄƢ ρǷƣƱǻ .ƫǈƢ ȂϚʒǂƣƦ

ǃϝƦƣƭǌ ʐƣȃ ǇʓǘƣȀǥǻ

(Ƥ) (Ɩ)

ǇƭǿǂȆǷ ʐȅǃʓǿ ƫȄƴ ƎʑƧǙǯǂƣȄȵ ʐƢǃƦ .ƿǿƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ρǔǃǠ ȂƹǬǐ ǂƾ (Ƥ)ǶϚǌ ǂƾ ǏǷƣƼ ʑƧǙǯ ǋǌ ȅ (Ɩ) ǶϚǌ ǂƾ ǏǷƣƼ ʑƧǙǯǂƣȄȵ :Ȑ . Ȑ ǶϚǌ

.ƫǈƢ ȁƿǌ ǏƽǍǻ ρϚǍǻ ɟǿǂ ƣƦ ƫƧƱǻ ǂƣƦ ϗʒ ʐƢǃƦ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ƫȄƴ ȅ ǅƧǈ ɟǿǂ ƣƦ

ǾʒǃƭǼȄǻ Ȃɓ ƿǿȆǌ ρǻ ʐƿȀƦ Ȃƭǈƾ ƎƿȀȀɓ ρǻ ƿʓǷȆƬ Ȃɓ ρǿƢƿʓǻ ȅ ʑƧǙǯƿȀȵ ǞȆǿ ȂƦ ȂƴȆƬ ƣƦ ǃϝƦƣƭǌ ǂƾ ƣȃ ǇʓǘƣȀǥǻ

:ƿȀƭǉȃ ǃʒǄ ƶǃǌ ȂƦ ƣȄǿƖ

ʑƧǙǯȅƾ ǃϝʒƾ ʐƣȃƾǃƦǂƣɓ .ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ȂǰǸƸ ǃʓǉǻ ǂƾ ȂϚʒǂƣƦ ƫʒƢƿȃ ʐƢǃƦ Ȃɓ ʑƧǙǯ ȅƾ ʐƣȃ ǇʓǘƣȀǥǻŸ



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ Ȑȗ

:ƫǈƢ ǃʒǄ ƥʓƬǃƬ ȂƦ ƣȃ

.ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ʐƢ ȂʒȅƢǄ ϗȵȆɓ ƪƣƹʓƹǑƬ ʐƢǃƦ Ȃɓ ȁƿȀȀɓ ƷʓƹǑƬ ʐƣȃ ǇʓǘƣȀǥǻ�

.ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ƲȅǃƼ ƣʒ ǮʒǂǅƬ ʐƢǃƦ Ȃɓ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ�

.ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ρǿȅǃƭϚǷƢ ʐƣȃ ȂǰǸƸ ǂƾ ρǿȅǃƬȅǃɔȀǈ ʐƣȃ ǋƦƣƬ ƿʓǷȆƬ ʐƢǃƦ Ȃɓ ρǯƣƹǷƢ ʐƣȃǂƢǅƦƢ�

.ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ȂʓƸƣǿ ƣʒ ȂǙǰǿ ϗʒ ǂƾ ȂϚʒǂƣƦ ǅɓǃǼƬ ʐƢǃƦ Ȃɓ ʑƧǙǯǂƣȄȵ ʐƣȃ ǇʓǘƣȀǥǻŸ

.ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ρɡǿǂ ρȃƢǃʓƦƢ ƷʓƹǑƬ ʐƢǃƦ Ȃɓ ʑƧǙǯ ǋǌ ʐƣȃ ǇʓǘƣȀǥǻŸ

ȁƾƣǬƭǈƢ ǃƬ˫ƣƦ ȂƧƬǃǻ ǄƢ ǽƢƿʓǻ ʐƣȃƣǙƼ ƷʓƹǑƬ ʐƢǃƦ Ȃɓ ǃƬ˫ƣƦ ʐ ȂƧƬǃǻ ǄƢ ʐƣȃ ǇʓǘƣȀǥǻ ƣʒ ƣȃ ʑƧǙǯ ƫǍȃŸ

.ƿǿȆǌ ρǻ

ρǻ ƪǂȆǐ ƫǈƢǂ ƫǼǈ ȂƦ �
Ȑn ȁǄƢƿǿƢ ȂƦ ʐƾƣǠ ǇʓǘƣȀǥǻ ǋƼǃȵ ǗǈȆƬ Ǝǅʓǿ İƤǂȆǻİ ʑƧǙǯ ƿȀȵ ƶˬǙǐƢ

Ȃɓ ƫǈƢ ǵƣǻǃǿ ʑƧǙǯǂƣȄȵ ϗʒ ƎƤǂȆǻ ʑƧǙǯǂƣȄȵ ϗʒ ƎǵƣƱǻ ǽƢȆȀǠ ȂƦ .ƫǈƢ ʑƧǙǯƿȀȵ Ȃƴǂƾ n Ȃɓ Ǝƾǃʓɠ

ǂƾ ǵƣǻǃƀǿ ʐƣȃ ʑƧǙǯ ǋǌ ȅ ʑƧǙǯ ǂƣȄȵ ƎʑƧǙǯȅƾ ƪƣǑƽǍǻ .ƫǈƢ ȁƿǌ ȁƾƢƾ ǋƼǃȵ ƫǈƢǂ ƫǼǈ ȂƦ Ȓȓ�

:ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ǃʒǄ ǵȅƿƴ

ʐƢ ȂǿƢȆƭǈƢ ƪƣǑƭƽǻ ǾʒǅƬǂƣɓ ƪƣǑƭƽǻ

Br(r; ’) = BȘ sin ’ Bx(x; y) = Ș

ʑƧǙǯȅƾ

B’(r; ’) = BȘ cos ’ By(x; y) = BȘ

Br(r; ’) = gr sin Ȑ’ Bx(x; y) = gy

ʑƧǙǯǂƣȄȵ

B’(r; ’) = gr cos Ȑ’ By(x; y) = gx

Br(r; ’) =
ȏ
Ȑgr

0
sin ȑ’ Bx(x; y) = g

0
xy

ʑƧǙǯ ǋǌ

B’(r; ’) = ȏ
Ȑgr

0Ȑ cos ȑ’ By(x; y) = g
0
(xȐ � yȐ)

ʐƢ ȂǿƢȆƭǈƢ ȅ ǾʒǅƬǂƣɓ ƪƣǑƭƽǻ ȁƣɡƭǈƾ ǂƾ ǵƣǻǃƀǿ ʐƣȃ ʑƧǙǯƿȀȵ ǃǐƣȀǠ :ȏ . Ȑ ǵȅƿƴ
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ρǙƼ ρǿȅǃƬƣƭƦ ƫɓǃƸ ȑ . Ȑ

ǩƢǃƹǿƢ ƥƴȆǻ ƥʓƬǃƬ ȂƦ Ȃɓ ƎƾȆǌ ρǻ ǶǐƣƸ ʑƧǙǯǂƣȄȵ ȅ ʑƧǙǯ ȅƾ ʐƣȃ ǇʓǘƣȀǥǻ ǗǈȆƬ ȂϚʒǂƣƦ ƫʒƢƿȃ

ρǻ ρǙƼ Ǻƭǉʓǈ Ƣǂ ǇʓǘƣȀǥǻ ȅƾ ǾʒƢ Ȃʒƣȩ ǃƦ ȂϚʒǂƣƦ ǵƣǰƭǿƢ Ǻƭǉʓǈ .ƿȀƭǉȃ ǃϝƦƣƭǌ ǂƾ ȂϚʒǂƣƦ ǅɓǃǼƬ ȅ ȂϚʒǂƣƦ

ƪƢǂǀ ϗʓǻƣȀʒƾ Ȃʒǃǝǿ ƎȂƵʓƭǿ ǂƾ .ƿȀȀɓ ρǻ ρǙƼ ʐȅǃʓǿ ȅ ρǙƼ ǽƢƿʓǻ ƿʓǷȆƬ ǇʓǘƣȀǥǻ ȅƾ ǾʒƢ Ȃɓ ƢǃʒǄ ƎǺʓǻƣǿ

.[ȗ] ƾȆǌ ρǻ ȂƭƼƣȀǌ ȂϚʒǂƣƦ ρǙƼ ϗʓƭȩƢ ƣʒ ȂϚʒǂƣƦ ρǙƼ ϗʓǻƣȀʒƾ ǽƢȆȀǠ ƫƹƬ ƣȃ ǇʓǘƣȀǥǻ ǾʒƢ ǂȆǕƸ ǂƾ

Ƕʓȃ ȂǷƾƣǡǻȐ ȏ . ȑ . Ȑ

ȂϚƧǌ ϗʒ ǂƾ .ƿȀȀɓ ρǻ ƫɓǃƸ ȂƭǉƦ ǃʓǉǻ ϗʒ ǂƾ ƎǊǂƣƧǿƢ ʐƣȃ ȂǰǸƸ ǂƾ ρȀǡʒ ƎʐȅǃʒƢƾ ʐƣȃ ǃϝƦƣƭǌ ǂƾ ƪƢǂǀ

ǂȆƧǠ ƣȃ ʑƧǙǯǂƣȄȵ ǹƣǼƬ ǅɓǃǻ ǄƢ ȂƭǉƦ ȂǰǸƸ ǾʒƢ Ǝƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ʐƣǙƼ Ǿƭǫǃɠ ǃǝǿ ǂƾ ǽȅƿƦ ǵƖ ȁƿʒƢ

ρǿƢƿʓǻ ρȀǡʒ ƎǺʒǃʓϝƦ ǃǝǿ ǂƾ Ƣǂ ρǙƼ ʐƣȃ ǽƢƿʓǻ ƣȄȀƬ ǃɠƢ .ƿȀɓ ρǻ ƫɓǃƸ ǵƖ ȁƿʒƢ ʐ ȂǰǸƸ ǃʓǉǻ ǂƾ ȅ ȁƾǃɓ

ǪʒǃǡƬ ƎǺʓȀɓ ρǌȆȩ ǺǍȵ ǺƠƣǯ ǃʓǉǻ ǂƾ ǩƢǃƹǿƢ ǄƢ ȅ ƫǈƢ ȁƿǌ ǪʒǃǡƬ ǵȅƢ ʐ ȂƧƬǃǻ ƣƬ ρǔǃǠ ȂƹǬǐ ǂƾ Ȃɓ

:ƾȆƦ ƿȃƢȆƼ ǃʒǄ ƪǂȆǐ ȂƦ ǽƢƿʓǻ

By = BȘ � @By

@x
x = BȘ �Bȏx; Bx =

@By

@x
y = Bȏy: (ȑȗ . Ȑ)

:[ȏȏ] ƫǌȆǿ ǃʒǄ ǶϚǌ ȂƦ ǽƢȆƬ ρǻ Ƣǂ ȑȘ . Ȑ ȅ Ȑȗ . Ȑ ƪ˫ƾƣǡǻ Ǝȑȗ . Ȑ ʐ ȂǙƦƢǂ ρȀǡʒ ǽƢƿʓǻ ʐ ȂǷƾƣǡǻ ȂƦ ȂƴȆƬ ƣƦ

x
00
(s) + (

ȏ
�Ȑ(s)

� k(s))x(s) =
ȏ
�(s)

M p

p
; (ȒȘ . Ȑ)

y
00
(s) + k(s)y(s) = Ș: (Ȓȏ . Ȑ)

ʑƧǙǯȅƾ ʐƢǃƦ ρȀǡʒ ƎƫǈƢ ȂƭǉƦƢȅ ȁƿǌ ȁǅʓǷƣǻǃǿ ρǉʓǘƣȀǥǻ ρƭƽǈ ȂƦ ƣȃ ʑƧǙǯǂƣȄȵ ȅ ƣȃ ʑƧǙǯȅƾ ρǉʓǘƣȀǥǻ ƪǂƿǯ

ϗʒ ǃɠƢ .ƾȆǌ ρǻ Ȃƭǫǃɠ ǃǝǿ ǂƾ k = ȏ
B�

@B
@x

= ȏ
B�
Bȏ :ƣƦ ǃƦƢǃƦ ʑƧǙǯǂƣȄȵ ρǉʓǘƣȀǥǻ ƪǂƿǯ ȅ ȏ

�
= ȏ

B�
B

:ƿʒƖ ρǻ ƫǈƾ ȂƦ ǃʒǄ ƪǂȆǐ ȂƦ Ƕʓȃ ȂǷƾƣǡǻ (p = pȘ) ǺʓǌƣƦ ȂƭǌƢƾ ȅ ǺʒǃʓϝƦ ǃǝǿ ǂƾ Ƣǂ ǗƼǃƦ ȁǂǀ8>><>>:
x

00
(s) +Kx(s)x = Ș

y
00
(s) +Ky(s)y = Ș

(ȒȐ . Ȑ)

ǃƦƢǃƦ Bȏ ȅ ƿȀƭǉȃ Ky = Bȏ
B�

ȅ Kx = ȏ
�Ȑ � Bȏ

B�
ƣƦ ǃƦƢǃƦ ȅ ȂϚʒǂƣƦ ʐ ȁƿȀȀɓƢǃϝǼȃ ǟƦƢȆƬ Ky ȅ Kx ƣƵȀʒƢ ǂƾ

.ƫǈƢ @By

@x
ƣƦ
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ρǉʒǃƬƣǻ Ǌȅǂ Ȑ . ȑ . Ȑ

ǽƢȆȀǠ ȂƦ Ƣǂ ǞȆǔȆǻ ǾʒƢ ȅ ƫǫǃɠ ǃǝǿ ǂƾ ƫƦƣư ϗʒ ǽƢȆȀǠ ȂƦ ǇʓǘƣȀǥǻ ϗʒ ǵȆǘ ǂƾ Ƣǂ Kx;y(s) ǽƢȆƬ ρǻ

.ǺʓʒȆɠ ρǻ ƫƽǈ ʐƣȃ ȂƧǷ ƥʒǃǰƬ ƎƫǷƣƸ ǾʒƢ ȂƦ .ƿǿǂƢƾ ρƭƦƣư żƣƧʒǃǰƬ ǶϚǌ ƣȃ ǇʓǘƣȀǥǻ Ȃɓ ƾȆǼǿ ǽƣʓƦ ǒǃǫ

:Ǻʒǃʓɠ ρǻ ǃǝǿ ǂƾ Ƣǂ ȒȐ . Ȑ ʐ ȂǷƾƣǡǻ ǄƢ ρǰǫƢ ʐ  ȂƹǬǐ ǂƾ ȁǂǀ ρǿȅǃƬƣƭƦ ƫɓǃƸ

x"(s) +Kx(s) = Ș (Ȓȑ . Ȑ)

ǶǐƣƸ ȂǷƾƣǡǻ ǾʒƢ ǄƢ Ȃɓ ρǐƢȆƼ ǹƣǼƬ .ƿȃƾ ρǻ ƷʓǔȆƬ Ƣǂ ρǰǫƢ ȂƹǬǐ ǂƾ ȁǂǀ ρǿȅǃƬƣƭƦ ƫɓǃƸ ȂǷƾƣǡǻ ǾʒƢ

ǽƾȆƦ ʐƢ ȁǂȅƾ ǖǃǌ ƎǺʒǃʓϝƦ ǃǝǿ ǂƾ L Ƣǂ ȂǰǸƸ Ǘʓƹǻ ǃɠƢ.ƿȀƭǉȃ ǂƢǃǯǃƦ ǅʓǿ ʐƾȆǼǠ ʐƣƭǈƢǂ ʐƢǃƦ ƎƿǿȆǌ ρǻ

. Kx(s+ L) = Kx(s) ρȀǡʒ ƾȆƦ ƿȃƢȆƼ ǂƢǃǯǃƦ ȂƭǉƦ ȂǰǸƸ ǃʓǉǻ ǂƾ ȁǂƢȆǼȃ

:ƿʒƖ ρǻ ƫǈƾ ȂƦ ǃʒǄ ƪǂȆǐ ȂƦ ȂǷƾƣǡǻ ƤƢȆƴ ƎȂǷƾƣǡǻ ǾʒƢ ʐƢǃƦ ʑʒƣǼǿ ǶƸ ϗʒ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ

x =

8>>>>><>>>>>:
a cos(

p
K + b); K > Ș

as+ b; K = Ș

a cosh(
p
K + b): K < Ș

(ȒȒ . Ȑ)

.ƾǂȅƖ ƫǈƾ ȂƦ ȂǷƾƣǡǻ ȂʓǷȅƢ ǗʒƢǃǌ ǄƢ ǽƢȆƬ ρǻ Ƣǂ b ȅ a ƫƦƣư

:ǺʓȀɓ ρǻ ǪʒǃǡƬ ǃʒǄ ǶϚǌ ȂƦ Ƣǂ ȁǂǀ ƫǷƣƸ ǂƢƾǃƦ

~x(s) =

8>><>>:
x(s);

x
0
(s)

(Ȓȓ . Ȑ)

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ Ȓȑ . Ȑ ȂǷƾƣǡǻ ǶƸ ȂƵʓƭǿ ǂƾ

~x(s) = M(sjsȘ)~xȘ (ȒȔ . Ȑ)
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:ƾȆǌ ρǻ ǏƽǍǻ ǃʒǄ ƪǂȆǐ ȂƦ ȅ ƫǈƢ s ȂƦ sȘ ȂǙǰǿ ǄƢ ȁǂǀ ƫɓǃƸ ȁƿȀȃƾ ǽƣǍǿ M(sjsȘ) ǵƣǰƭǿƢ ǇʒǃƬƣǻ Ȃɓ

M(sjsȘ) =

8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:

2664 cos(
p
Kl) ȏp

K
sin(

p
KL)

�
p
K sin(

p
Kl) cos(

p
KL)

3775 ; K > Ș; focusing

2664ȏ L

Ș ȏ

3775 ; K = Ș; drift

2664 cosh(
p
Kl) ȏp

K
sinh(

p
KL)

p
K sinh(

p
Kl) cosh(

p
KL)

3775 ; K < Ș; defocusing

(Ȓȕ . Ȑ)

:ƫǈƢ ǂƢǃǯǃƦ ǃʒǄ ǖǃǌ ƎȒȕ . Ȑ ʐ ȂǷƾƣǡǻ ʐƣȃ ƫǷƣƸ ρǻƣǼƬ ǂƾ .ƫǈƢ l = s� sȘ Ȃɓ

detM = ȏ (ȒȖ . Ȑ)

sin ȅ cos ǟƦƢȆƬ ƪǂȆǐ ȂƦ ƣƴ ǾʒƢ ǂƾ Ȃɓ ƎȒȑ . Ȑ ȂǷƾƣǡǻ Ƕǰƭǉǻ ǶƸ ȅƾ ƎρȀʓϚǉǿȅǂ ǽƣȀʓǻǃƬƾ Ȃʒǃǝǿ ȂƦ ȂƴȆƬ ƣƦ

ʐƣȃ ȂǬǷȆǻ ǄƢ ϗʒ ǃȃ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ǽƣȀʓǻǃƬƾ ƎƫǷƣƸ ǾʒƢ ǂƾ .ƿǿȆǌ ρǻ Ȃƭǫǃɠ ǃǝǿ ǂƾ ƫƦƣư ǟƦƢȆƬ ƎƫǈƢ ȁƿǻƖ

.Ǻʓǻƣǿ ρǻ [ȏȐ] ȑǶʒȅȆʓǷ ȂʓǕǯ Ƣǂ ǽƣʓƦ ǾʒƢ ƓƾȆǌ ρǻ Ǆƣǫ ʐƣǕǫ ρǷƣϝȵ ρɡƭǉʒƣȩ ȂƦ ǃƵȀǻ ȅ ƫǈƢ ƿƸƢȅ ρǉʓǘƣȀǥǻ

ƫƦƣư ƾȆǌ ρǻ ƾǂƢȅ ǽƖ ȂƦ Ȃɓ ʑʒƣȃȅǃʓǿ ρɡƭǉʒƣȩ ƣƦ Ǻƭǉʓǈ ϗʒ ǂƾ ƪƢǂǀ ρǷƣϝȵ Ȃɓ ƾǂƢƾ ρǻ ǽƣʓƦ ȂʓǕǯ ǾʒƢ

.ƿǿƣǻ ρǻ

Kx = ȏ
�Ȑ ǽƖ ʐ ȁƿȀȀɓ ǅɓǃǼƭǻ ǟƦƣƬ Ȃɓ ǮǸǙǻ ʑƧǙǯȅƾ ϗʒ ʐƢǃƦ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ƎȒȕ . Ȑ ȂǷƾƣǡǻ ǄƢ ȁƾƣǬƭǈƢ ƣƦ

:ǃʒǄ ƪǂȆǐ ȂƦ ƎƫǈƢ

M(sjsȘ) =

2664 cos(�) � sin(�)

�ȏ
�

sin(�) cos(�)

3775 (Ȓȗ . Ȑ)

ǽƢȆƬ ρǻ ƥʓƬǃƬ ǾʒƢ ȂƦ .ƫǈƢ ʑƧǙǯȅƾ Ǟƣǡǌ � ȅ ʑƧǙǯȅƾ ǵȆǘ l Ǝ � = l
�

ȂǷƾƣǡǻ ǾʒƢ ǂƾ Ȃɓ ƎƿʒƖ ρǻ ƫǈƾ ȂƦ

ȂƧǈƣƹǻ ǵƣǰƭǿƢ ʐƣȃ ǇʒǃƬƣǻ ǄƢ ϗʒ ǃȃ ρǉʒǃƬƣǻ Ƥǃǔ ǄƢ Ƣǂ ǃϝʒƿϚʒ ǃǈ ƫǍȩ ǇʓǘƣȀǥǻ ȅƾ ǵƣǰƭǿƢ ǇʒǃƬƣǻ

:ƾǃɓ

M(sȐjsȘ) = M(sȐjsȏ):M(sȏjsȘ) (ȓȘ . Ȑ)

ʑƦƣʒƾǂ Ƣǂ Ǌȅǂ ǾʒƢ .ƾȆǌ ρǻ ʑƦƣʒƾǂ ǵƣǰƭǿƢ ǃʓǉǻ ǵȆǘ ǂƾ ȁǂǀ ƫǷƣƸ ǂƢƾǃƦ ƎρǉʒǃƬƣǻ Ǌȅǂ ǄƢ ȁƾƣǬƭǈƢ ƣƦ

ǽƢȆȀǠ ȂƦ Ƣǂ ȁǂǀ ƫǷƣƸ ǂƢƾǃƦ ʐ ȂʓǷȅƢ ǶϚǌ ǃɠƢ .ƾǃʓɠ ρǻ ǹƣƵǿƢ ʐƾƿǠ ʐƣȃ Ǌȅǂ Ǯʒǃǘ ǄƢ ȅ Ǻʓǻƣǿ ρǻƪƢǂǀ
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.ƾǂȅƖ ƫǈƾ ȂƦ ǃϝʒƾ ʐ ȂǙǰǿ ǃȃ ǂƾ Ƣǂ ȁǂǀ ƪƣǑƭƽǻ ǽƢȆƬ ρǻ ƎǺʒǃʓϝƦ ǃǝǿ ǂƾ sȘ ƣʒ Ǟȅǃǌ ȂǙǰǿ

ǇʒǃƬƣǻ ȂƦ ȂϚƧǌ ǃϝʒƾ ǃǐƣȀǠ ǽƾǃɓ ȂǫƣǔƢ ƣƦ Ȃɓ ƾȆǌ ρǻ ǺȃƢǃǫ ρǿƣǻǄ Ǝȁǂǀ ƫɓǃƸ ʐƢǃƦ ʐǂƢƿʒƣȩ ǗʒƢǃǌ

ǪǸƭƽǻ ʐƣȃ ƫǼǉǯ ȅ ƣȃ ǋƽƦ Ƕǻƣǌ Ȃɓ ƎʐƢ ȁǂȅƾ ȂϚƧǌ ϗʒ ʐƢǃƦ ȂƵʓƭǿ ǂƾ ƓƿǿƣǼƦ ȂƭǉƦ ƫɓǃƸ ǃʓǉǻ ƎǵƣǰƭǿƢ

:ƾȆƦ ƿȃƢȆƼ ǃʒǄ ǶϚǌ ȂƦ ʐǂƢƿʒƣȩ ǖǃǌ ƎƿǌƣƦ ρǻ

jTrace(M)j � Ȑ (ȓȏ . Ȑ)

ǂƿʒƣȀǈƢŸƫǿƢǂȆɓ ʐƣȃǃƭǻƢǂƣȩȒ ȑ . ȑ . Ȑ

:ƫǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ Ǝ(ȏ) ϗʒ ǽƣȀʓǻǃƬƾ ƣƦ ǇʒǃƬƣǻ ϗʒ ρǸɓ ǶϚǌ

M =

2664cos(’) + a sin(’) � sin(’)

�
 sin(’) cos(’) � � sin(’)

3775 (ȓȐ . Ȑ)

ǽƣʓƦ ǃʒǄ ƪǂȆǐ ȂƦ Ĵ ȅ ƿƸƢȅ ǇʒǃƬƣǻ Î ƎǄƣǫ ǹƿǰƬ ’ .ƿȀƭǉȃ ǂƿʒƣȀǈƢŸƫǿƢǂȆɓ ʐƣȃǃƭǻƢǂƣȩ 
 ȅ � Ǝ� Ȃɓ

:ƾȆǌ ρǻ

Ĵ =

2664 � �

�
 ��

3775 (ȓȑ . Ȑ)

ƣʒ ĴȐ = �Î ȅ

�
 � �Ȑ = ȏ (ȓȒ . Ȑ)

ƣȃ ǽƖ ρϚʒǅʓǫ ʐƣȀǡǻ ȂǻƢƾƢ ǂƾ Ȃɓ ƫǈƢ ȓǇʓʒȆƬ ʐƣȃǃƭǻƢǂƣȩ ƎǂƿʒƣȀǈƢŸƫǿƢǂȆɓ ʐƣȃǃƭǻƢǂƣȩ ǃϝʒƾ ǹƣǿ .ƫǈƢ

.ƾǃɓ ǺʓȃƢȆƼ ρǈǂǃƦ Ƣǂ

ρɠƿȀǸʓǉɠ Ȓ . ȑ . Ȑ

:ƫǈƢ ǃʒǄ ƪǂȆǐ ȂƦ ρǰǫƢ ȂƹǬǐ ǂƾ Ƕʓȃ ȂǷƾƣǡǻ ǶƸ8>><>>:
x =

p
"
p
�(s) cos(’� ’Ș);

x
0
= �

q
"
�
(� cos(’� ’Ș) + sin(’� ’Ș)):

(ȓȓ . Ȑ)



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ ȑȒ

:ƾǂȅƖ ƫǈƾ ȂƦ ǃʒǄ ƪǂȆǐ ȂƦ Ƣǂ ǽƖ ǽƢȆƬ ρǻ Ȃɓ ƫǈƢ Ǆƣǫ ǹƿǰƬ ’ .Ǻʓǻƣǿ ρǻ ρɠƿȀǸʓǉɠ Ƣǂ " ȅ � = ��
0

Ȑ Ȃɓ

’ =

Z
ds

�(s)
(ȓȔ . Ȑ)

:ƾȆǌ ρǻ ǏƽǍǻ ǃʒǄ ƪǂƣƧǠ ƣƦ Ǆƣǫ ʐƣǕǫ ǂƾ ƪƢǂǀ ȂϚʒǂƣƦ ǄƢ ȁƿǌ ȂƭƼƣǈ ρǕʓƦ

" = 
xȐ + Ȑ�xx0
+ �x

0Ȑ (ȓȕ . Ȑ)

ǾʒƢ ǃϝʒƾ ǹƣǿ ƎƿȀƭǉȃ ǂƿʒƣȀǈƢŸƫǿƢǂȆɓ ʐƣȃǃƭǻƢǂƣȩ ƣʒ ǇʓʒȆƬ ʐƣȃǃƭǻƢǂƣȩ 
 ȅ � Ǝ� ʐƣȃǃƭǻƢǂƣȩ Ȃɓ

ǃǝǿ ǂƾ ǃɠƢ ƎƿʒƖ ρǻ ƫǈƾ ȂƦ ȓ . ȓ ȂǷƾƣǡǻ ǄƢ ȕ . ȓ ȂǷƾƣǡǻ .ƿǌƣƦ ρǻ ρϚʓƭȩƢ ǟƦƢȆƬ ƣʒ ρǿȅǃƬƣƭƦ ǟƦƢȆƬ ƣȃǃʓǥƭǻ

ƿȀɓ ρǻ ǏƽǍǻ Ƣǂ x � x
0 Ǆƣǫ ʐƣǕǫ ǂƾ ȁǂǀ ƫɓǃƸ ǃʓǉǻ ȕ . ȓ ȂǷƾƣǡǻ ƎƫǈƢ �
 � �Ȑ = ȏ Ȃɓ ǺʒǃʓϝƦ

ǂƿʒƣȀǈƢŸƫǿƢǂȆɓ ʐƣȃǃʓǥƭǻ ǄƢ ȁƿǌ ƾƣƵʒƢ ƫƦƣư ʐȆǕʓƦ :ȑ . Ȑ ǶϚǌ

ǂƾ " ǃɠƢ Ȃɓ ǹȆȄǬǻ ǾʒƢ ȂƦ ƾǂƢƾ ρǈƿȀȃ ȁƾƣǈ ʐƣȀǡǻ ϗʒ ρɠƿȀǸʓǉɠ.ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ȑ . Ȑ ǶϚǌ ǂƾ Ȃɓ

ƎǶʒȅȆʓǷ ǶǐƢ ǆƣǈƢ ǃƦ .ƿȃƾ ρǻ Ƣǂ Ǆƣǫ ʐƣǕǫ ǂƾ ƪƢǂǀ ȂϚʒǂƣƦ ǗǈȆƬ ȁƿǌ ρǘ ρǕʓƦ ƫƸƣǉǻ ƎƾȆǌ Ƥǃǔ �

ǂƾ ʐȆǕʓƦ ʐǃʓɠ ǂƢǃǯ ʐ ȁȆƹǿ ƣʒ ǶϚǌ ǃʓʓǥƬ ǺǤǃʓǸǠ Ȃɓ ƣȀǡǻ ǾʒƢ ȂƦ .ƫǈƢ İƫɓǃƸ ƫƦƣưİ ρɠƿȀǸʓǉɠ

ƯǠƣƦ ǹȆȄǬǻ ǾʒƢ Ǔǰǿ ȅ ƾǂƢƾ ǂƢǃǯ ʐȆǕʓƦ ǂƾ ȁǂƢȆǼȃ ǽƖ ǂƾ ȁƿǌ Ȃƭǫǃɠ ǂƢǃǯ ʐ ȁǂǀ ƎƫɓǃƸ ǵȆǘ ǂƾ ȂƹǬǐ

ƥʓǌ ǽƢȆȀǠ ȂƦ x0 ƫɓǃƸ ǃʓǉǻ ȂʒȅƢǄ Ȃɓ ƣƵǿƖ ǄƢ .ƾȆǌ ρǻ ϗʒǅʓǫ ǂƾ ȂǿƣɔƬ ȅ ʐɇǃǿƢ ρɡƭǉʒƣȩ ǹȆȄǬǻ Ǔǰǿ

.ƾȆǌ ρǻ ǽƣʓƦ �m:mrad ƪǂȆǐ ȂƦ ƣǻȆǼǠ ȅ ƾǂƢƾ ȂǸǐƣǫ ǞȆǿ ǄƢ ʐƿƸƢȅ ρɠƿȀǸʓǉɠ ƎƾȆǌ ρǻ ǽƣʓƦ ƿǡ̅Ʀ ǽȅƿƦ

ȁƿǌ ȁǅʓǷƣǻǃǿ ƪƣǑƭƽǻ ȓ . ȑ . Ȑ

:ǃʒǄ ʐ  ȂǷƾƣǡǻ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ

x
00
(s) +Kx(s)x = Ș (ȓȖ . Ȑ)
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ȂƦ (x; s) ʐƣȃǃʓǥƭǻ ǄƢ ρƬƣǑƭƽǻ ǶʒƿƧƬ ǽƢȆƬ ρǻ ƎƫǈƢ ǃϝƦƣƭǌ Ǘʓƹǻ L ȅ K(s) = K(L+ s) ǽƖ ǂƾ Ȃɓ

:ƾǃɓ ƾƣƵʒƢ (!; ’)

! =
xp
�
; ’ =

ȏ
�

Z
ds

�
(ȓȗ . Ȑ)

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ȓȖ . Ȑ ʐ ȂǷƾƣǡǻ Ǝƿʒƿƴ ƪƣǑƭƽǻ ǂƾ

x
00

+Kxx =
ȏ

�Ȑ�
Ȑ
ȑ

[�! + (
ȏ
Ȑ��

00 � �Ȑ + k�Ȑ)�Ȑ!] = p (ȔȘ . Ȑ)

.ƾȆǌ ρǻ Ȃƭǫǃɠ ǃǝǿ ǂƾ (... ȅ ȂǿƣɔƬ ʐƣȃƣǙƼ ƎǽƢƿʓǻ ʐƣȃƣǙƼ) ǵˬƭƼƢ ǽƢȆȀǠ ȂƦ p ȅ _! = @!
@p

Ȃɓ

ǂƾ ƎƫǈƢ ϗʒ ƣƦ ǃƦƢǃƦ ρǿȅǃƬƣƭƦ ǟƦƢȆƬ ǎƢȆƼ ƫǸǠ ȂƦ ȔȘ . Ȑ ȂǷƾƣǡǻ ǂƾ ȏ
Ȑ��

00 � �Ȑ + k�Ȑ = ȏ ƪǂƣƧǠ

:ǺʒǂƢƾ ȂƵʓƭǿ

�! + �Ȑ! � �Ȑ�
ȑ
Ȑp = Ș (Ȕȏ . Ȑ)

:ƾǂȅƖ ƫǈƾ ȂƦ ǃʒǄ ǶϚǌ ȂƦ ρǿȆƭǸʓǻƣȃ ϗʒ ǄƢ Ƣǂ ȂǷƾƣǡǻ ǾʒƢ ǽƢȆƬ ρǻ ǾʓȀȵ Ǻȃ

H =
ȏ
Ȑ _!Ȑ +

ȏ
Ȑ�

Ȑ!Ȑ � �Ȑ�
n+Ȑ

Ȑ
pn
n
!n (ȔȐ . Ȑ)

.ƫǈƢ p = pnx
n�ȏ = pn�

n�ȏ!n�ȏ Ȃɓ

ρǻ ƫǈƾ ȂƦ ƣȃ ǵˬƭƼƢ ρǈǂǃƦ ʐƢǃƦ ƥǈƣȀǻ ǶϚǌ ȂƦ ρǿȆƭǸʓǻƣȃ ƎǺʓȃƾ ǹƣƵǿƢ Ƣǂ Ȕ ȂʒȅƢǄŸǋȀɓ ƪˬʒƿƧƬ ǃɠƢ

ϗʓǿȆǻǂƣȃ ǃɡǿƣǈȆǿ ȂƦ Ǝ(p = Ș) ǵˬƭƼƢ ǽƾǃɓ ǚƣƹǷ ǽȅƿƦ ȅ ƫǈƢ ƫƦƣư � ǽƾȆƦ ƫƦƣư Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ .ƿʒƖ

:Ǻʓǈǂ ρǻ ǽƖ ǶƸ ȅ

! = !Ș cos( +  Ș) (Ȕȑ . Ȑ)

.ƫǈƢ  = �’ Ȃɓ

:ƾȆǌ ρǻ ǽƣʓƦ ǃʒǄ ƪǂȆǐ ȂƦ s ȂǙǰǿ ȂƦ sȘ ȂǙǰǿ ǄƢ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ƫʒƣȄǿ ǂƾ

M(sjsȘ) =

2664C( ) S( )

C
0
( ) S

0
( )

3775 =

2664 cos( ) sin( )

� sin( ) cos( )

3775 (ȔȒ . Ȑ)

:ǺʒǂȅƖ ρǻ ƫǈƾ ȂƦ Ǝx(s) = a
p
�(s) cos( (s)) ȂǙƦƢǂ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ8>><>>:

! = xp
�

= a cos( );

d!
d 

=
p
�x

0
+ �p

�
x = �a sin( ):

(Ȕȓ . Ȑ)
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ϗʒ ǽƢȆȀǠ ȂƦ Ƣǂ ƪƢǂǀ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ƣƬ ƾǂȅƖ ρǻ ǺȃƢǃǫ Ƣǂ ǽƣϚǻƢ ǾʒƢ ȁƿǌ ȁǅʓǷƣǻǃǿ ƪƣǑƭƽǻ ʐǃʓɠǂƣɓ ȂƦ

ȁǂǀ ǃȃ Ǆƣǫ ʐƣǕǫ ǂƾ.Ǻʓȃƾ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ Ƣǂ ƫɓǃƸ ƪ˫ˬƭƼƢ ǺʓǿƢȆƭƦ ȅ Ȃƭǫǃɠ ǃǝǿ ǂƾ ϗʓǿȆǻǂƣȃ ǃɡǿƣǈȆǿ

ȁƿǌ ȁǅʓǷƣǻǃǿ ƪƣǑƭƽǻ ǃɠƢ .Ǻʓǻƣǿ ρǻ Ǆƣǫ ʐȆǕʓƦ Ƣǂ ǽƖ Ȃɓ ƿȀɓ ρǻ ƫɓǃƸ ǶϚǌ ρǕʓƦ ȂƭǉƦ ǃʓǉǻ ϗʒ ǂƾ

Ȓ . Ȑ ǶϚǌ ǂƾ ǽƖ ǃʒȆǑƬ Ȃɓ ƿʒƖ ρǻ ǂƾ Ƕǻƣɓ ȁǃʒƢƾ ϗʒ ǶϚǌ ȂƦ Ǆƣǫ ʐƣǕǫ ƎǺʒǃʓϝƦ ǃǝǿ ǂƾ ǵˬƭƼƢ ǽȅƿƦ Ƣǂ

ƫǈƾ ȂƦ ǵƖ ȁƿʒƢ ʐȅǃʒƢƾ ƫɓǃƸ ϗʒ ǽƢȆƬ ρǻ ƿʒƿƴ ƪƣǑƭƽǻ ƣƦ Ǆƣǫ ʐƣǕǫ ϗʒ ǂƾ .ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ

.ƾǂƢƾ ǹƣǿ İρǿȅǃƬƣƭƦ ƪƣǿƣǈȆǿ ȂȀǻƢƾİ ȅ ȁƾȆƦ a ǽƖ Ǟƣǡǌ Ȃɓ ƾǂȅƖ

ȁƿǌ ȁǅʓǷƣǻǃǿ ƪƣǑƭƽǻ ǂƾ Ǆƣǫ ʐƣǕǫ :Ȓ . Ȑ ǶϚǌ

ƣȃ ǇʓǘƣȀǥǻ ǂƾ ƣǙƼ Ȕ . ȑ . Ȑ

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ǶϚǌ ȂƦ Ƕʓȃ ʐ ȂǷƾƣǡǻ ƎρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǂƾ ϗȵȆɓ ʐƣȃƣǙƼ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ8>><>>:
x

00
+Kx(s)x = �By

B�
;

y
00

+Ky(s)y = ��Bx

B�
;

(ȔȔ . Ȑ)

ǂƾȐ . Ȑ ǋƽƦ ǂƾ Ȃɓ ƣȃ ʑƧǙǯ ƿȀȵ ǗǉƦ ǗǈȆƬ �Bx ȅ �By ρȀǡʒ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ ȅ

:ƾȆǌ ρǻ ȂƧǈƣƹǻ Ǝƿǌ ƫƧƹǐ ǽƖ ƾǂȆǻ

�By + i�Bx = BȘ

Z 1

n=Ș
(bn + ian)(x+ iy)n; (Ȕȕ . Ȑ)

ʐƣȃƣǙƼ an ƥʒƢǃǔ ȅ ǵƣǻǃƀǿ ǇʓǘƣȀǥǻ ʐƣȃƣǙƼ bn ƥʒƢǃǔ ƎʑƧǙǯȅƾ ρǸǐƢ ǽƢƿʓǻ BȘ ȂǷƾƣǡǻ ǾʒƢ ǂƾ

ǃƦ ƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ǪǸƭƽǻ ʐƣȃƣǙƼ ƪƢǃʓưƣƬ ƣƬ ƫǈƢ Ǆƣʓǿ ƥʓƬǃƬ ǾʒƿƦ .ƿȀƭǉȃ ƤǂȆǻ ǇʓǘƣȀǥǻ
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.ƾȆǌ ρǈǂǃƦ ȅ ȂƧǈƣƹǻ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ

ȂƭǉƦ ǃʓǉǻ ǂƾ ǵˬƭƼƢ ȅ ʑƧǙǯȅƾ ǽƢƿʓǻ ʐƣǙƼ ȕ . ȑ . Ȑ

ǹƣƵǿƢ ρǿȅǃƬƣƭƦ ƪƣǿƣǈȆǿ ǽƖ ʐȅǂ ȁǂǀ Ȃɓ ȂϚʒǂƣƦ ʐ ȂƭǉƦ ǃʓǉǻ Ȃɓ ƾȆǌ ρǻ ƯǠƣƦ ʑƧǙǯȅƾ ǂƾ ƾȆƴȆǻ ʐƣȃƣǙƼ

ϗʒ ƣʒ ʑƧǙǯǂƣȄȵ ȂƦ ǖȆƦǃǻ ʑʒƣƴ ȂƦƣƴ ʐƣǙƼ ǄƢ ʑƧǙǯȅƾ ǽƢƿʓǻ ʐƣǙƼ żƣǻȆǼǠ.ƾȆǌ ǵˬƭƼƢ ǂƣȵƾ Ǝƿȃƾ ρǻ

ƣƦ .ƾȆǌ ρǻ ȂϚʒǂƣƦ ƫɓǃƸ ʐ ȂƭǉƦ ǃʓǉǻ ǂƾ ǵˬƭƼƢ ƾƣƵʒƢ ƯǠƣƦ ȅ ƾȆǌ ρǻ ƾƣƵʒƢ Ǝȁƿǌ ȁƾƢƾ ǋƼǃȵ ʑƧǙǯȅƾ

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ǶϚǌ ȂƦ ȂϚʒǂƣƦ ƫɓǃƸ ȂǷƾƣǡǻ ƎʑƧǙǯȅƾ ǽƢƿʓǻ ȂƦ ǖȆƦǃǻ ǵˬƭƼƢ Ǿƭǫǃɠ ǃǝǿ ǂƾ

x
00
(s) +Kx(s)x =

�BȘ
B�

(ȔȖ . Ȑ)

ǂƢǃǯǃƦ ǅʓǿ ʐƾȆǼǠ ȂƹǬǐ ʐƢǃƦ ȂƦƣǍǻ ʐƢ ȂǷƾƣǡǻ .ƫǈƢ ʑƧǙǯȅƾ ȁƿǌ ȁǅʓǷƣǻǃǿ ʐƣǙƼ ʐ ȁƿȀȃƾ ǽƣǍǿ �BȘ
B�

Ȃɓ

ƎρǉʒǃƬƣǻ Ǌȅǂ ʐǃʓɠǂƣɓ ȂƦ ƣƦ .ƫǈƢ ȂƭǉƦ ǃʓǉǻ ǩƢǃƹǿƢ ȅ ρǿȅǃƬƣƭƦ ǵȆǼǡǻ ƫɓǃƸ Ƕǻƣǌ ȂǷƾƣǡǻ ǾʒƢ ǶƸ .ƫǈƢ

:ƾȆǌ ρǻ ȂƧǈƣƹǻ ǃʒǄ ƪǂȆǐ ȂƦ si ǽƣϚǻ ǂƾ �i ʑƧǙǯȅƾ N ȂƦ ǖȆƦǃǻ ʐƣǙƼ ǶʓǷƾ ȂƦ ȂƭǉƦ ǃʓǉǻ ǂƾ ǵˬƭƼƢ

x(s) =

p
�(s)

Ȑ sin(��)

NX
i=ȏ

p
�i�i cos(j’(s) � ’(si)j � ��) (Ȕȗ . Ȑ)

ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ �i ȅ Ǆƣǫ ǹƿǰƬ ’ ƎǶǻƣɓ ǂȅƾ ϗʒ ǹƣƵǿƢ ʐƢǃƦ ǹǄ˫ ƪƣǿƣǈȆǿ ƾƢƿǡƬ ƣʒ Ǿʓǌƣǻ ρǿȅǃƬƣƭƦ ǽȆʓƬ � Ȃɓ

ƎƿǌƣƦ ƷʓƹǐƾƿǠ ϗʒ ǽȆʓƬ Ȃɓ ρǿƣǻǄ Ǝƿȃƾ ρǻ ǽƣǍǿ Ȕȗ . Ȑ ȂǷƾƣǡǻ .ƿǌƣƦ ρǻ ʑƧǙǯȅƾ ǗǈȆƬ ȂƦǃǔ ȂǙǰǿ ǂƾ

.ƿǌƣƦ Ʒʓƹǐ ƾƢƿǠƢ ǄƢ ǂȅƾ ƾƿǠ ϗʒ ƿʒƣƦ ȁǂƢȆǼȃ ǽȆʓƬ ȂƵʓƭǿ ǂƾ  .ƾȅǂ ρǻ ƫʒƣȄǿ ʑƦ ƫǼǈ ȂƦ ǩƢǃƹǿƢ ǾʒƢ

ǃʓǉǻ ƪƣǑƭƽǻ ȁƿȃƣǍǻ ʐƢǃƦ .ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ȂƭǉƦ ǃʓǉǻ ǵˬƭƼƢ ƷʓƹǑƬ ʐƢǃƦ Ǝ ʑƧǙǯȅƾ ʐƣȃ ǃɠ ƷʓƹǑƬ

ƥƧǈ Ʒʓƹǐ ǽƣϚǻ ǂƾ ǃϝǍʒƣǼǿ ȅ ǃɠ ƷʓƹǑƬ ǽƾƢƾ ǂƢǃǯ .ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ȕȂϚʒǂƣƦ Ƥƣʒ ǽƣϚǻ ʐƣȃ ǃϝǍʒƣǼǿ ǄƢ

ǊǂƣƧǿƢ ʐ ȂǰǸƸ Ȃƭǫƣʒ ȂȀʓȄƦ ȂϚƧǌ ǂƾ ȂƭǉƦǃʓǉǻ ƷʓƹǑƬ ʐƢǃƦ Ǌȅǂ ǾʒƢ ǄƢ .ƾȆǌ ρǻ ȂϚʒǂƣƦ ȂƭǉƦ ǃʓǉǻ ƷʓƹǑƬ

.ƾƢƾ ǺʓȃƢȆƼ ǽƣǍǿ ǺǍǌ ǶǑǫ ǂƾ Ƣǂ ǽƖ Ƴʒƣƭǿ Ȃɓ ƎƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ ǅʓǿ ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ

ρǿȅǃƬƣƭƦ ǽȆʓƬǃʓʓǥƬ ȅ ʑƧǙǯǂƣȄȵ ǽƢƿʓǻ ʐƣǙƼ Ȗ . ȑ . Ȑ

:ƿȃƾ ρǻ ƺǂ ǃʒǄ Ƕʒ˫ƾ ȂƦ ʑƧǙǯǂƣȄȵ ʐƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ʐƣǙƼ

Ǝƣȃ ʑƧǙǯǂƣȄȵ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǂƾ ƣǙƼ �

Ǝƣȃ ʑƧǙǯȅƾ ǂƾ ƣǙƼ �
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Ǝƣȃ ʑƧǙǯ ǋǌ ǂƾ ȂƭǉƦ ǃʓǉǻ ǄƢ ǩƢǃƹǿƢ �

.ƣȃ ʑƧǙǯ ǋǌ ȂƦ ǖȆƦǃǻ ʑʒƣƴ ȂƦƣƴ ʐƣǙƼ �

ƣȃ ʑƧǙǯǂƣȄȵ ǽƢƿʓǻ ʐƣǙƼ ȂƵʓƭǿ ǂƾ .ƾȆǌ ρǻ ǏƽǍǻ ʑƧǙǯǂƣȄȵ ǽƢƿʓǻ ǗǈȆƬ K(s) ȁƿȀȀɓƢǃϝǼȃ ǟƦƣƬ

ȂƭǉƦ ȂƦ ȂƴȆƬ ƣƦ ρǿȅǃƬƣƭƦ ƫɓǃƸ ǄƢ Ƕʓȃ ȂǷƾƣǡǻ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ .ƾȆǌ ρǻ ǽȆʓƬ ǃʓʓǥƬ ȅ ƣƭƦ ǟƦƣƬ ǃʓʓǥƬ ȂƦ ǃƵȀǻ

:ǺʒǂƢƾ ǃʓǉǻ ǽƾȆƦ

x
00
(s) +Kx(s)x = Ș (ȕȘ . Ȑ)

:ǺʒǂƢƾ ƎƫǈƢ ȁƿǌ ǵˬƭƼƢ ǂƣȵƾ ȁƿȀȀɓƢǃϝǼȃ ǟƦƣƬ ȂɔȀʒƢ ȂƦ ȂƴȆƬ ƣƦ

K(s) = KȘ(s) + �K (ȕȏ . Ȑ)

:ƫǈƢ ǂƢǃǯǃƦ ǃʒǄ ƪǂȆǐ ȂƦ ǅʓǿ ƫɓǃƸ ǽƾȆƦ ʐƢ ȁǂȅƾ ȂƭǉƦ ǖǃǌ ƎƫǈƢ ʑƧǙǯǂƣȄȵ ǽƣʒƾƢǃɠ ʐƣǙƼ �K Ȃɓ

K(s) = K(s+ L) (ȕȐ . Ȑ)

ȁǂǀ ƫɓǃƸ ǂȅƾ ϗʒ ʐƢǃƦ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ƪǂȆǐ ȂƦ MȘ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ .ƫǈƢ ǊǂƣƧǿƢ ȂǰǸƸ Ǘʓƹǻ L Ȃɓ

:ǃʒǄ ƪǂȆǐ ȂƦ ǵˬƭƼƢ ǽȅƿƦ

MȘ = I cos(�Ș) + J sin(�Ș) (ȕȑ . Ȑ)

ƣƦ ǃƦƢǃƦ J ȅ Ȑ � Ȑ ƿƸƢȅ ǇʒǃƬƣǻ ϗʒ I ǽƖ ǂƾ Ȃɓ

J =

2664 �(s) �(s)

�
(s) ��(s)

3775 (ȕȒ . Ȑ)

dsȏ ϗȵȆɓ ǵȆǘ ƣƦ sȏ ȂǙǰǿ ǂƾ �K ϗȵȆɓ ǂƣʓǉƦ ǵˬƭƼƢ ƣƦ ƎʑƧǙǯǂƣȄȵ ϗʒ ʐƢǃƦ ǵƣǰƭǿƢ ǇʒǃƬƣǻ .ƫǈƢ

:ƾȆƦ ƿȃƢȆƼ ǃʒǄ ƪǂȆǐ ȂƦ

MQerr =

2664 ȏ Ș

��K(sȏ)dsȏ ȏ

3775 (ȕȓ . Ȑ)
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Mtot = ƣƦ ǃƦƢǃƦ ǵˬƭƼƢ ʐƢǂƢƾ ʑƧǙǯǂƣȄȵ ϗʒ ǂȆǕƸ ǂƾ ʐƢ ȂǰǸƸ Ƕɓ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ƥʓƬǃƬ ǾʒƢ ȂƦ

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ Ȃɓ ƎƫǈƢ MQerr �MȘ

(ȕȔ . Ȑ)

Mtot =

2664 ȏ Ș

��K(sȏ)dsȏ ȏ

3775 cos(�Ș) +

2664 � �

���K(sȏ)dsȏ ���K(sȏ)dsȏ � �

3775 sin(�Ș):

ǶƦƣǯ Mtot ǇʒǃƬƣǻ ̆ƾǂ ȂƧǈƣƹǻ Ǯʒǃǘ ǄƢ ƫǈƢ ȁƿǌ ƾǂƢȅ ρϚȵȆɓ ǵˬƭƼƢ ǽƖ ǂƾ Ȃɓ Ǿʓǌƣǻ ϗʒ � Ǆƣǫ ǹƿǰƬ

:ǺʒǂƢƾ ȅ ƫǈƢ ȂƧǈƣƹǻ

cos(�) =
ȏ
ȐTrace(Mtot) = cos(�Ș) � ȏ

Ȑ��K(sȏ)dsȏ (ȕȕ . Ȑ)

:ǺʒǂƢƾ �� = �� �Ș ϗȵȆɓ ǃʒƾƣǰǻ ʐƢǃƦ

�� = �ȏ
Ȑ�(sȏ)�K(sȏ)dsȏ (ȕȖ . Ȑ)

ȅ Ȃƭǫƣʒ ǃʓʓǥƬ ƾȆƼ ʐ ȂʓǷȅƢ ǂƢƿǰǻ ǄƢ ǽȆʓƬ ƎʑƧǙǯǂƣȄȵ ʐ ȁƿȀȀɓƢǃϝǼȃ ǟƦƣƬ ȂƦ ǖȆƦǃǻ ǵˬƭƼƢ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ

:ƾȆǌ ρǻ ȂƧǈƣƹǻ ǃʒǄ ƪǂȆǐ ȂƦ ȂǰǸƸ ǂƾ ǽȆʓƬ ǃʓʓǥƬ ǂƢƿǰǻ

�� =
��

Ȑ� =
ȏ

Ȓ�

I
�(sȏ)K(sȏ)dsȏ (ȕȗ . Ȑ)

ƥƧǈ ƎƿǌƣƦ ɞǂǅƦ ƣƭƦ ǟƦƣƬ Ȃɓ ρǘƣǰǿ ǂƾ ƣȃ ʑƧǙǯǂƣȄȵ ǂƾ ƣǙƼ ƾȆƴȅ ƫǫƣʒǂƾ ǽƢȆƬ ρǻ ȕȗ . Ȑ ȂǷƾƣǡǻ ǄƢ

.ƾȆǌ ρǻ ρȄƴȆƬ ǶƦƣǯ ǂƢƿǰǻ ȂƦ ǽȆʓƬ ʑʒƣƴ ȂƦƣƴ

ρǸǐƢ ǂȆƹǻ ǄƢ ǂȅƾ ƪƢǂǀ Ȓ . Ȑ

ƎƾȆǌ ρǻ ȂƧǈƣƹǻ Ȑ . Ȑ ǇƭǿǂȆǷ ʐȅǃʓǿ ǄƢ Ȃɓ ȂϚʒǂƣƦ ǶƼƢƾ ƪƢǂǀ ȂǿƣɔƬ ȂƦ ȂϚʒǂƣƦ ǽƾǃɓ ƢǃϝǼȃ ȅ ƫʒƢƿȃ

ǾʒƿƦ ȅ ƿǿǂƢƿǿ ǽƣǉϚʒ ʐɇǃǿƢ ȁƣɠ ȴʓȃ ȂϚʒǂƣƦ ϗʒ ǶƼƢƾ ƪƢǂǀ ʐ ȂǼȃ ǺʓǿƢƾ ρǻ ǃϝʒƾ ʐȆǈ ǄƢ .ƫǈƢ ȂƭǉƦƢȅ

ƣʒ ϓƴǃǻ ȂǿƣɔƬ ǄƢ ȁǂǀ ǩƢǃƹǿƢ Ȃɓ ƫǈƢ ǹǄ˫ ǶʓǷƾ ǾʒƢ ȂƦ .ƾȆǌ ρǼǿ ʐɇǃǿƢ ɒƬ ȂϚʒǂƣƦ ϗʒ ȁƣɠ ȴʓȃ ƥʓƬǃƬ

ǂȆƹǻ ǄƢ ǂȅƾ ƪƢǂǀ ȂƦ ǃϝƦƣƭǌ ϗʒǅʓǫ ǂƾ .ƾǃʓɠ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ ȂϚʒǂƣƦ ƫɓǃƸ ǂƾ ǽƖ ǃʓưƣƬ ȅ ȂƧǈƣƹǻ �p

ǽƣʓƦ ǃʒǄ ƪǂȆǐ ȂƦ ϓƴǃǻ ȂǿƣɔƬ ǄƢ ǩƢǃƹǿƢ .ǺʓʒȆɠ ρǻ Off-momentum ϓƴǃǻ ǃʓǉǻ ǄƢ ƲǂƣƼ ƣʒ ρǸǐƢ

:ƾȆǌ ρǻ

� =
p� pȘ
pȘ

(ȖȘ . Ȑ)
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ǃǝǿ ǂƾ ȅ x
�

ǵȅƢ ȂƧƬǃǻ ƣƬ x ʐƣƭǈƢǂ ǂƾ ρǔǃǠ ƪ˫ƾƣǡǻ ǗǉƦ ƣƦ .ƫǈƢ ϓƴǃǻ ȂǿƣɔƬ pȘ ȅ ȁǂǀ ȂǿƣɔƬ p Ȃɓ

:ǺʒǂƢƾ ƎȂǿƣɔƬ ȂƦ ȂƭǉƦƢȅ ƪˬǼƴ Ǿƭǫǃɠ

x
00

+Kx(s) =
�

�
(Ȗȏ . Ȑ)

ǾʒƢ ǶƸ .ƾȆǌ ρǻ ȂƭƼƣȀǌ ʑƧǙǯǂƣȄȵ ǽƣʒƾƢǃɠ ǽƢȆȀǠ ȂƦ Bȏ ȅ ƫǈƢ Kx = ȏ
�Ȑ + Bȏ

B�
ƎȂǷƾƣǡǻ ǾʒƢ ǂƾ Ȃɓ

:ƿʒƖ ρǻ ƫǈƾ ȂƦ ǃʒǄ ƪǂȆǐ ȂƦ Ǝ x� ƣʒ ǾϝǼȃƣǿ ȅ x�(s) ƣʒ ǾϝǼȃ ƫǼǉǯȅƾ ƥʓɓǃƬ ǄƢ ȂǷƾƣǡǻ

x(s) = x�(s) + x� (ȖȐ . Ȑ)

ǃʒǄ ƪǂȆǐ ȂƦ ρǿȅǃƬƣƭƦ ƫɓǃƸ ϗʒ ǄƢ ʑƧʓɓǃƬ ƪƢǂǀ ƫɓǃƸ ǾʒƢǃƦƣȀƦ

x� =
p
"x�x(s) cos(’x + ’Ș) (Ȗȑ . Ȑ)

:ƾȆƦ ƿȃƢȆƼ ǃʒǄ ƪǂȆǐ ȂƦ ȂǿƣɔƬ ƪ˫ˬƭƼƢ ǶʓǷƾ ȂƦ ʑʒƣƴ ȂƦƣƴ ƫɓǃƸ ϗʒ ȅ

x� = D(s)� (ȖȒ . Ȑ)

.ƾȆǌ ρǻ ȁƿʓǻƣǿ ρɠƿȀɓƢǃȩ ǟƦƣƬ D(s) ƣƵȀʒƢ ǂƾ

ǵƣǰƭǿƢ ǇʒǃƬƣǻ ƎǵƣƱǻ ǽƢȆȀǠ ȂƦ .Ǻʒǃʓɠ ρǻ ǃǝǿ ǂƾ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ǽƢȆȀǠ ȂƦ Ƣǂ ȑ � ȑ ǇʒǃƬƣǻ ϗʒ ǾʒƢǃƦƣȀƦ

ǂƾ ǹȆǈ ƿǡ̅Ʀ Ȃɓ ƾȆǌ ρǻ ǽƣʓƦ ǃʒǄ ƪǂȆǐ ȂƦ Kx = ȏ
�Ȑ ƣƦ ρǍƽƦ ʑƧǙǯȅƾ ϗʒ ǂȆǕƸ ǂƾ ǅɓǃǻ ǄƢ ǂȅƾ ƪƢǂǀ

:ƫǈƢ ϓƴǃǻ ʐ ȂǿƣɔƬ ǄƢ ȂǿƣɔƬ ǩƢǃƹǿƢ Ǿƭǫǃɠ ǃǝǿ ǂƾ ǶʓǷƾ ȂƦ ƎȏȐ . ȑ ǇʒǃƬƣǻ

M(sjsȘ) =

2666664
cos(�) � sin(�) �(ȏ � cos(�))

�(ȏ
�
) sin(�) cos(�) sin(�)

Ș Ș ȏ

3777775 (Ȗȓ . Ȑ)

ǂȅƾ ƪƢǂǀ ʐƢǃƦ ȂƭǉƦ ǃʓǉǻ ƪȅƣǬƬ ǽƢȆƬ ρǻ ȂƵʓƭǿ ǂƾ .ƫǈƢ ʑƧǙǯȅƾ ǗǈȆƬ ρɠƿǌ ǺƼ ȂʒȅƢǄ � ƎȂǷƾƣǡǻ ǾʒƢ ǂƾ

sȘ ȂǙǰǿ ǄƢ ƪƢǂǀ ǵƣǰƭǿƢ ρǔƣʒǂ ǽƣʓƦ ʐƢǃƦ .ƾǃɓ ȁƿȃƣǍǻ Ǝǅɓǃǻ ǄƢ ȁƿǌ ǶǰƭȀǻ ƪƢǂǀ ʐ ȂƭǉƦ ǃʓǉǻ ƣƦ Ƣǂ ǅɓǃǻ ǄƢ

:ǺʓʒƣǼǿ ρǻ ȁƾƣǬƭǈƢ ǃʒǄ ƪǂƣƧǠ ǄƢ s ȂƦ2666664
x(s)

x
0
(s)

�

3777775 = M(sjsȘ)

2666664
x(sȘ)

x
0
(sȘ)

�

3777775 (ȖȔ . Ȑ)
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ʐɇǃǿƢ ǵƣǰƭǿƢ ȅ ȂǿƣɔƬ ρɠƾǃǍǫ ȓ . Ȑ

:ƫǈƢ ǃʒǄ ƪǂȆǐ ȂƦ ρǷȆǘ ʐƢǂƢƾ ƎƿȀɓ ρǻ ƫɓǃƸ �+x Ǟƣǡǌ ƣʒ ρȀƹȀǻ ǵȆǘ ǂƾ Ȃɓ x ƪƣǑƭƽǻ ƣƦ ȁǂǀ ϗʒ

dL = (�+ x)d� = (�+ x)
ds

�
(Ȗȕ . Ȑ)

ǽƢȆƬ ρǻ ƎρǿȅǃƬƣƭƦ ƫɓǃƸ ǄƢ ρǌȆȩ ǺǍȵ ƣƦ .ƫǈƢ ϓƴǃǻ ρȀƹȀǻ ǵȆǘ ǂƾ ȂǸǐƣǫ ǃɡǿƣʓƦ ds ƎȖȕ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

:ƾǃɓ ȂƧǈƣƹǻ Ƣǂ ǂȅƾ ϗʒ ǂƾ ȁǂǀ ʐƢǃƦ ρǸɓ ǃʓǉǻ ȂǙƦƢǂ

L =

I
(ȏ +

x

�
)ds = LȘ +

I
x

�
ds = LȘ +

I
D(s)�

�
ds; (ȖȖ . Ȑ)

ǃʓʓǥƬ ƪǂȆǐ ȂƦ Ƣǂ Ǝ�c ȂǿƣɔƬ ρɠƾǃǍǫ ƥʒǃǔ ǽƢȆƬ ρǻ ƥʓƬǃƬ ǾʒƢ ȂƦ .ƫǈƢ ȂǰǸƸ Ǘʓƹǻ LȘ ȂǷƾƣǡǻ ǾʒƢ ǂƾ

.ƾȆǼǿ ρǫǃǡǻ ȂǿƣɔƬ ƪƣǫƢǃƹǿƢ ǶʓǷƾ ȂƦ ǵȆǘ

:ǺʒǂƢƾ ȖȖ . Ȑ ȅ ȖȒ . Ȑ ƪ˫ƾƣǡǻ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ

�c =
dL

LȘ

ȏ
�

=
ȏ
LȘ

I
D(s)

�
ds (Ȗȗ . Ȑ)

ρǰǘƣȀǻ ǂƾ ȅ ρȀƹȀǻ ʐƣȃ ǃʓǉǻ ǂƾ Ǝϓƴǃǻ ǃʓǉǻ ǄƢ ƲǂƣƼ ƪƢǂǀ ʐƢǃƦ ǃʓǉǻ ρɠƿʓǍɓ ƿȃƾ ρǻ ǽƣǍǿ ȂǷƾƣǡǻ ǾʒƢ

.ƿȃƾ ρǻ ƺǂ ƎƿǌƣƦ ǃǬǐ ƣƦ ǪǷƣƽǻ ρɠƿȀɓƢǃȩ Ȃɓ

ƫǠǃǈ ƣƦ Ƣǂ L ƣƦ ǃƦƢǃƦ ρǷȆǘ ȁǂǀ ϗʒ ƣƬ ƫǈƢ ǹǄ˫ Ȃɓ ρǿƣǻǄ ƪƿǻ ƎȂʒƣȩ ϗʒǅʓǫ ǂƾ ƫɓǃƸ ƪ˫ƾƣǡǻ ǆƣǈƢ ǃƦ

:ƣƦ ƫǈƢ ǃƦƢǃƦ ƎƿȀɓ ρǘ c�

T =
L

c�
(ȗȘ . Ȑ)

:ǺʒǂƢƾ ƎȗȘ . Ȑ ʐ ȂǙƦƢǂ ǮƭǍǻ ȂƧǈƣƹǻ ƣƦ

dT

T
=
dL

L
� d�

�
(ȗȏ . Ȑ)

ȂǷƾƣǡǻ ƎȖȖ . Ȑ ʐ ȂǷƾƣǡǻ ǄƢ ȁƾƣǬƭǈƢ ƣƦ ƥʓƬǃƬ ǾʒƿƦ .ƫǈƢ d�
�

= ȏ

Ȑ

dp
p

ǺʓǿƢƾ ρǻ ƎƫʓƧǉǿ ǃƦ ǺɓƣƸ ǗƦƢȅǂ ǄƢ

:ǺʓȀɓ ρǻ ρǉʒȆǿǄƣƦ ǃʒǄ ƪǂȆǐ ȂƦ Ƣǂȗȏ . Ȑ

dT

T
= (�c � ȏ


Ȑ )� = �c� (ȗȐ . Ȑ)

:ǃʒǄ ƪǂȆǐ ȂƦ 
tr ρǫǃǡǻ ƣƦ .ƾǂƢƾ ǹƣǿ ȂǿƣɔƬ ρɠƾǃǍǫ �c ȂǷƾƣǡǻ ǾʒƢ ǂƾ


tr =
ȏ

p
�c

(ȗȑ . Ȑ)
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:ǺʒǂƢƾ ȗȐ . Ȑ ȂǷƾƣǡǻ ρǉʒȆǿǄƣƦ ȅ

dT

T
= �c� = (

ȏ

Ȑ
tr

� ȏ

Ȑ )� (ȗȒ . Ȑ)

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ǶϚǌ ȂƦ ȏȒ . ȑ ȂǷƾƣǡǻ ƎƫǈƢ dT
T

= �df
f

Ȃɓ Ȃƭɔǿ ǾʒƢ ȂƦ ȂƴȆƬ ƣƦ

df

f
= ��c� = (

ȏ

Ȑ � ȏ


Ȑ
tr

)� (ȗȓ . Ȑ)

.ƫǈƢ ƣȀǡǻ Ȃȵ ȂƦ ʐɇǃǿƢ ǵƣǰƭǿƢ Ȃɓ ƾƢƾ ϐǈƣȩ ǵƢȆǈ ǾʒƢ ȂƦ ƿʒƣƦ ǵƣƸ

ȁǂǀ ƫǠǃǈ ȂƦ ȁǂǀ ȂƦ ȁƿǌ ȂǫƣǔƢ ʐɇǃǿƢ Ǝƿǈǂ ρǻ ǵƣǰƭǿƢ ȂǙǰǿ ȂƦ ȁǂǀ Ȃɓ ρǿƣǻǄ ƎƪƢǂǀ Ǿƭǫǃɠ Ƥƣƭǌ ǹƣɡȀȃ ǂƾ

ƫǈƢ ȁƿʓǈǂ ǂȆǿ ƫǠǃǈ ȂƦ ȁǂǀ ƫǠǃǈ ȂǙǰǿ ǾʒƢ ǂƾ ƢǃʒǄ Ǝƿǌ ƿȃƢȆƽǿ ȁǂǀ ƫǠǃǈ ǋʒƢǅǫƢ ƯǠƣƦ ȅ ȁƿǍǿ ǶʒƿƧƬ

ǃʓʓǥƬ ƯǠƣƦ ʐƁɇǃǿƢ ǋʒƢǅǫƢ ȂǙǰǿ ǾʒƢ ǂƾ ƓȂƵʓƭǿ ǂƾ .ƾȅǂ ǃƬƢǃǫ ǽƖ ǄƢ ƿǿƢȆƬ ρǼǿ ǎƣƼ ƫʓƧǉǿ ǵȆǐƢ ǮƧǘ ȅ

ǂƾ ȁǂǀ ƫɓǃƸ ǃʓǉǻ ȅ ƿƦƣʒ ρǻ ǋȃƣɓ ƫɓǃƸ Ǉǿƣɓǃǫ ǾʒƢǃƦƣȀƦ Ǝƿǿƣǻ ρǻ ρǯƣƦ ǃʓʓǥƬ ǽȅƿƦ ƫǠǃǈ ȅ ȁƿǌ ǹǃƴ

ǹǃƴ ȂƦ ʐɇǃǿƢ ǵƣǰƭǿƢ ǽƖ ǂƾ Ȃɓ ʐƢ ʐɇǃǿƢ ǂƢƿǰǻ .ƾȆǌ ρǻ ǃƬ ρǿ˫Ȇǘ ƎƫǈƢ ǃǬǐǃʓǤ ƣȄǿƖ ρɠƿȀɓƢǃȩ Ȃɓ ρǘƣǰǿ

.ƾȆǌ ρǻ ȁƿʓǻƣǿ ǵƣǰƭǿƢ ʐɇǃǿƢ Ǝƾǃʓɠ ρǻ ƪǂȆǐ

:ƾǃɓ ʐƿȀƦ ϓǼƴ ƎȂƭǈƾ Ȃǈ ǂƾ ǽƢȆƬ ρǻƢǂ ʐɇǃǿƢ ǵƣǰƭǿƢ ǪǸƭƽǻ ʐƣȃ ƫǷƣƸ

ƫɓǃƸ ǽƣǻǄ ȅ ƾǂƢƾ ǂƢǃǯ ǹǃƴ ȂƦ ʐɇǃǿƢ ǵƣǰƭǿƢ ȂǙǰǿ ǄƢ ǃƬ˫ƣƦ ǗʒƢǃǌ ƎƫǷƣƸ ǾʒƢ ǂƾ :�c > Ș(= 
 > 
tr �

.ƿƦƣʒ ρǻ ǋʒƢǅǫƢ ƎʐɇǃǿƢ ǋʒƢǅǫƢ ƣƦ ȁǂǀ

ǽƣǻǄ ȅ ƿǌƣƦ ρǻ ǹǃƴ ȂƦ ʐɇǃǿƢ ǵƣǰƭǿƢ ȂǙǰǿ ǄƢ ǃƬ Ǿʓʒƣȩ ǗʒƢǃǌ ƎƫǷƣƸ ǾʒƢ ǂƾ :�c < Ș(= 
 < 
tr �

.ƿƦƣʒ ρǻ ǋȃƣɓ ƎʐɇǃǿƢ ǋʒƢǅǫƢ ƣƦ ȁǂǀ ƫɓǃƸ

ȖǆȆǿȅǃɓȅǅʒƢ ƫǷƣƸ ǽƖ ȂƦ ȅ ȁƾȆƦ ǵƣǰƭǿƢ ʐɇǃǿƢ ǃƦ ǮƧǙȀǻ ʐɇǃǿƢ ƎƫǷƣƸ ǾʒƢ ǂƾ :�c = Ș(= 
 = 
tr �

Ǿʓǌƣǻ ǂƾ ǆȆǿȅǃɓȅǅʒƢ ƫǷƣƸ ƎǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ .ƫǈƢ ʐɇǃǿƢ ȂƦ ȂƭǉƦƢȅ ƫǷƣƸ ǾʒƢ ǂƾ Ǉǿƣɓǃǫ .ƾȆǌ ρǻ ȂƭǬɠ

.[ȏȑ] ǺʓȀɓ ρǈǂǃƦ Ƣǂ ƪƢǂǀ ǹǃƴ ǺʓǿƢȆƭƦ ƣƬ ƿȀɓ ρǻ ǺȃƢǃǫ Ƣǂ ǽƣϚǻƢ ǾʒƢ ρǿȆʒ ʐƣȃ

ρɡǿǂ ρȃƢǃʓƦƢ Ȕ . Ȑ

ƎǶʓǷƾ ǾʓǼȃ ȂƦ .ƿǿǂƢƿǿ ƿƸƢȅ ʐ ȂǿƣɔƬ ϗʒ Ȃɓ ρȀǡǻ ǾʒƢ ȂƦ ƎƿȀƭǉʓǿ ǹƣǫ ɒƬ ȁƣɠ ȴʓȃ ȂϚʒǂƣƦ ϗʒ ǂƾ ƪƢǂǀ

ʑʒƢǃϝǼȃ ƪǂƿǯ .ƾȆǌ ρǻ ρǰǸƬ ǺȄǻ ʐǃǻƢ ƪƢǂǀ ʐ ȂϚʒǂƣƦ ǂƾ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ǃƦ ȂǿƣɔƬ ρǿȆϝǼȃƣǿ ǃʓưƣƬ ρǈǂǃƦ
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:ƾȆǌ ρǻ ȁƾƢƾ ǃʒǄ ȂǙƦƢǂ ǗǈȆƬ ʑƧǙǯǂƣȄȵ ϗʒ ǗǈȆƬ

k[m�Ȑ] =
@B
@x

B�
(ȗȔ . Ȑ)

ȂƦ ʑƧǙǯǂƣȄȵ ʑʒƢǃϝǼȃ ƪǂƿǯ � ȂǿƣɔƬ ǩƢǃƹǿƢ ƣƦ ȁǂǀ ϗʒ ʐƢǃƦ .ƫǈƢ ρǉʓǘƣȀǥǻ ρƭƽǈ B� ƎȂǙƦƢǂ ǾʒƢ ǂƾ

:ƿȀɓ ρǻ ǃʓʓǥƬ ǃʒǄ ƪǂȆǐ

k[m�Ȑ] =
@B
@x

(ȏ � �)B�
(ȗȕ . Ȑ)

ʐ ȂǿƣɔƬ ȂƦ ƫƧǉǿ ȂǿƣɔƬ ǃʓʓǥƬ ƣƦ ƿǿƢȆƬ ρǻ ʑƧǙǯǂƣȄȵ ϗʒ ǂƾ ʑʒƢǃϝǼȃ ƪǂƿǯ Ȃɓ ƿȃƾ ρǻ ǽƣǍǿ ȗȕ . Ȑ ʐ ȂǷƾƣǡǻ

.ƾȆǌ Ǫʓǡǔ ƣʒ ʐȆǯ ϓƴǃǻ

:ƿǿȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ǶϚǌ ȂƦ ƎǹǂƣȄȵ ʐ ȂƧƬǃǻ ƪˬǼƴ ǄƢ ρǌȆȩ ǺǍȵ ƣƦ ƫɓǃƸ ƪ˫ƾƣǡǻ ƎƥʓƬǃƬ ǾʒƢ ȂƦ8>><>>:
x

00
+ kx = kx� � ȏ

Ȑm(xȐ � yȐ);

y
00 � ky = �ky� +mxy;

(ȗȖ . Ȑ)

ȁƾƣǬƭǈƢ ƣƦ .ƿȀƭǉȃ ʑƧǙǯ ǋǌ ȅ ʑƧǙǯǂƣȄȵ ʐƣȃ ƪǂƿǯ ʐ ȁƿǌ ȁǅʓǷƣǻǃǿ ƥʓƬǃƬ ȂƦ m ȅ k ƎȗȖ . Ȑ ʐ ȂǷƾƣǡǻ ǂƾ

.ƫǈƢ ρɠƿȀɓƢǃȩ ǟƦƣƬ � ƪǂƣƧǠ ǾʒƢ ǂƾ Ȃɓ ƎǺʓȃƾ ρǻ ǂƢǃǯ x� + �� ƣƦ ǃƦƢǃƦ Ƣǂ x ƎȖȒ . Ȑ ȅ ȖȐ . Ȑ ƪ˫ƾƣǡǻ ǄƢ

ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ȗȖ . Ȑ ƪ˫ƾƣǡǻ ȁƿǌ ȁǅʓǷƣǻǃǿ Ǝ(x; y; �) ǃƬ˫ƣƦ ȅ ǹȅƾ ȂƧƬǃǻ ƣƦ ρƬˬǼƴ ǄƢ ρǌȆȩ ǺǍȵ ƣƦ

:ƾȆǌ ρǻ8>><>>:
x

00
+ kx = (k �m�)x��;

y
00 � ky = �(k �m�)y��;

(ȗȗ . Ȑ)

Ƣǂ ρǿȅǃƬƣƭƦ ƫɓǃƸ ȂȀǻƢƾ ȂƦ ƫƧǉǿ ρǙƼ ƪ˫ˬƭƼƢ ȂƦ ǖȆƦǃǻ ƪƢǂƣƧǠ Ǝȗȗ . Ȑ ʐ ȂǷƾƣǡǻ ƫǈƢǂ ƫǼǈ ƫǼǉǯ ǄƢ

Ƣǂ ǽƖ ǽƢȆƬ ρǻ ȅ ƾȆǌ ρǻ ǽȆʓƬ ʑʒƣƴ ȂƦƣƴ ȂƦ ǃƵȀǻ ƣǙƼ ǄƢ ǞȆǿ ǾʒƢ Ȃɓ ǺʒƾƢƾ ǽƣǍǿ Ȗ . ȑ . Ȑ ƫǼǉǯ ǂƾ .ǺʒǂƢƾ

:ƫǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ8>><>>:
��x = � �

Ȓ�
H
�x(k �m�)ds = ��x;

��y = � �
Ȓ�

H
�y(k �m�)ds = ��y;

(ȏȘȘ . Ȑ)

.ƫǈƢ ǃϝƦƣƭǌ ϗʒǅʓǫ ǂƾ Ȃʒƣȩ ʐƣȃ ƫʓǼɓ ǄƢ ρϚʒ ƫʓǼɓ ǾʒƢ .Ǻʓǻƣǿ ρǻ ρɡǿǂ ρȃƢǃʓƦƢ Ƣǂ �x;y ȂǷƾƣǡǻ ǾʒƢ ǂƾ

ρǻ ǃʓʓǥƬ Ƣǂ ƣȃ ǽƖ Ǉǿƣɓǃǫ ƎƿȀȀɓ ρǻ ǃưƢ ϓƴǃǻǃʓǉǻ ǄƢ ǂȅƾ ƪƢǂǀ ǃƦ ƣȃ ʑƧǙǯǂƣȄȵ Ȃɓ ρǿƣǻǄ ƾƢƾ ǽƣǍǿ ǽƢȆƬ ρǻ

ʐƣǕǫ ϗʒ ǽȆʓƬ ȂƹǬǐ ǂƾ ȂϚʒǂƣƦ ƎƾȆǍǿ ǵǃƭȀɓ ǃưƢ ǾʒƢ ǃɠƢ .ǺʓʒȆɠ ρǻ ǽȆʓƬ ρɠƿȀɓƢǃȩ ǃưƢ ǾʒƢ ȂƦ ƎƿȀȃƾ
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ǾʓȀȵ Ǻȃ .ƿƦƣʒ ρǻ ǋʒƢǅǫƢ ƿʒƿǍƬ ƣʒ ǇǿƣǿȅǄǂ ǖȆǙƼ ƣƦ ȂϚʒǂƣƦ ƾǂȆƼǃƦ ǽƣϚǻƢ ȅ ƿȀɓ ρǻ ǵƣǥǌƢ Ƣǂ ɞǂǅƦ

.[ȏȒ]ƾǂƢǁɠ ρǻ ǃưƢ ȂϚʒǂƣƦ ʐƣȄƭǿƢ ȅ ǃǈ ʐǂƢƿʒƣȩƣǿ ƿȀǿƣǻ ƎρǡǼƴ ʐƣȃ ʐǂƢƿʒƣȩƣǿ ʐȅǂ ǃƦ Ǝρɡǿǂ ρȃƢǃʓƦƢ

ρƭʓǉʓƬƣǻȅǃɓ ƷʓƹǑƬ ȏ . Ȕ . Ȑ

.ƾƢƾ ǹƣƵǿƢ Ƣǂ ǹǄ˫ ƪƣǻƢƿǯƢ ǽƖ ƷʓƹǑƬ ȂƦ ƫƧǉǿ ƿʒƣƦ ƎȂϚʒǂƣƦ ǃƦ ρɡǿǂ ρȃƢǃʓƦƢ Ƥǃƽǻ ƪƢǃưƢ ȂƦ ȂƴȆƬ ƣƦ

ǅʒ˫ƣǻǃǿ Ʒʓƹǐ Ǆǃǘ ȂƦ ƣȄǿƖ m ǽƢƿʓǻ ǽƣʒƾƢǃɠ Ȃɓ ʑƧǙǯ ǋǌ ʐƣȃ ǇʓǘƣȀǥǻ ǗǈȆƬ ƿǿƢȆƬ ρǻ ρȃƢǃʓƦƢ ƷʓƹǑƬ

ρɡǿǂ ρȃƢǃʓƦƢ ƷʓƹǑƬ ʐƢǃƦ ʑƧǙǯ ǋǌ ȅƾ ǶǯƢƿƸ Ȃɓ ǺʓƦƣʒ ρǻǂƾ ȏȘȘ . Ȑ ȂǷƾƣǡǻ ǄƢ .ƾǃʒǁȩ ƪǂȆǐ ƎƫǈƢ ȁƿǌ

ǖƣǰǿ ˫ƣƦ ρɠƿȀɓƢǃȩ ƣƦ ʑʒƣȃ ǽƣϚǻ ƎƿȀɓ ρǻ ǽƣʓƦ ȂǷƾƣǡǻ ǾʒƢ ǾʓȀȶǼȃ.ƫǈƢ ǹǄ˫ y ȅ x ρǔǃǠ ȂƹǬǐ ȅƾ ǂƾ

ǋǌ ʐǃʓɠǂƣɓ ȂƦ ƥʒƣǡǻ ǄƢ .ƿǌƣƦ ρǻ ρɡǿǂ ρȃƢǃʓƦƢ ƷʓƹǑƬ ǂȆǝȀǻ ȂƦ ƣȃ ʑƧǙǯ ǋǌ ǽƾƢƾ ǂƢǃǯ ʐƢǃƦ ʐǃƭȄƦ

ǋȃƣɓ ƯǠƣƦ Ǝ[ȏȓ] Ǆƣǫ ǹƿǰƬ ƥǉƸ ǃƦ ƣȄǿƖ ʐǃʓɠǂƢǃǯ ǹƿǠ ƎȂɓ ƾǃɓ ȁǂƣǌƢ Ȃƭɔǿ ǾʒƢ ȂƦ ǽƢȆƬ ρǻ ƣȃ ʑƧǙǯ

ρɠƿǿǃʒǁȩ ǋȃƣɓ ƥƧǈ ƣȃ ʑƧǙǯ ǋǌ ρǙƼǃʓǤ ƪƢǃưƢ ǾʓȀȶǼȃ .ƾȆǌ ρǻ ȂϚʒǂƣƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ǃʓϝǼǍȵ

ʐǄƣǈ ȂȀʓȄƦ ȂƦ Ǆƣʓǿ ʑƧǙǯ ǋǌ ǂȆǕƸ ǂƾ ƣȃǃƭǻƢǂƣȩ ǾʒƢ ǶʓǷƾ ǾʓǼȃ ȂƦƎƾȆǌ ρǻ ȗϗϚǈȆƬ ǃǼǠ ǵȆǘ ȅ ȂǿƣɔƬ

.ƿǿǂƢƾ

ǇǿƣǿȅǄǂ ȕ . Ȑ

ƣʒ ǇǿƣǿȅǄǂ ƣȄǿƖ ȂƦ Ȃɓ ƿǿȆǌ ρǻ ȂϚʒǂƣƦ ʐǂƢƿʒƣȩƣǿ ƥƴȆǻ ƎƫɓǃƸ ƪ˫ƾƣǡǻ ǂƾ ǵˬƭƼƢ ʐƢǂƢƾ ʐƣȃ ƪǂƣƧǠ

ρǻ ȁƢǃǼȃ ρǿƣǈȆǿ ƫɓǃƸ ƣƦ ǽƣǻǅǼȃ ƪǂȆǐ ȂƦ ƪ˫ˬƭƼƢ Ȃɓ ƿȃƾ ρǻ ƺǂ ρǿƣǻǄ ǭƣǬƬƢ ǾʒƢ .ǺʓʒȆɠ ρǻ ƿʒƿǍƬ

ǋʒƢǅǫƢ ȂϚʒǂƣƦ ƫɓǃƸ ȂȀǻƢƾ Ǝǂȅƾ ǃȃ ǂƾ ȅ ȁƿǌ ɟȀȃƣǼȃ ƪƢǂǀ Ǉǿƣɓǃǫ ƣƦ ǵˬƭƼƢ Ǉǿƣɓǃǫ ȂƵʓƭǿ ǂƾ ƎƿǿȆǌ

ƿȀǿƢȆƬ ρǻ ƪ˫ˬƭƼƢ .ƿȀʒȆɠ ρǻ ǇǿƣǿȅǄǂ ǽƖ ȂƦ ȅ ȁƿǌ ȂϚʒǂƣƦ Ǿƭǫǂ ƫǈƾ ǄƢ ƯǠƣƦ ƫʒƣȄǿ ǂƾ ǃǻƢ ǾʒƢ .ƿƦƣʒ ρǻ

.ƿȀǌƣƦ ƪƢǂǀ ȂǿƣɔƬ ρɠƿȀɓƢǃȩ ƣʒ ȅ ȂϚƧǌ ǂƾ ƣȃ ǇʓǘƣȀǥǻ ʑʒƣƴ ȂƦƣƴ Ǝƣȃ ǇʓǘƣȀǥǻ ǂƾ ƣǙƼ ǄƢ ρǌƣǿ

ʑƧǙǯǂƣȄȵ ȅ ʑƧǙǯȅƾ ʐƣǙƼ ǶʓǷƾ ȂƦ Ʒʓƹǐ ȂǼʓǿ ȅ Ʒʓƹǐ ʐƣȃ ǽȆʓƬ ǄƢ ƿʒƣƦ Ȃɓ Ǻʓƭǫǃɠ ȂƵʓƭǿ Ȕ . ȑ . Ȑ ǋƽƦ ǄƢ

.ǺʓʒȆɠ ρǻ ρǙƼ ʐƣȃ ǇǿƣǿȅǄǂ ƪˬǼƴ ǾʒƢ ȂƦ ƎǺʓȀɓ ʐǂȅƾ

ǃʒǄ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ ρǔǃǠ ȂƹǬǐ ǂƾ ǇǿƣǿȅǄǂ ρǸɓ ʐ ȂǷƾƣǡǻ ƎƿʒƿǍƬ ǃƬ˫ƣƦ ƪƣƴǂƾ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ
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:(ǺʓȀɓ ρǻ ρǌȆȩ ǺǍȵ ρǔǃǠ ȅ ρǷȆǘ ȂƹǬǐ ǾʓƦ ρɠƿǌ ƫǬƴ ǄƢ) :ƫǌȆǿ

k�x + l�y = pN (ȏȘȏ . Ȑ)

jk+ lj ƣƦ ǃƦƢǃƦ ǇǿƣǿȅǄǂ Ȃƴǂƾ .ƿȀǌƣƦ ρǻ Ʒʓƹǐ ǃʒƾƣǰǻ p ȅ l Ǝk ȅ ƿȀƭǉȃ ȁǂǀ ǽȆʓƬ �y ȅ �x ƎȂǷƾƣǡǻ ǾʒƢ ǂƾ

ƿǌƣƦ ǃƬ Ǿʓʒƣȩ ǇǿƣǿȅǄǂ Ȃƴǂƾ Ȃȵ ǃȃ ρǷȅ ƎƾǂƢƾ Ƣǂ ǇǿƣǿȅǄǂ ǄƢ ρƬƣƴǂƾ ƎǽȆʓƬ ȂƹǬǐ ǂƾ ȂǙǰǿ ǃȃ .ƫǈƢ

ǖȆǙƼ ǄƢ ǂȅƾ Ƣǂ ǽȆʓƬ Ȃɓ ƫǈƢ ǃƭȄƦ ȂƵʓƭǿ ǂƾ .ƿȀɓ ρǻ Ƣƿʓȩ ǋʒƢǅǫƢ ʐǃƭǍʓƦ ƫǠǃǈ ƣƦ ǽƣǻǄ ǂƾ ȁǂǀ ʐǂƢƿʒƣȩƣǿ

.(ƿʓȀɓ ȂǝƸˬǻ Ȕ . Ȕ ǶϚǌ ǂƾ Ƣǂ ǇǿƣǿȅǄǂ ǖȆǙƼ ǶϚǌ) Ǻʓȃƾ ǂƢǃǯ (ǹǂƣȄȵ ȂƧƬǃǻ ƣƬ) Ǿʓʒƣȩ ȂƧƬǃǻ ǇǿƣǿȅǄǂ

ǂƾ ƣǙƼ ρǈǂǃƦ ʐƢǃƦ .[ȏȔ] ƫǈƢ Ȃƭǫǃɠ ǂƢǃǯ ȏȐ ȂƧƬǃǻ ǇǿƣǿȅǄǂ ǄƢ ǂȅƾ ǂƣɓ Ǟȅǃǌ ȂǙǰǿ LHC ǂƾ ǵƣƱǻ ʐƢǃƦ

ƪ˫ƾƣǡǻ ǃʓʓǥƬ ƣƦ  .[ȏȕ Ǝȗ] ƾȆǌ ρǻ Ȃƭǫǃɠ ǂƣɓ ȂƦ ρǿȆƭǸʓǻƣȃ ǂƾ ǵˬƭƼƢ Ȃʒǃǝǿ Ǝƣȃ ʑƧǙǯƿȀȵ ǪǸƭƽǻ ʐƣȃ ȂƧƬǃǻ

ρǿȆƭǸʓǻƣȃ ǄƢ ʐǃƬ ȁƾƣǈ ǶϚǌ ȂƦ ǽƢȆƬ ρǻ Ǝƿʒƿƴ ʐ Ȃƭǫƣʒ ǺʓǼǡƬ ʐƣȃǃʓǥƭǻ ǽƾǂȅƖ ƫǈƾ ȂƦ ȅ ρǿȆƭǸʓǻƣȃ ȁƿǿǄƣǈ

ǶƸ ȁƢǂ ϗʒ ȂƦ ǽƢȆƬ ρǻ ǵˬƭƼƢ ǂƾ ǃƬ˫ƣƦ ʐƣȃ ȂƧƬǃǻ ƣƦ ƪˬǼƴ ǄƢ ρǌȆȩ ǺǍȵ ƣƦ ǇȪǈ ȅ ƾǃɓ Ƣƿʓȩ ƫǈƾ

ƎȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ƣʒ ȂȀǻƢƾ ȂƦ ƫƧǉǿ ρǿȅǃƬƣƭƦ ǽȆʓƬ ƪƢǃʓʓǥƬ ƥʓƬǃƬ ǾʒƢ ȂƦ .ƿʓǈǂ ƫɓǃƸ ƪ˫ƾƣǡǻ ʐƢǃƦ ʑƧʒǃǰƬ

.ƾǃʓɠ ρǻ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ ǇǿƣǿȅǄǂ ρϝʒƣǉǼȃ ǂƾ

ƪƢǂǀ ʑƦƣʒƾǂ ȅ ʐƾƿǠ ʐƣȃ Ǌȅǂ Ȗ . Ȑ

Ǿʓǌƣǻ ƾǃɓǂƣɓ ƣƬ ƾȆǌ ρǻ ǾϚǼǻ Ǿʓǌƣǻ ǄƢ ȂǿȆǼǿ ǋʓȩ ϗʒ ǃʓǉǬƬ ȅ ǶʓǸƹƬ ǽƖ ǂƾ Ȃɓ ƫǈƢ ρǌȅǂ ƎʐǄƣǈ ȂʓƧǌ

ρȀʓƦ ǋʓȩ ǩƿȃ ƣƦ ǺƭʒǂȆϝǷƢ ϗʒ ƣƬ ǺʒǂƢƾ Ǆƣʓǿ ƣȃǃϝƦƣƭǌ ϗʒǅʓǫ ǂƾ .[ȏȖ] ƾȆǌ ρǈǂǃƦ ρǡǯƢȅ ʐƣʓǿƾ ǂƾ

ǂƾ ȂϚʒǂƣƦ ǂƣƭǫǂ ǺʓǿƢȆƬ ρǻ ƪƢǂǀ ǄƢ ʑƦƣʒƾǂ ǵƿǻ ϗʒ ƫƼƣǈ ƣƦ .ǺʒǂȅƖ ƫǈƾ ȂƦ Ƣǂ Ǿʓǌƣǻ ǂƾ ƪƢǂǀ ƫɓǃƸ

.ǺʓʒƣǼǿ ʐǄƣǈ ȂʓƧǌ ʑƦȆƼ ƥʒǃǰƬ ƣƦ Ƣǂ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ

.ƫǈƢ ƪƢǂǀ ʐƾƿǠ ʑƦƣʒƾǂ ȂǡǷƣǙǻ ƎȂϚƧǌ ϗʒ ʐƢǃƦ ȂϚʒǂƣƦ ρϚʒǅʓǫ ʐƣȃ ρɠɈʒȅ ǾʓʓǡƬ ʐƢǃƦ Ǌȅǂ ǾʒǃƭȄƦ

Ǿʓǌƣǻ ʐƾȅǂȅ ʐƣȃ ȁƾƢƾ ǽƢȆȀǠ ȂƦ MAD-X ƿɓ ʐƣȃǃƭǻƢǂƣȩ ǄƢ ƿǿƢȆƬ ρǻ PTC ʑƦƣʒƾǂ ƿɓ ƎǵƣƱǻ ǽƢȆȀǠ ȂƦ

.ƿʒƣǼǿ ʑƦƣʒƾǂ ρȀƹȀǻ ǃʓǉǻ ǂƾ ǂȅƾ ǃȃ ǂƾ ȂǬǷȆǻ ȂƦ ȂǬǷȆǻ ƪǂȆǐ ȂƦ Ƣǂ ƪƢǂǀ ʐ ȂϚʒǂƣƦ ǇȪǈ ȅ Ǝȁƾǃɓ ȁƾƣǬƭǈƢ

ƫǈƢ ʐƾǂƢȆǻ ϓƴǃǻ ǃʓǉǻ ǄƢ ƪƢǂǀ ʐ ȂϚʒǂƣƦ ǩƢǃƹǿƢ ƣʒ ρǸʓǸƹƬ ƎϗʓƬƣǼƭǉʓǈ ƪǂȆǐ ȂƦ ʑƧǙǯƿȀȵ ʐƣȃƣǙƼ

.ƫǫǃɠ ǃǝǿ ǂƾ ʐǄƣǈ ȂʓƧǌ ǾʒƢ ǂƾ ǽƢȆƬ ρǻ Ȃɓ

ρǻ ρǙƼǃʓǤ ʐƣȃ ǽƢƿʓǻ ƪƢǃʓưƣƬ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ Ƣǂ Ǆƣǫ ʐƣǕǫ ǂƾ ȁǂǀ ɒƬ ƫɓǃƸ ρǉǿƣɓǃǫ ʐƣȃ Ǫʓǘ

Ǿʓǌƣǻ ʐ ȂǬǷȆǻ ǃȃ ǄƢ ρǰʓǯƾ ƥʒǃǰƬ ƣȃǃϝƦƣƭǌ ȂǼȃ ʐƢǃƦ PTC ǂƾ ǽƢƿʓǻ ȂƧǈƣƹǻ Ǌȅǂ .ƾǃɓ ȁƿȃƣǍǻ ǽƢȆƬ
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ƎǵƣƱǻ ʐƢǃƦ .ƾƢƾ ǹƣƵǿƢ Ƣǂ ǽƖ ǇɔǠ ƣʒ ȅ ƾǃɓ ǽƣǻǄ ρǿƣƦǃǯ Ƣǂ ƫǯƾ ǽƢȆƬ ρǻ ρȃƣɠ ǶʓǷƾ ǾʓǼȃ ȂƦ .ƿȃƾ ρǻ Ƣǂ

Ǌȅǂ ƎƾȆǌ ρǻ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ʐǄƣǈ ȂȀʓȄƦ ʐƢǃƦ ʑƦƣʒƾǂ ʐƣȃƿɓ ǄƢ Ǝƣȃ ʑƧǙǯ ǋǌ ƷʓƹǑƬ ǂƾ

ȅ ƾǃɓ ʑƦƣʒƾǂ Ƣǂ ȂϚʒǂƣƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ǽƢȆƬ ρǻ ƣȃ ʑƧǙǯ ǋǌ ƪǂƿǯ ǃʓʓǥƬ ƣƦ Ȃɓ ƫǈƢ ƪǂȆǐ ǾʒƿƦ ǂƣɓ

.ƫǫǃɠ ǃǝǿ ǂƾ ƣȃ ʑƧǙǯ ǋǌ ʐƢǃƦ ƿʒƿƴ ǃʒƾƣǰǻ ǽƢȆȀǠ ȂƦ ƿƦƣʒ ƾȆƧȄƦ ƫʓǼɓ ǾʒƢ ǽƖ ǂƾ Ȃɓ Ƣǂ ρƭǷƣƸ

ρǉǿƣɓǃǫ ƫǌƣɡǿ ȏ . Ȗ . Ȑ

ρǻ ρǯƣƦ ƫƦƣư ƎƫǈƢ ǂȅƾ ǃȃ ǂƾ ȁǂǀ ρǿȅǃƬƣƭƦ ƪƣǿƣǈȆǿ ƾƢƿǡƬ ρȀǡǻ ȂƦ Ȃɓ ǽȆʓƬ ƎȂϚʒǂƣƦ ρǙƼ ϗʓǻƣȀʒƾ ǂƾ

ʐ ȁƿȀȀɓ ƷʓƹǑƬ ǽƢȆȀǠ ȂƦ Ȃɓ ʑƧǙǯ ǋǌ ρǙƼǃʓǤ ʐƣȃ ǽƢƿʓǻ ƎȂǿƣɔƬ ρɠƿȀɓƢǃȩ ǂȆǕƸ ǂƾ ƎǵƣƸ ǾʒƢ ƣƦ .ǽƣǻ

ʐƣȃ ƪǂƣƧǠ ȁǂƢȆǼȃ ȁȅˬǠ ȂƦ .ƿǿȆǌ ρǻ ǽȆʓƬ ʑʒƣƴ ȂƦƣƴ ȅ ρɠƿȀɓƢǃȩ ƥƧǈ ƎƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ρɡǿǂ ρȃƢǃʓƦƢ

ǹƣɡȀȃ ǂƾ ƣȄǿƖ ʑʒƣƴ ȂƦƣƴ ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ ȅ ƣȃ ǇʓǘƣȀǥǻ ǂƾ ƣǙƼ ǄƢ ρǌƣǿ Ȃɓ ρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǄƢ ρǙƼǃʓǤ

ȂȀǻƢƾ ȂƦ ǽȆʓƬ ƾȆǌ ρǻ ƥƧǈ ρǙƼǃʓǤ ǶǻƢȆǠ ǾʒƢ ʐ ȂǼȃ ǂȆǕƸ ƓƿǿǂƢƾ ƾȆƴȅ ǅʓǿ ƎƫǈƢ Ǿʓǌƣǻ ǂƾ ǽƾƢƾ ǂƢǃǯ

İǹƣɓİ ʐ Ȃʒǃǝǿ ǮƧǘ ƎƿȀǌƣƧǿ ʐȆǯ ρǙƼǃʓǤ ǶǻƢȆǠ ǃɠƢ ǵƣƸ ǾʒƢ ƣƦ .ƿǌƣƧǿ ƫƦƣư Ǿʓǌƣǻ ǂƾ ȅ ȁƾȆƦ ȂƭǉƦƢȅ

ǃɠƢ ǾʒƢǃƦƣȀƦ .ƾȆǌ ρǻ Ȃƭǫǃɠ ǃǝǿ ǂƾ ƫƦƣư ƫɓǃƸ ƎƫǈƢ ǂȅƾ ǇǿƣǿȅǄǂ ǖȆǙƼ ǄƢ ȂϚʒǂƣƦ Ȃɓ ρǿƣǻǄ ƣƬ Ǝ[ȏȗ]ȏȘ

ƣƦ ǂƢƿʒƣȩ ρǙƼ ƫɓǃƸ ϗʒ ǽƢȆƬ ρǻ ϗȵȆɓ żƣƭƧǉǿ ʐƣȃ ȂȀǻƢƾ ʐƢǃƦ ƎƿǿȆǍǿ ȂƭƽʓɡǿƢǃƦ ƪƿǌ ȂƦ ƣȃ ǇǿƣǿȅǄǂ

ȂƦ ǽƢȆƬ ρǻ ȂʓǷȅƢ ƪƣǑƭƽǻ ƥǉƸ ǃƦ ǽȆʓƬ ƪƢǃʓʓǥƬ ȂǡǷƣǙǻ ƣƦ ƥʓƬǃƬ ǾʒƿƦ .ƾǃɓ ȁƿȃƣǍǻ ǽȆʓƬ ǂƾ Ǻɓ ƪƢǃʓʓǥƬ

.ƾǃɓ Ƣƿʓȩ ƫǈƾ Ǻƭǉʓǈ ʐǂƢƿʒƣȩ ǄƢ ρǿƣʓƦ

ǏƽǍǻ Ƣǂ ρǿȅǃƬƣƭƦ ȂȀǻƢƾ ƥǉƸ ǃƦ ǽȆʓƬ ƪƢǃʓʓǥƬ ǽƢȆƬ ρǻ ƪƢǂǀ ʑƦƣʒƾǂ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ǄƢ ȁƾƣǬƭǈƢ ƣƦ

ƪƢǃʓʓǥƬ Ǌȅǂ ǾʒƢ ǂƾ .ƿʒƖ ρǻ ƫǈƾ ȂƦ DFT ƣʒ Ȃƭǉǉɠ ȂʒǂȆǫ ƪˬʒƿƧƬ Ǌȅǂ ǄƢ ȁƾƣǬƭǈƢ ƣƦ ƪƢǃʓʓǥƬ ǾʒƢ Ǝƾǃɓ

ǽƣǻǄ ȂƦ ƫƧǉǿ Ǉǿƣɓǃǫ ƪƢǃʓʓǥƬ ƎȁȅˬǠ ȂƦ .[Ȑȏ] ƿǿȆǌ ρǻ ρǈǂǃƦ �x � �y ǽȆʓƬ ʐƣǕǫ ƥǉƸ ǃƦ x � y

ƣƦ ƿʒƣƦ ȅ ƿǌ ƿȃƢȆƼ ȁǂǀ ʐǂƢƿʒƣȩƣǿ ȂƦ ǃƵȀǻ Ȃɓ ƾȆǌ ρǻ ȂƭƼƣȀǌ Ǆƣǫ ʐƣǕǫ ǂƾ ɑƣǿǃǙƼ ȂǰǙȀǻ ϗʒ ǽƢȆȀǠ ȂƦ

ρƸƢȆǿ ƣʒ ρǉǿƣǿȅǄǂ ǂƣƭƼƣǈ ǄƢ ρǸɓ ʐǃʒȆǑƬ ƎFMA ƣʒ ρǉǿƣɓǃǫ ƫǌƣɡǿ ǶʓǸƹƬ .ƾȆǌ ρǈǂǃƦ ʐǃƭǍʓƦ ƫǯƾ

ǇǿƣǿȅǄǂ ǖȆǙƼ ǃƭǍʓƦ ʐƣȃ ρǈǂǃƦ ȅ ƣȃ ǶʓǸƹƬ .ƿȃƾ ρǻ ǽȆʓƬ ʐƣǕǫ ƣʒ Ǆƣǫ ʐƣǕǫ ǂƾ ǂƢƿʒƣȩ ȅ ɑƣȀƦȆǌƖ

ʐƢǃƦ Ǌȅǂ ǾʒƢ ǄƢ ǅʓǿ LHC ǃϝƦƣƭǌ ǂƾ .ƿȃƾ ρǻ ȂƠƢǂƢ Ƣǂ ʐǄƣǈ ȂȀʓȄƦ ʐƢǃƦ ȂϚƧǌ ρǸɓ ƪƣǑƽǍǻ ȅ ƣȃ ρɠɈʒȅ

ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ʐƣȃǃƭǻƢǂƣȩ ƾȆƧȄƦ ʐƢǃƦ Ǌȅǂ ǾʒƢ ǾʓȀȶǼȃ Ǝ[ȐȐ] ƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ʐǂƢƿʒƣȩ ƾȆƧȄƦ

Ǌȅǂ ǾʒƢ Ƴʒƣƭǿ Ȃɓ ƾǃɓ ǽƢȆȀǠ ƿʒƣƦ .ƫǈƢ Ȃƭǫǃɠ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ ǅʓǿ ǽƢǃʒƢ ǂȆǿ ʐ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ



ʐǂȆơƬ ȂȀʓǍʓȩ . Ȑ ǶǑǫ Ȓȕ

.[ȐȒ ƎȐȑ]ƿǿǂƢƾ ʐǃʓɠ ȁǄƢƿǿƢ ƣƦ ʑƦȆƼ ǮƦƣǙƬ



ȑ ǶǑǫ

ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ρǙƼǃʓǤ ǃǐƣȀǠ

ƾǂƢƾ ƫʓǼȃƢ Ȃƭɔǿ ǾʒƢ ǽƣʓƦ ƢƿƭƦƢ ǂƾ ƎǺʓȀɓ ρǻ ρǈǂǃƦ Ƣǂ ρǙƼǃʓǤ ǃǐƣȀǠ ʐƢǃƦ ǵƣǰƭǿƢ ʐƣȃ ǇʒǃƬƣǻ ǋƽƦ ǾʒƢ ǂƾ

ǂƾ ǞȆǔȆǻ ǾʒƢ ǵƣƸ ǾʒƢ ƣƦ ƎƫǈƢ ȂƧǈƣƹǻ ǶƦƣǯ ρǿȆƭǸʓǻƣȃ Ǌȅǂ ǄƢ ȁƾƣǬƭǈƢ ƣƦ ρǙƼ ǃǐƣȀǠ ǵƣǰƭǿƢ ǇʒǃƬƣǻ Ȃɓ

.ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ȏρǷ ǃƧƴ ǄƢ ρǙƼ ǃʓǤ ǃǐƣȀǠ ʐƢǃƦ ǶʓǷƾ ǾʓǼȃ ȂƦ ȅ ƿȀɓ ρǼǿ ǭƿǐ ρǙƼ ǃʓǤ ǃǐƣȀǠ ƣƦ ȂǙƦƢǂ

ƾǂȆǻ ǂƾ ƪƣƹʓǔȆƬ ʐ ȂƠƢǂƢ ǄƢ ǶƧǯ .ƫǈƢ İȐρǷ ƫǌƣɡǿİ ǃϝƦƣƭǌ ͣρǙƼǃʓǤ ǃǐƣȀǠ ǵƣǰƭǿƢ ʐƢǃƦ ǂƢǅƦƢ ǾʒǃƬ ǺȄǻ

ǪʒǃǡƬ ǂƾ Ȃɓ ǺȄǻ ρǻȆȄǬǻ ƾǂȆǻ ǂƾ ρƬƣǠˬǘƢ ƫǈƢ ǹǄ˫ ƎρǷ ƫǌƣɡǿ ȅ ρǙƼǃʓǤ ǃǐƣȀǠ ǵƣǰƭǿƢ ʐƣȃ ǇʒǃƬƣǻ

ȑϗʓƭϚǸȪǼʓǈ ƫǌƣɡǿ ǽƢȆȀǠ ȂƦ ƪƣʓǔƣʒǂ ǂƾ ǹȆȄǬǻ ǾʒƢ .Ǻʓȃƾ ȂƠƢǂƢ ƎƾǂƢƾ ʑʒƢǅǈ ȂƦ ǋǰǿ ǵƣǰƭǿƢ ʐƣȃ ǇʒǃƬƣǻ

.ƾȆǌ ρǻ ȂƭƼƣȀǌ

ϗʓƭϚǸȪǼʓǈ ƫǌƣɡǿ ȏ . ȑ

ƫƦƣư ȁǂƢȆǼȃ ƎʐǃʓɠǂƢǃǯ ȁȆƹǿ ȅ ǶϚǌ ǂƾ ǃʓʓǥƬ ǺǤǃʓǸǠ Ǆƣǫ ʐƣǕǫ Ǝƿǌ ǽƣʓƦ Ȃƭǌǁɠ ǶǑǫ ǂƾ Ȃɓ ȂǿȆɠ ǽƣǼȃ

ǵƣǰƭǿƢ ǗǈȆƬ ǽƢȆƬ ρǻ Ǝρǔƣʒǂ ǽƣƦǄ ȂƦ Ƣǂ ǞȆǔȆǻ ǾʒƢ .ƫǈƢ ǂƢǃǯǃƦ ǹǃƴ ρɡƭǉʒƣȩ ʐ Ȃʒƣȩ ǃƦ ǶǐƢ ǾʒƢ ȅ ƫǈƢ

:ƾȆǌ ρǻ ǪʒǃǡƬ ǃʒǄ ƪǂȆǐ ȂƦ ƎF ǂƢƾǃƦ ʐƢǃƦ ȂʒȆǈ ȅƾ ǵƣǰƭǿƢ ϗʒ ƪƣʓǔƣʒǂ ǂƾ .ƾǃɓ ǪʒǃǡƬ ϗʓƭϚǸȪǼʓǈ

V TFU (ȏ . ȑ)

ȒȖ
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ǃǝǿ ǂƾ (ua; ub) ȅ (va; vb) ƪǂȆǐ ȂƦ ȅ ƿǡ̅Ʀ ϗʒ ǂƾ ʑʒƣȃǂƢƾǃƦ ρɠƾƣǈ ʐƢǃƦ Ƣǂ U ȅ V ƎȂǷƾƣǡǻ ǾʒƢ ǂƾ

:ƣƦ ǃƦƢǃƦ F ǇʒǃƬƣǻ ƎǺʓȀɓ ǒǃǫ ǃɠƢ .Ǻʒǃʓɠ ρǻ

F = 
 =

2664 Ș ȏ

�ȏ Ș

3775 (Ȑ . ȑ)

:ǺʒǂƢƾ ȅ ƫǈƢ U ȅ V ǂƢƾǃƦ ȅƾ ρƴǂƣƼ Ƥǃǔ ƣƦ ǃƦƢǃƦ 
 ǵƣǰƭǿƢ ǂƢƾǃƦ ƎƫǈƢ

V T
U = vaub � vbua (ȑ . ȑ)

ǇʒǃƬƣǻ ƎƥʓƬǃƬ ǾʒƿƦ .ƫǈƢ ǂƢƾǃƦȅƾ ǗǈȆƬ ȁƿǌ ȂƭƼƣǈ ƫƸƣǉǻ ƣƦ ƥǈƣȀƭǻ ǂƢƾǃƦȅƾ ρƴǂƣƼ Ƥǃǔ ρǫǃǘ ǄƢ

:ǖǃǌ ǃɠƢ ƎǺʓǻƣǿ ρǻ ϗʓƭϚǸȪǼʓǈ ǇʒǃƬƣǻ ϗʒ Ƣǂ M

V TMT
MU = V T
U �! MT
M = ȏ: (Ȓ . ȑ)

ǾʒƢ ǗǈȆƬ ǵƣǰƭǿƢ ȅ ϗʓƭϚǸȪǼʓǈ ǇʒǃƬƣǻ ϗʒ ƎM ǇʒǃƬƣǻ Ȃɓ ƾǂƢƾ ρǻ ǽƣʓƦ Ȓ . ȑ ʐ ȂǷƾƣǡǻ .ƿǌƣƦ ǂƢǃǯǃƦ

ƫƹƬ ǂƢƾǃƦ ȅƾ ǗǈȆƬ ȁƿǌ ȂƭƼƣǈ ƫƸƣǉǻ ʐ ȁǄƢƿǿƢ Ȃɓ ρƬǂȆǐ ǂƾ ƫǈƢ ϗʓƭϚǸȪǼʓǈ ǵƣǰƭǿƢ ϗʒ ǇʒǃƬƣǻ

ǂƾ .ƫǈƢ ρǔƣʒǂ ǽƣƦǄ ȂƦ ƪƢǂǀ ȂϚʒǂƣƦ Ǆƣǫ ʐƣǕǫ ρɡƭǉʒƣȩ ǽƣʓƦ ǾʒƢ .ƿȀɔǿ ǃʓʓǥƬ ȅ ƿǿƣǼƦ ρǯƣƦ ƫƦƣư ǵƣǰƭǿƢ

ǇʒǃƬƣǻ ƎǺʓȀɓ ǃǝǿ ǩǃǐ ρǿȅǃƬȅǃɔȀǈ ǋƦƣƬ ƿȀǿƣǻ ǺȄǻ ƪƢǃưƢ ǄƢ ǃɠƢ ƎǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ƪƢǂǀ ƫɓǃƸ ρǈǂǃƦ

ƫɓǃƸ ʐƢǃƦ ρǿȆƭǸʓǻƣȃ ǶƸ ρǫǃǘ ǄƢ ƎƫǈƢ ϗʓƭϚǸȪǼʓǈ ƎρǉʓǘƣȀǥǻ ǽƢƿʓǻ ǂƾ ǂƢƾǂƣƦ ʐ ȁǂǀ ƫɓǃƸ ǵƣǰƭǿƢ

ǄƢ ƥƴȆǻ ǅʓǿ ǽƖ ʑƧʒǃǰƬ ǶƸ ȅ ƾǂƢƿǿ Ǯʓǯƾ ǶƸ ρǙƼǃʓǤ ʐƣȄǿƢƿʓǻ ǂȆǕƸ ǂƾ ǊǂƣƧǿƢ ȂǰǸƸ ǶƼƢƾ ǂƾ ƪƢǂǀ

ρǈǂǃƦ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ Ƣǂ ƪƢǂǀ ǃɠƢ ƢǃʒǄ ƫǈƢ ǺȄǻ ǖǃǌ ǾʒƢ ǛǬƸ ƣǻƢ ƎƾȆǌ ρǻ ϗʓƭϚǸȪǼʓǈ ǖǃǌ Ǿƭǫǂ ǾʓƦ

ρǿȅǃƬȅǃɔȀǈ ȅ ρǿȅǃƬƣƭƦ ƪƣǿƣǈȆǿ ρǡǯƢȅǃʓǤ ǋʒƢǅǫƢ ƣʒ ǋȃƣɓ ƯǠƣƦ ϗʓƭϚǸȪǼʓǈǃʓǤ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ƎǺʓȀɓ

.ƾȆǌ ρǻ ȁǂǀ ʐǂƢƿʒƣȩ ƾǂȆǻ ǂƾ ƫǈǂƾƣǿ ƪƣǠˬǘƢ ƥǉɓ ȂƦ ǃƵȀǻ ƫʒƣȄǿ ǂƾ ȅ ȁƿǌ

ʐƣȃ ρɠɈʒȅ ƎʑƧǙǯ ǋǌ ϗʒ ǂƾ ǵƣƱǻ ʐƢǃƦ ƎƾǂƢƿǿ ƾǃƦǂƣɓ ρǙƼǃʓǤ ʐƢǅƴƢ ʐƢǃƦ ƎρǿȆƭǸʓǻƣȃ ǶƸ ƾǂȅƣƭǈƾ

ǎƣƼ ƾǂƢȆǻ ǄƢ ǃʓǤ ρǿȆƭǸʓǻƣȃ ƪ˫ƾƣǡǻ Ȃɓ ƫǈƢ ρǷƣƸ ǂƾ ǾʒƢ ƎƾȆǌ ρǻ ǃȃƣǜ ǃƬ˫ƣƦ ƣʒ ȑ ȂƧƬǃǻ ǄƢ ʑƧǙǯ ǋǌ

.[Ȑȓ] ƿȀȃƾ ρǼǿ ȂƠƢǂƢ ρǰʓǯƾ ǶƸ ƎƿǿȆǌ ρǻ ǃȃƣǜ ˫ƣƦ ȂƦ ȑ ȂƧƬǃǻ ǄƢ ƪˬǼƴ Ȃɓ ρǿƣǻǄ

ƾȆǌ ρǻ ƥƧǈ ǃǻƢ ǾʒƢ ȅ Ǝƿȃƾ ρǼǿ ƫǈƾ ȂƦ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ʐƢǃƦ ʑƧǈƣȀǻ ʑƦƣʒǄǂƢ ǅʓǿ ρǷ ƫǌƣɡǿ Ǝǃϝʒƾ ǩǃǘ ǄƢ

ȂƦ ƿǿƢȆƬ ρǻ ρǷ ƫǌƣɡǿ ǩˬƼ ǃƦ ρǿƢȆƬ ʐǃǈ .Ǻʓȃƾ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ ȅ ȂƭǌȆǿ ǄǂƢ Ǻȃ ʐƣȃ ǶϚǌ ȂƦ Ƣǂ ǽƖ Ȃɓ

ǵȅƢƿƭǻ żƣƭƧǉǿ ρǌȅǂ ρǿƢȆƬ ʐǃǈ ȂƦ ρǷ ƫǌƣɡǿ ǶʒƿƧƬ ǾʒƢ ǃƦ ȁȅˬǠ ȅ ƾǃʓɠ ǂƢǃǯ ρǈǂǃƦ ȅ ʑƦƣʒǄǂƢ ƾǂȆǻ ρƭƸƢǂ

ƿȃƢȆƼ ȂǸǼƴ ƫʒƣȄǿ ʑƦ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ρǡǯƢȅ ƫǼǉǯ ϗʒ ʐƢǃƦ ρǿƢȆƬ ʐǃǈ ƪˬǼƴ ƾƢƿǡƬ ǵƣƸ ǾʒƢ ƣƦ .ƫǈƢ
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ǇʒǃƬƣǻ ʐ ȂƧǈƣƹǻ ʐƢǃƦ ǶʓǷƾ ǾʓǼȃ ȂƦ .ƾȆƦ ƿȃƢȆƼ Ǆƣǈ ȂǸơǉǻ ƣȃ ʐǄƣǈ ȂʓƧǌ ȅ ƪƣƧǈƣƹǻ ǂƾ ǃǻƢ ǾʒƢ ȅ ƾȆƦ

ǾʒƢ Ȃɓ ǺʓʒƣǼǿ ǩǁƸ ƿǡƦ ȂƦ ʐƢ ȂƧƬǃǻ ǄƢ Ƣǂ ρǿƢȆƬ ʐǃǈ ƪˬǼƴ ƾƢƿǡƬ ƣƬ ƫǈƢ ǹǄ˫ ρǿƢȆƬ ʐǃǈ ǗǈȆƬ ǵƣǰƭǿƢ

ǂƾ Ȃɓ ƾȆǌ ρǻ ƾƣȄȀǍʓȩ ǶƸ ȁƢǂ ƿȀȵ ǞȆǔȆǻ ǾʒƢ ʐƢǃƦ .ƿǿƣǼǿ ρǯƣƦ ϗʓƭϚǸȪǼʓǈ ƫǌƣɡǿ ƣƬ ƾȆǌ ρǻ ƥƧǈ ǃǻƢ

ρǿƢȆƬ ʐǃǈ ȂƦ ǽƖ ǶʒƿƧƬ ȅ ρǷ ƫǌƣɡǿ ρǫǃǡǻ ȂƦ ƢƿƭƦƢ ǂƾ ρǷȅ ƎƫƼƢƾǃȩ ǺʓȃƢȆƼ ƣȄǿƖ ǄƢ ρϚʒ ρǈǂǃƦ ȂƦ ǶǑǫ ǾʒƢ

.ǺʒǄƢƾǃȩ ρǻ

ρǷ ƫǌƣɡǿ Ȑ . ȑ

ǃǝǿ ǂƾ Ǆƣǫ ʐƣǕǫ ʐƣȃǃʓǥƭǻ ǄƢ ρǡƦƣƬ ƪǂȆǐ ȂƦ Ƣǂ f ƿȀǿƣǻ ρǡƦƣƬ ƣƬ ƫǈƢ ǹǄ˫ ƎρǷ ƫǌƣɡǿ ƷʓǔȆƬ ʐƢǃƦ

:ǺʒǂƢƾ ƪǂȆǐ ǾʒƢ ǂƾ Ǝ[Ȑȕ ƎȐȔ] ǺʒǃʓϝƦ

f = f(xi; pi) (ȓ . ȑ)

ƺǃǿ .ƾȆǌ ρǻ ǃʓʓǥƬ ǂƣȵƾ ǊǂƣƧǿƢ ȂǰǸƸ ǶƼƢƾ ǂƾ ρϚʓǻƣȀʒƾ ǟƦƢȆƬ ǃʒƾƣǰǻ ƿȀǿƣǼȃ s ǃʓǉǻ ǵȆǘ ǂƾ f ǂƢƿǰǻ

:ƫǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ ȂϚʒǂƣƦ ǃʓǉǻ ǵȆǘ ǂƾ f ƪƢǃʓʓǥƬ

df

ds
=

nX
i=ȏ

dxi
ds

@f

@xi
+
dpi
ds

@f

@pi
(Ȕ . ȑ)

:ǺʒǂƢƾ ρǿȆƭǸʓǻƣȃ ƪ˫ƾƣǡǻ ǄƢ ȁƾƣǬƭǈƢ ƣƦ

df

ds
=

nX
i=ȏ

@H

@pi

@f

@xi
� @H

@xi

@f

@pi
(ȕ . ȑ)

:ƾǃɓ ǪʒǃǡƬ ǃʒǄ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ ρǷ ǃϝǸǼǠ ƥʓƬǃƬ ǾʒƢ ȂƦ

: g :=
nX
i=ȏ

@g

@xi

@

@pi
� @g

@pi

@

@xi
(Ȗ . ȑ)

:ǺʒǂƢƾ df
ds

ʐƢǃƦ ȂƵʓƭǿ ǂƾ

df

ds
= � : H : f (ȗ . ȑ)

ȂƦ Ƣǂ f ǟƦƣƬ ǽƢȆƬ ρǻ Ȃɓ ƿȃƾ ρǻ ǽƣǍǿ ȂǷƾƣǡǻ ǾʒƢ .ƫǈƢ f(xi; pi) ǟƦƣƬ ʐƢǃƦ ƫɓǃƸ ȂǷƾƣǡǻ ϗʒ ˫ƣƦ ȂǷƾƣǡǻ

.ƾǂȅƖǂƾ ȏȘ . ȑ ʐ ȂǷƾƣǡǻ ƪǂȆǐ

f js=sȘ+4s = e�4s:H:f js=sȘ (ȏȘ . ȑ)
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:ƣƦ ǃƦƢǃƦ e�4s:H: ǟƦƣƬ ǂƢƿǰǻ ƎȏȘ . ȑ ʐ ȂǷƾƣǡǻ ǂƾ

e�4s:H: =
1X
m=Ș

(�4s)m

m!
: Hm : (ȏȏ . ȑ)

:ǺʒǂƢƾ ƪǂȆǐ ǾʒƢ ǂƾ ȅ ƾƢƾ ǗǉƦ ǂȆǸʒƣƬ ʐǃǈ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ f ǟƦƣƬ .ƫǈƢ

(ȏȐ . ȑ)

f js=sȘ+4s = f js=sȘ + 4s
df

ds
js=sȘ +

(4s)Ȑ

Ȑ
dȐf

dsȐ js=sȘ + ::: =
1X
m=Ș

(�4s)m

m!

dmf

dsm
js=sȘ

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ȏȐ . ȑ ȂǷƾƣǡǻ ƫʒƣȄǿ ǂƾ ȅ

f js=sȘ+4s = e4s d
dsf js=sȘ (ȏȑ . ȑ)

e�4s:g: ǃϝǸǼǠ .ƾȆǌ ρǻ ǽƣǉϚʒ ȏȐ . ȑ ȅ ȏȏ . ȑ ȂǷƾƣǡǻ ȅƾ ǃȃ ǶϚǌ Ǝ� : H : ƣƦ d
ds

ʐǂƢǁϝʒƣƴ ƣƦ

ǖǃǌ ǛǬƸ ǊǂƣƧǿƢ ȂǰǸƸ ƣƦ ǖƣƧƬǂƢ ǂƾ ρǷ ƫǌƣɡǿ ͣρɠɈʒȅ ǾʒǃƭǼȄǻ .ƾȆǌ ρǻ ȂƭƼƣȀǌ ρǷ ǵƣǰƭǿƢ ǽƢȆȀǠ ȂƦ Ƣǂ

ǾʒƢ ρǿȆƭǸʓǻƣȃ ȂƵʓƭǿ ǂƾ ƎǺʒǃʓɠ ρǻ ǃǝǿ ǂƾ Ƣǂ ʐƾƢǄƖ Ȃƴǂƾ ϗʒ ƣƦ ǽƣǈȆǿ ǵƣƸ ǂƾ ʐƢ ȁǂǀ .ƫǈƢ ϗʓƭϚǸȪǼʓǈ

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ȁǂǀ

H =
ȏ
Ȑp

Ȑ
x +

ȏ
Ȑ!

ȐxȐ (ȏȒ . ȑ)

:ƿʒƖ ρǻǂƾ ǃʒǄ ƪǂȆǐ ȂƦ Ǝx ʐƢǃƦ ǪǸƭƽǻ ƥƬƢǃǻ ǄƢ ρǷ ƫǌƣɡǿ ƥʓƬǃƬ ǾʒƢ ȂƦ

: H : x =
@H

@x

@x

@px
� @H

@px

@x

@x
= �px

: H :Ȑ x =: H : (�px) = �!Ȑx

: H :ȑ x =: H : (�!Ȑx) = !Ȑpx

: H :Ȓ x =: H : (!Ȑpx) = !Ȓx

(ȏȓ . ȑ)
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:ǺʒǂƢƾ ǅʓǿ px ʐƢǃƦ ǾʓȀȶǼȃ ȅ

: H : px =
@H

@x

@px
@px

� @H

@px

@px
@x

= !Ȑx

: H :Ȑ px =: H : (!Ȑx) = �!Ȑpx

: H :ȑ px = �!Ȓx

: H :Ȓ px = !Ȓpx

(ȏȔ . ȑ)

ƥʓƬǃƬ ǾʒƢ ȂƦ

e��s:H:x = x� �s : H : x+
�sȐ

Ȑ : H :Ȑ: x� �sȑ

Ȕ : H :ȑ: x+
�sȒ

ȐȒ : H :Ȓ: x� :::

= x+ �spx � �sȐ

Ȑ !Ȑx� �sȑ

Ȕ !Ȑpx +
�sȒ

ȐȒ !Ȓx+ :::

= (ȏ � �sȐ

Ȑ !Ȑ +
�sȒ

ȐȒ !Ȓ + :::)x+ (�s� �sȑ

Ȕ !Ȑ + :::)px

= cos(!�s)x+
sin(!�s)

!
px

(ȏȕ . ȑ)

:ƫǌƢƾ ǺʓȃƢȆƼ px ʐƢǃƦ ǂȆǘ ǾʓǼȃ ȅ

e��s:H:px = px � �s : H : px +
�sȐ

Ȑ : H :Ȑ: px � �sȑ

Ȕ : H :ȑ: px + :::

= px � �s(!Ȑx) � �sȐ

Ȑ !Ȑpx +
�sȑ

Ȕ !Ȓx+
�sȒ

ȐȒ !Ȓpx + :::

= (ȏ � �sȐ

Ȑ !Ȑ +
�sȒ

ȐȒ !Ȓ + :::)px + (�s!Ȑ � �sȑ

Ȕ !Ȓ + :::)x

= cos(!�s)px � sin(!�s)(!x)

(ȏȖ . ȑ)

ǗǈȆƬ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ʐƾƢǄƖ Ȃƴǂƾ ϗʒ ƣƦ ȁƾƣǈ ɟȀȃƣǼȃ ǃɡǿƣǈȆǿ ϗʒ ʐƢǃƦ Ȓȕ . ȑ ȅ ȏȕ . ȑ ƪ˫ƾƣǡǻ ǂƾ

.ƿǌ ȂƧǈƣƹǻ ρǷ ǃƧƴ

.ǺʒǄƢƾǃȩ ρǻ ƣȄǿƖ ǽƣʓƦ ȂƦ Ȃɓ ƾǂƢƾ ǺȄǻ ρɠɈʒȅ ǾʒƿȀȵ ρǔƣʒǂ ǚƣƹǷ ǄƢ ρǷ ǃƧƴ



ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ρǙƼǃʓǤ ǃǐƣȀǠ . ȑ ǶǑǫ ȓȑ

ȏ)e:f :g(h) = g(e:f :h)

Ȑ) : f : g(h) =
dg

dh
: f : h

ȑ) : f : ab = a : f : b+ b : f : a

Ȓ) : g : h = [g; h]

ȓ) = e:f :exp(: g :)e�:f : = exp(: e:f :g :)

(ȏȗ . ȑ)

ǺʓȃƢȆƼ ȅ ƫǈƢ Ƣƾǂȅƣǿ Ȃƭǫƣʒ ǺʓǼǡƬ ƪˬʒƿƧƬ ƫƹƬ ƫɓƢǃƦ ǾʒƢ ƎƫǈƢ ǽȆǈƢȆȩ ƫɓƢǃƦ [g; h] Ǝȏȗ . ȑ ʐ ȂǷƾƣǡǻ ǂƾ

:ƫǌƢƾ

[g; h]x;px = [g; h]X;PX
(ȐȘ . ȑ)

ƣȃ ʑƧǙǯ ǋǌ ʐƢǃƦ ρǿƢȆƬ ʐǃǈ ȑ . ȑ

ǵƣǰƭǿƢ ʐƣȃ ǇʒǃƬƣǻ ρǈǂǃƦ ʐƢǃƦ ȂɓƎƾȆǌ ρǻ ρǿƢȆƬ ʐǃǈ ǄƢ ȁƾƣǬƭǈƢ ȂƦ ǃƵȀǻ ρǸɓ ƪǂȆǐ ȂƦ ρǷǃƧƴ ǄƢ ȁƾƣǬƭǈƢ

:ƫǈƢ ƫʒƾȅƿƹǻ ȅƾ Ƕǻƣǌ Ǌȅǂ ǾʒƢ ǵƣƸ ǾʒƢ ƣƦ ƎƫǈƢ ƿʓǬǻ ǂƣʓǉƦ ǊǂƣƧǿƢ ȂǰǸƸ ρǙƼǃʓǤ ǃǐƣȀǠ

ǾʒƢ ǄƢ ǺʓǿƢȆƭǿ ǵƣƱǻ ʐƢǃƦ ƣƬ ƾȆǌ ρǻ ƥƧǈ Ȃɓ ƫǈƢ s ȂƦ ʐǂƢƾǃƦ Ƕʓǉǿƣƭȩ ρɡƭǉƦƢȅ ǹƿǠ Ǝƫʒƾȅƿƹǻ ǾʓǷȅƢ (ȏ

.ǺʓȀɓ ȁƾƣǬƭǈƢ ρǯƣƹǷƢǂƢǅƦƢ ϗʒ ʐƢǃƦ Ǌȅǂ

ǽƖ ƪˬǼƴ ǄƢ ϗʒ ȴʓȃ Ȃɓ ƫǈƢ ϗʓƭϚǸȪǼʓǈ ρƬǂȆǐ ǂƾ ƣȄȀƬ ƿʒƖ ρǻ ƫǈƾ ȂƦ ρǷǃƧƴ ǄƢ Ȃɓ ρǿƢȆƬ ʐǃǈ (Ȑ

ʐǃǈ ƪˬǼƴ ǄƢ ρƼǃƦ ǩǁƸ ƎƫǈƢ ƫʒƣȄǿ ʑƦ ρǿƢȆƬ ʐǃǈ ƪˬǼƴ ƾƢƿǡƬ ǃϝʒƾ ǩǃǘ ǄƢ ƣǻƢ ƎƾȆǍǿ ǩǁƸ

ϗȵȆɓ ʐǄƣǈ ȂʓƧǌ ǂƾ ȂϚʒǂƣƦ ƫɓǃƸ ʐƣȃǂȅƾ ƾƢƿǡƬ) ƪƢǂǀ ʐ ȂϚʒǂƣƦ ȁƣƬȆɓ ʐǃʓɠƾǂ ȅ ρǈǂǃƦ ǂƾ ρǿƢȆƬ

ƎʐƢ ȂǷƣƧǿƾ ǽƢƿʓǻ ƣʒ ρǿȅǃƬȅǃɔȀǈ ʐƣȃ ǋƦƣƬ ƿȀǿƣǻ ρƬƢǃưƢ ȅ ƣȃ ǽƢƿʓǻ ρǈǂǃƦ ʐƢǃƦ ƣǻƢ ƎƾǂƢƿǿ ʐƿƴ ǃʓưƣƬ (ƿǌƣƦ

.ƿȀǌƣƦ ϗȵȆɓ ǽƣϚǻƢ ƿƸ ƣƬ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ǂƾ ϗʓƭϚǸȪǼʓǈ ǃʓǤ ƪƢǃưƢ Ȃɓ ǺʒǂȅƖ ǺȃƢǃǫ Ƣǂ ρǙʒƢǃǌ ƿʒƣƦ

:ƫǌȆǿ ǃʒǄ ǶϚǌ ȂƦ Ƕǻƣɓ ƪǂȆǐ ȂƦ Ƣǂ ʑƧǙǯ ǋǌ ϗʒ ρǿȆƭǸʓǻƣȃ ǽƢȆƬ ρǻ ƎȂƭǌǁɠ ǵȆǑǫ ȂƦ ρǷƣǼƴƢ ρȃƣɡǿ ƣƦ

H =
�

�Ș
� ((

ȏ
�Ș

+ �)Ȑ � pxȐ � pȐ
y � ȏ

�Ȑ
Ș


Ȑ
Ș

)
ȏ
Ȑ +

ȏ
ȔkȐ(xȑ � ȑxyȐ) (Ȑȏ . ȑ)



ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ρǙƼǃʓǤ ǃǐƣȀǠ . ȑ ǶǑǫ ȓȒ

:ǺʒǂƢƾ ƎǺʒǃʓϝƦ ǃǝǿ ǂƾ L Ƣǂ ʑƧǙǯ ǋǌ ǵȆǘ ǃɠƢ

~x(s = L) = e�L:H:~xjs=Ș (ȐȐ . ȑ)

:ǺʒǂƢƾ L ʐƢǃƦ ǹȅƾ ȂƧƬǃǻ ƣƬ ρǿƢȆƬ ʐǃǈ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ .ƫǈƢ (x; px; y; py; z; �) ǄƢ ρǡƦƣƬ ~x Ȃɓ

x(L) = x(Ș) +
px(Ș)

c
L+ (Ȑȑ . ȑ)

(Ȑx(Ș)px(Ș)y(Ș)py(Ș) � (x(Ș)Ȑ � y(Ș)Ȑ)(cȐ + px(Ș)Ȑ))

Ȓcȑ kȐL
Ȑ +O(Lȑ)

px(L) = px(Ș) � ȏ
Ȑ(x(Ș)Ȑ � y(Ș)Ȑ)kȐL� (x(Ș)px(Ș) � y(Ș)py(Ș))

Ȑc kȐL
Ȑ +O(Lȑ)

y(L) = yȘ +
py(Ș)

c
L (ȐȒ . ȑ)

� ((x(Ș)Ȑ � y(Ș)Ȑ)px(Ș)py(Ș) � Ȑx(Ș)y(Ș)(cȐ + py(Ș)Ȑ))

Ȓcȑ kȐL
Ȑ +O(Lȑ)

py(L) = py(Ș) + x(Ș)y(Ș)kȐL+
x(Ș)py(Ș) + y(Ș)px(Ș)

Ȑc kȐL
Ȑ +O(Lȑ)

z(L) = z(Ș) +
(ȏ + �Ș�Ș � c)

�Șc
L (Ȑȓ . ȑ)

+
((x(Ș)Ȑ � y(Ș)Ȑ)px(Ș) � Ȑx(Ș)y(Ș)py(Ș))

Ȓ�Șcȑ kȐL
Ȑ +O(Lȑ)

�(L) = �(Ș)

(ȐȔ . ȑ)

:ƣƦ ƫǈƢ ǃƦƢǃƦ c ˫ƣƦ ǗƦƢȅǂ ǂƾ

c =

s
(

ȏ
�Ȑ

+ �Ș)Ȑ � px(Ș)Ȑ � py(Ș)Ȑ � ȏ
�Ȑ

Ș

Ȑ
Ș

(Ȑȕ . ȑ)

ƎƾȆǌ ƢǃϝǼȃ � ǃȃ ʐƢǄƢ ȂƦ e� ρǿƢȆƬ ʐǃǈ ǃɠƢ .ƾȆǌ Ȃƭǫǃɠ ǃǝǿ ǂƾ ƿʒƣƦ ƥʒǃǰƬ ǾʒƢ ǂƾ ρǿƢȆƬ ʐǃǈ ʑʒƢǃϝǼȃ

ǵȆǘ :ǽȆȵ ʑʒƣȃǃƭǻƢǂƣȩ ȂƦ ʑʒƢǃϝǼȃ .ƿǌƣƦ ƢǃϝǼȃ ǖȆƦǃǻ ρϚʓǻƣȀʒƾ ǃʓǥƭǻ ʐƢǄƢ ȂƦ ρǿƢȆƬ ʐǃǈ Ȃɓ ǺʒǂƢƾ ǂƣǝƭǿƢ

ƫƧǉǿ ƾȅǂ ρǻ ǂƣǝƭǿƢ Ǝƣȃ ʑƧǙǯ ǋǌ ͣρǿƢȆƬ ʐǃǈ ʑʒƢǃϝǼȃ ǂƾ .ƫǈƢ ȂƭǉƦƢȅ ... ȅ ǇʓǘƣȀǥǻ ƪǂƿǯ ƎǇʓǘƣȀǥǻ

ʐǃǈ ǗǉƦ ƪǂȆǐ ǂƾ .ƫǈƢ ȅƾ ȂƧƬǃǻ ǄƢ ρϚʓǻƣȀʒƾ ǃʓǥƭǻ ϗʒ xȐ
i Ȃɓ ƓƿǌƣƦ kȐLx

Ȑ
i ȂƧƬǃǻ ǄƢ ρǷƢȆƭǻ ƪˬǼƴ

:ƾȆǌ ȁƾǂȅƖǃƦ ǃʒǄ ǖǃǌ ƿʒƣƦ ƎϗʓƭϚǸȪǼʓǈ ʐƣǙƼ ǽƾȆƦ ϗȵȆɓ ǄƢ ǽƣȀʓǼǘƢ ʐƢǃƦ ʐƢǃƦ ƎLm ȂƧƬǃǻ ƣƬ ρǿƢȆƬ

kmȐ L
m+ȏxȐm�ȏ

i � ȏ (ȐȖ . ȑ)

:ƫǈƢ ǃʒǄ ƪǂȆǐ ȂƦ ʑƧǙǯ ǋǌ ϗʒ ʐƢǃƦ ϗʓƭϚǸȪǼʓǈ ǖǃǌ ƢǃʒǄ
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JTSJ = S +O(kmȐ L
m+ȏxȐm�ȏ

i ) (Ȑȗ . ȑ)

ρǙƼǃʓǤ ϗʓǻƣȀʒƾ ǂƾ ρǷǃƧƴ ƾǃƦǂƣɓ Ȓ . ȑ

ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ƪƢǂǀ ρǙƼǃʓǤ ϗʓǻƣȀʒƾ ȂǸơǉǻ ƾǂȆǻ ǂƾ ρǷǃƧƴ ʐƣȃƾǃƦǂƣɓ ǄƢ ρϚʒ ρǈǂǃƦ ȂƦ ǋƽƦ ǾʒƢ ǂƾ

ƎǊǂƣƧǿƢ ȂǰǸƸ ƫǼǉǯ ǃȃ ƣȃ ρǈǂǃƦ ǾʒƢ ǂƾ .ƿǌ ȁƾƢƾ ȂƠƢǂƢ ρǷǃƧƴ ƾǂȆǻ ǂƾ ʑƧǷƣǙǻ ǶǑǫ ʐƢƿƭƦƢ ǂƾ .ǺʒǄƢƾǃȩ ρǻ

L ǵȆǘ ȂƦ ʐǃǑȀǠ ʐƢǃƦ ρǷ ƫǌƣɡǿ ƥʓƬǃƬ ǾʒƢ ȂƦ ƎƾȆǌ Ȃƭǫǃɠ ǃǝǿ ǂƾ ƫƦƣư ρǿȆƭǸʓǻƣȃ ϗʒ ǽƢȆȀǠ ȂƦ ƿǿƢȆƬ ρǻ

:ƣƦ ǃƦƢǃƦ

M~�Ș!ȏ
= exp(: �LH :) (ȑȘ . ȑ)

:ƾƾǃɠ ρǻ ǽƣʓƦ ǃʒǄ ƪǂȆǐ ȂƦ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ƫɓǃƸ ƪǂȆǐ ǾʒƢ ȂƦ ȅ ƫǈƢ

f(~xȏ) = M~�Ș!ȏ
f(~xȘ) = f � ~�Ș!ȏ(~xȘ) (ȑȏ . ȑ)

:ǺʒǂƢƾ ȂƵʓƭǿ ǂƾ

(ȑȐ . ȑ)

M~�Ș!Ȑ
f = M~�Ș!ȏ�~�ȏ!Ȑ

f = f � (~�ȏ!Ȑ � ~�Ș!ȏ) = (f � ~�ȏ!Ȑ) � ~�Ș!ȏ = M~�Ș!ȏ
M~�ȏ!Ȑ

f

:Ȃɓ ƫǈƢ ϗʓƭϚǸȪǼʓǈ ρƬǂȆǐ ǂƾ ƫǌƣɡǿ ǾʒƢ

M~�Ș!ȏ
=
@~�Ș!ȏ( ~xȘ)

@ ~xȘ
(ȑȑ . ȑ)

ƣȃ ǋƽƦ ǾʒƢ ȅ ƫǈƢ ȁƿǌ ǺʓǉǰƬ ρǙƼǃʓǤ ɑǄƣǿ ʐƣȃ ȂƦǃǔ ȂƦ ρǉʓǘƣȀǥǻ ȂϚƧǌ ƫǬɠ ǽƢȆƬ ρǻ ǃʓǈƣǬƬ ǾʒƢ ƣƦ

.ƿǿƢ ȁƿǌ ǗƧƬǃǻ ǃϝʒƿϚʒ ȂƦ ρǙƼ ƫǌƣɡǿ ϗʒ ʐ ȂǙǈƢȅ ȂƦ
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:ƾǃɓ ǽƣʓƦ ǃʒǄ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ ȂǰǸƸ ϗʒ ǂƾ ƫǌƣɡǿ

M~�Ș!n
= M~�Ș!ȏ

e:vȏ:M~�ȏ!Ȑ
e:vȐ: � � � e:vn�ȏ:M~�n�ȏ!n

= M~�Ș!ȏ
e:vȏ:M�ȏ

~�Ș!ȏ
M~�Ș!ȏ

M~�ȏ!Ȑ
e:vȐ: � � � e:vn�ȏ:M�ȏ

~�Ș!n�ȏ
M~�Ș!n�ȏ

M~�n�ȏ!n

= e
:M~�Ș!ȏ

vȏ:
e

:M~�Ș!Ȑ
vȐ: � � � e:M~�Ș!n�ȏ

vn�ȏ:
M~�Ș!n

= A�ȏ
Ș AȘe

:M~�Ș!ȏ
vȏ:
A�ȏ

Ș AȘe
:M~�Ș!Ȑ

vȐ: � � �A�ȏ
Ș AȘe

:M~�Ș!n�ȏ
vn�ȏ:

A�ȏ
Ș RȘ!nAn

= A�ȏ
Ș e:v̂ȏ:e:v̂Ȑ: � � � e: ^vn�ȏ:RȘ!nAn

(ȑȒ . ȑ)

:ƾȆǌ ρǻ ǪʒǃǡƬ ǃʒǄ ƪǂȆǐ ȂƦ v̂i Ȃɓ

v̂i = AȘM~�Ș!i
vi = RȘ!iAivi (ȑȓ . ȑ)

:ǺʓȀɓ ρǻ ȁƾƣǬƭǈƢ ƎƫǈƢ ȁƿǻƖ Ƕʒǀ ǂƾ Ȃɓ ρǷǃƧƴ ʐƣȃ ρɠɈʒȅ ǄƢ ȑȒ . ȑ ȂǷƾƣǡǻ ǂƾ

Me:f :M�ȏ = e:Mf :

M�Ș!i
= A�ȏ

Ș RȘ!iAi

(ȑȔ . ȑ)

:ǺʒǂƢƾ ǩȅǂƿǈƣȃ ǃϚʓƦ ǺǷ ǄƢ ǾʓȀȵ Ǻȃ

eaeb = ea+b+
[a;b]

Ȑ +��� (ȑȕ . ȑ)

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ n ǽƣϚǻ ȂƦ Ș ǽƣϚǻ ǄƢ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ȂƵʓƭǿ ǂƾ

M�Ș!n = A�ȏ
Ș e:h:RȘ!nAn

= A�ȏ
Ș exp(:

NX
i=ȏ

v̂i +
ȏ
Ȑ

NX
i<J

[v̂i; v̂J ] + � � � :)RȘ!nAn

(ȑȖ . ȑ)
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ƣȃ ʑƧǙǯ ǋǌ ǂƾ ρǷǃƧƴ ƾǃƦǂƣɓ ȓ . ȑ

ǂƾ ƣȄǿƖ ǃʓưƣƬ ρǈǂǃƦ ǂȆǝȀǻ ȂƦ Ȃɓ ƿȀƭǉȃ ρǙƼǃʓǤ ʑʒƣȃ ȂǬǷȆǻ [ȐȖ]ƣȃ ʑƧǙǯ ǋǌ Ǝƿǌ ȂƭǬɠ ȂȶǿƖ ȂƦ ȂƴȆƬ ƣƦ

ʑƧǙǯ ǋǌ ϗʒ ǂƾ ʐǂƢƾǃƦ Ƕʓǉǿƣƭȩ .ƾǃƦ ȁǃȄƦ ρǷ ǃƧƴ ǄƢ ƿʒƣƦ ƎǃǐƣȀǠ ǾʒƢ ǵƣǰƭǿƢ ǇʒǃƬƣǻ ȅ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ

:ƣƦ ƫǈƢ ǃƦƢǃƦ

vi =
q

PȘ
As(si) = �bȑi

ȑ (xȑ � ȑxyȐ) (ȑȗ . ȑ)

:ƫǌƢƾ ǺʓȃƢȆƼ Ǝ x ʐƣƭǈƢǂ ρɠƿȀɓƢǃȩ ǂȆǕƸ ȂƦ ȂƴȆƬ ƣƦ

Aix =
p
�xix+Dxi� (ȒȘ . ȑ)

:ǺʒǂƢƾ ƥʓƬǃƬ ǾʒƢ ȂƦ

ȏ
ȑAi(x

ȑ � ȑxyȐ) = �ȏ
ȑ(

p
�xix+Dxi�)

ȑ � (
p
�xix+Dxi�)�yiy

Ȑ

=
p
�xi(Dxi)

Ȑx�Ȑ +
ȏ
ȑ�

ȑ
Ȑ
xix

ȑ �
p
�xi�yixy

Ȑ

+ (�xix
Ȑ � �yiy

Ȑ)Dxi� +O(�ȑ) (Ȓȏ . ȑ)

:ǃʒǄ ƪǂȆǐ ȂƦ ǇǿƣǿȅǄǂ ʐƣȃ Ȃʒƣȩ ρǫǃǡǻ ƣƦ

h�
x =

p
ȐJxe�i�x =

p
ȐJx cos�x � i

p
ȐJx sin�x = x� ipx (ȒȐ . ȑ)

:ƾǃɓ ǪʒǃǡƬ Ȓȑ . ȑ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ Ƣǂ R ǃϝǸǼǠ ǟƦƢȆƬ ȁɈʒȅ

Ri!Jh
�
x = Ri!J

p
ȐJxe�i�x =

p
ȐJxe�i�x+�i!J;x = e�i�i!J;xh

�
x (Ȓȑ . ȑ)

:ƣƦ ƫǈƢ ǃƦƢǃƦ p ȅ x ƎǆȆɔǡǻ ǂȆǘ ȂƦ ȅ

x =
p

ȐJx cos�x =
ȏ
Ȑ(h+

x + h�
x )

px = �
p

ȐJx sin�x = � ȏ
Ȑi(h

+
x � h�

x )

(ȒȒ . ȑ)
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:ǺʒǂƢƾ ȂƵʓƭǿ ǂƾ ȅ

RȘ!ix =
ȏ
ȐRȘ!i(h

+
x + h�

x ) =
ȏ
Ȑ(h+

x e
i�xi + c:c)

RȘ!ix
Ȑ =

ȏ
ȒRȘ!i(h

+
x + h�

x )Ȑ =
ȏ
Ȓ(h+Ȑ

x eȐi�xi + c:c+ ȒJx)

RȘ!ix
ȑ =

ȏ
Ȗ(h+ȑ

x eȑi�xi + ȑh+Ȑ
x h�

x e
i�xi + c:c)

RȘ!ixy
Ȑ =

ȏ
Ȗ(h+

x h
+Ȑ
y ei(�xi+Ȑ�yi) + h+

x h
�Ȑ
y ei(�xi�Ȑ�yi) + Ȑh+

x h
+
y h

�
y e

i�xi + c:c)

(Ȓȓ . ȑ)

:ƾȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ ƎƿʒƿǍƬ ʐƣȃ Ȃʒƣȩ ƥǉƸ ǃƦ Ȓȓ . ȑ ȂǷƾƣǡǻ ǵȅƢ ȂƧƬǃǻ ƪˬǼƴ

h(ȏ) =
X
j�Ij=n

h�Ih
+iȏ
x h�iȐ

x h+iȑ
y h�iȒ

y �iȓ (ȒȔ . ȑ)

ǖȆǙƼ ƥʓƬǃƬ ǾʒƢ ȂƦ.ƿȀǌƣƦ ρǻ �I = [iȏ; iȐ; iȑ; iȒ; iȓ] ȅ j�Ij = iȏ + iȐ + iȑ + iȒ + iȓ ƎȒȔ . ȑ ȂǙƦƢǂ ǂƾ

.ƫǈƢ ǵȆǑƸ ǶƦƣǯ ǅʓǿ ρǿȆƭǸʓǻƣȃ Ǌȅǂ ǄƢ ǖȆǙƼ ǾʒƢ .ƫǈƢ ȂƧǈƣƹǻ ǶƦƣǯ ǇǿƣǿȅǄǂ

:ƾȆǌ ρǻ Ȃƭǫǃɠ ǃǝǿ ǂƾ ǃʒǄ ƪǂȆǐ ȂƦ ǊǂƣƧǿƢ ȂǰǸƸ ǪǸƭƽǻ ʐƣȃ ƫǼǉǯ ρǿȆƭǸʓǻƣȃ

H(s) =
pȐ
x + pȐ

y

Ȑ(ȏ + �)
� bȏx� +

bȐ
ȏ

Ȑ x
Ȑ +

bȐ
Ȑ (xȐ � yȐ) +

bȑ
ȑ (xȑ � ȑxyȐ) + � � � (Ȓȕ . ȑ)

ȂƦ ȅ ʑƧǙǯȅƾ ȂƦ ǖȆƦǃǻ Ȃǈ ȅ ȅƾ ƪǂƣƧǠ .ƫǈƢ ȁƣɡƭǈƾ ρǍƧȀƴ ƫǼǉǯ ȂƦ ǖȆƦǃǻ ƎȒȕ . ȑ ʐ ȂǷƾƣǡǻ ǵȅƢ ƪǂƣƧǠ

ǋǌ ȅ ʑƧǙǯǂƣȄȵ ȂƦ ǖȆƦǃǻ ǅʓǿ όȀȩ ȅ ǂƣȄȵ ƪƢǂƣƧǠ .ƿȀƭǉȃ ʑʒƢǃϝǼȃ ȅ ρɠƿȀɓƢǃȩ ȂƦ ǖȆƦǃǻ ƪǂƣƧǠ ƥʓƬǃƬ

ƪƢǃưƢ ƎǺʓȃƾ ǋʒƣǼǿ Hȑ(s) ȅ HȐ(s) ƣƦ Ƣǂ ʑƧǙǯ ǋǌ ȅ ʑƧǙǯǂƣȄȵ ȂƦ ǖȆƦǃǻ ƪǂƣƧǠ ǃɠƢ .ƿȀǌƣƦ ρǻ ʑƧǙǯ

:ƾȆǌ ρǻ ȁƾƢƾ ǋʒƣǼǿ ǃʒǄ ƪǂȆǐ ȂƦ ȂϚƧǌ ϗʒ ǂƾ ƫǼǉǯ ȅƾ ǾʒƢ ȂƦ ǖȆƦǃǻZ
cell

[HȐ(s) +Hȑ(s)]ds: (ȒȖ . ȑ)

:ȁƿǌ ȂƭǌȆǿ ǃʒǄ ƪǂȆǐ ȂƦ Ƣǂ y ȅ x ƎρǿȅǃƬƣƭƦ ƪƣǿƣǈȆǿ Ǿƭǫǃɠ ǃǝǿ ǂƾ ȂƦ ȂƴȆƬ ƣƦ

x(s) =
p

ȐJ(x)�(x) cos(�(s)) +D(s)�

y(s) =
p

ȐJ(x)�(x) cos(�(s))

(Ȓȗ . ȑ)

:ƫǌƢƾ ǺʓȃƢȆƼ ȂϚƧǌ ϗʒ ǂƾ ȂƵʓƭǿ ǂƾ ȅZ
cell

[HȐ(s) +Hȑ(s)]ds =
X

hjklmp (ȓȘ . ȑ)
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:ƣƦ ƫǈƢ ǃƦƢǃƦ ǇʓǘƣȀǥǻ ƪǂƿǯ ȅ ǵȆǘ Ǝ ȂʒȅƢǄ ƥǉƸǃƦ hjklmp ƥʓƬǃƬ ǾʒƢ ȂƦ

hjklmp /
NsextX
n

(bȑL)n�
j+k

Ȑ
xn �

l+m
Ȑ

yn Dp
ne
i((j�k)�xn+(l�m)�yn)�

[

NquadX
n

(bȐL)n�
j+k

Ȑ
xn �

l+m
Ȑ

yn ei((j�k)�xn+(l�m)�yn)]p 6=Ș

(ȓȏ . ȑ)

:ƾǂȅƖǂƾ ƎȓȐ . ȑ ʐ ȂǷƾƣǡǻ ƪǂȆǐ ȂƦ ǽƢȆƬ ρǻ ȂǐˬƼ ƪǂȆǐ ȂƦ Ƣǂ ȓȏ . ȑ ʐ ȂǷƾƣǡǻ

h =
NsextX
n

Vne
i�n [+ � � � p 6= Ș]quads (ȓȐ . ȑ)

ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ n ǽƢȆȀǠ ƫƹƬ D ȅ bȑ; L; �x; �y ȂƦ ǖȆƦǃǻ ʐƣȃ ƪǂƣƧǠ ǹƣǼƬ ƎȓȐ . ȑ ʐ ȂǷƾƣǡǻ ǂƾ

ǃʓʓǥƬ ƪˬǼƴ Ƣǂ ƫǈƢ �n = Ș ƣȄǿƖ ʐƢǃƦ Ȃɓ ρƬˬǼƴ ƎȂǷƾƣǡǻ ǾʒƢ ǂƾ .ƫǈƢ �x + �y ƣƦ ǃƦƢǃƦ �n ȅ ƫǈƢ

.Ǻʓǻƣǿ ρǻ ƿʒƿǍƬ Ƣǂ ƫǈƢ �n 6= Ș Ȃɓ ρƬˬǼƴ ȅ ǽȆʓƬ

ǵȅƢ ȂƧƬǃǻ ρɡǿǂ ρȃƢǃʓƦƢ ʐƣȃ ƪǂƣƧǠ ȏ . ȓ . ȑ

ƣȃ ʑƧǙǯǂƣȄȵ ʐƣȃ ǇʓǘƣȀǥǻ Ǝƣȃ ʑƧǙǯ ǋǌ ǃƦ ȁȅˬǠ ƎǵȅƢ ʐ ȂƧƬǃǻ ρɡǿǂ ρȃƢǃʓƦƢ ʐƣȃ ƪǂƣƧǠ ǪʒǃǡƬ ʐƢǃƦ

:ƪǂƣƧǠ ȅƾ ƎƿȀƭǉȃ ǂƢǁɠ ǃʓưƣƬ ǅʓǿ

labeleqȑȒȗhȏȏȘȘȏ =
ȏ
Ȓ(

NX
i=ȏ

(bȐ;nL� Ȑ(bȑ;nL)D)�x;n +O(�Ȑ)

hȘȘȏȏȏ = �ȏ
Ȓ(

NX
i=ȏ

(bȐ;nL� Ȑ(bȑ;nL)D)�y;n +O(�Ȑ)

(ȓȑ . ȑ)

ǾʒƢ ƷʓƹǑƬ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ƣȃ ʑƧǙǯ ǋǌ ǽƾƢƾ ǂƢǃǯ ρǸǐƢ ǶʓǷƾ .ƾȆǌ ρǻ ȁƿʓǻƣǿ ǵȅƢ ȂƧƬǃǻ ρɡǿǂ ρȃƢǃʓƦƢ

Ǆƣǫ ȂƦƿȀʒƖ ρǻ ƫǈƾ ȂƦ ȓȏ . ȑ ȂǙƦƢǂ ǄƢ Ȃɓ ǃϝʒƾ ʐƣȃ ƪǂƣƧǠ .ƿȀʒƣǼǿ ρǻ ǶǼǠ Ǆƣǫ ǄƢ Ƕǰƭǉǻ ȅ ƿǌƣƦ ρǻ ƪˬǼƴ
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:ƣƦ ǃƦƢǃƦ ȅ ȁƾȆƦ ȂƭǉƦƢȅ

hȐȘȘȘȏ = h�
ȘȐȘȘȏ =

ȏ
Ȗ(

NX
i=ȏ

(bȐ;nL� Ȑ(bȑ;nL)D)�x;ne
Ȑi�xn +O(�Ȑ)

hȘȘȐȘȏ = h�
ȘȘȘȐȏ = �ȏ

Ȗ(
NX
i=ȏ

(bȐ;nL� Ȑ(bȑ;nL)D)�y;ne
Ȑi�yn +O(�Ȑ)

hȏȘȘȘȐ = h�
ȘȏȘȘȐ =

ȏ
Ȑ(

NX
i=ȏ

(bȐ;nL� Ȑ(bȑ;nL)D)D
p
�x;ne

i�xn +O(�ȑ)

(ȓȒ . ȑ)

ƥʓƬǃƬ ȂƦ ȓȒ . ȑ ȂǷƾƣǡǻ ǵȅƢ ƪǂƣƧǠ ȅƾ ȅ ȁƾȆƦ ǗǸƭƽǻ Ʋȅƾǅǻ ʐƣȀǡǻ ȂƦ � ƫǻˬǠ ƎȓȒ . ȑ ȂǙƦƢǂ ǂƾ .ƿȀƭǉȃ

ρɠƿȀɓƢǃȩ ǹȆǈ ƪǂƣƧǠ Ȃɓ ƫǈƢ ρǷƣƸ ǂƾ ǾʒƢ ƓƿȀȀɓ ρǻ ƿʓǷȆƬ Ƣǂ ƣƭƦ ǟƦƣƬ ȂƦ ȂƭǉƦƢȅ ȂǿƣɔƬ ȅ ρǿȅǃƬƣƭƦȅǃɔȀǈ ƿʒƿǍƬ

.ƿȃƾ ρǻ Ƣǂ ǹȅƾ ȂƧƬǃǻ

ǵȅƢ ȂƧƬǃǻ ρǈƿȀȃ ʐƣȃ ƪǂƣƧǠ Ȑ . ȓ . ȑ

ƪƢǂƣƧǠ ǾʒƢ .ƿȀʒƖ ρǻ ƫǈƾ ȂƦ ǅʓǿ ǃϝʒƾ ƪǂƣƧǠ όȀȩ ƎƔƔ ȅ ȓȒ . ȑ ƪ˫ƾƣǡǻ ǂƾ ȁƿǻƖ ƫǈƾ ȂƦ ƪƢǂƣƧǠ ǃƦ ȁȅˬǠ

.ƿȀȃƾ ρǻ ǋʒƣǼǿ ǅʓǿ �x;ȑ�x; �x � Ȑ�y; �x + Ȑ�y ƣƦ Ƣǂ ƣȄǿƖ Ȃɓ ȁƾȆƦ Ǉǿƣɓǃǫ ȂƦ ƫƧǉǿ ρǿȅǃƬƣƭƦ ƿ̅ǻ όȀȩ

hȐȏȘȘȘ = h�
ȏȐȘȘȘ = �ȏ

Ȗ

NX
i=ȏ

(bȑ;nL)�
ȑ
Ȑ
x;ne

i�xn

hȑȘȘȘȘ = h�
ȘȑȘȘȘ = � ȏ

ȐȒ

NX
i=ȏ

(bȑ;nL)�
ȑ
Ȑ
x;ne

ȑi�xn

hȏȘȏȏȘ = h�
ȘȏȏȏȘ =

ȏ
Ȓ

NX
i=ȏ

(bȑ;nL)�
ȏ
Ȑ
x;n�y;ne

i�xn

hȏȘȘȐȘ = h�
ȘȏȐȘȘ =

ȏ
Ȗ

NX
i=ȏ

(bȑ;nL)�
ȏ
Ȑ
x;n�y;ne

i(�xn�Ȑ�yn

hȏȘȐȘȘ = h�
ȘȏȘȐȘ =

ȏ
Ȗ

NX
i=ȏ

(bȑ;nL)�
ȏ
Ȑ
x;n�y;ne

i(�xn+Ȑ�yn)

(ȓȓ . ȑ)
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ǹȅƾ ȂƧƬǃǻ ρɡǿǂ ρȃƢǃʓƦƢ ȑ . ȓ . ȑ

Ȃɓ ǞȆǔȆǻ ǾʒƢ ȂƦ ȂƴȆƬ ƣƦ ƣǻƢ .ƾȆǌ ρǻ ȂƭƼƣȀǌ ǅʓǿ ǹȅƾ ʐ ȂƧƬǃǻ ρƭʓǉʓƬƣǻȅǃɓ ǽƢȆȀǠ ȂƦ Ǝǹȅƾ ȂƧƬǃǻ ρɡǿǂ ρȃƢǃʓƦƢ

Ǫʓǡǔ ȂϚʒǂƣƦ ƫɓǃƸ ǃƦ ƣȄǿƖ ǃʓưƣƬ ȅ ρǉǿƣǿȅǄǂ ǖȆǙƼ ƎƿȀȀɓ ρǻ ǩǁƸ Ƣǂ ǃϝʒƿϚʒ ǵȅƢ ȂƧƬǃǻ ρǿȅǃƬƣƭƦ ʐƣȃƿ̅ǻ

.ƿǿȆǌ ρǼǿ ƾǂƢȅ ƣȃ ǶʓǸƹƬ ǂƾ ȅ ȁƾȆƦ

ǹȅƾ ȂƧƬǃǻ ρǈƿȀȃ ʐƣȃ ƿʒƿǍƬ Ȓ . ȓ . ȑ

ƎƿǌƣƦ ρǻ ǃǬǐ ȓȐ . ȑ ʐ ȂǷƾƣǡǻ ǂƾ �n Ȃɓ ǞȆǔȆǻ ǾʒƢ ȂƦ ȂƴȆƬ ƣƦ Ǝǹȅƾ ʐ ȂƧƬǃǻ ρǈƿȀȃ ʐƿʒƿǍƬ ƪˬǼƴ ǂƾ

:ƿǿȆǌ ρǻ ȂƭǌȆǿ ǃʒǄ ǶϚǌ ȂƦ ȅ ȁƾȆƦ Ǆƣǫ ǄƢ Ƕǰƭǉǻ ƪˬǼƴ

(h~Ih ~J)g;Ker = � ȏ
ȔȒ(ȑhȐȏȘȘȘhȏȐȘȘȘ + hȑȘȘȘȘhȘȑȘȘȘ)(ȐJx)Ȑ

+
ȏ

ȏȔ(ȐhȐȏȘȘȘhȘȏȏȏȘ + hȏȘȘȐȘhȘȏȐȘȘ + hȏȘȐȘȘhȘȏȘȐȘ)(ȐJx)(ȐJy)

� ȏ
ȔȒ(ȒhȏȘȏȏȘhȘȏȏȏȘ + hȏȘȘȐȘhȘȏȐȘȘ + hȏȘȐȘȘhȘȏȘȐȘ)(ȐJy)Ȑ

(ȓȔ . ȑ)

ƫǈƢ ǾϚǼǻ ƪˬǼƴ ǾʒƢ .ƾȆǌ ρǻ ǶǐƣƸ ǽȆʓƬ ʑʒƣƴ ȂƦƣƴ ƥǉƸ ǃƦ ȂȀǻƢƾ ǃʓʓǥƬ ƪƢǂƣƧǠ ƎȓȔ . ȑ ƪ˫ƾƣǡǻ ǄƢ

:ǄƢ ƿȀƬǂƣƧǠ ȁƿǿƣǻ ρǯƣƦ ƪˬǼƴ .ƿǿǂƢǁϝƦ ǃʓưƣƬ ƣȃ ʑƧǙǯ ǋǌ ǂƾ ȂƭǉƦ ǃʓǉǻ ϗʒ ǂƾ ȂǿƣɔƬ ƣʒ ȂȀǻƢƾ ƪƢǃʓʓǥƬ ǃƦ

(h~Ih ~J)g;Im =

ȏ
ȔȒ [Ȑ(hȑȘȘȘȘhȏȐȘȘȘ)Ȑ�x + (hȑȘȘȘȘhȐȏȘȘȘ)Ȓ�x ](ȐJx)Ȑ

+
ȏ

ȔȒ [Ȑ(hȑȘȘȘȘhȘȏȏȏȘ + hȐȏȘȘȘhȘȏȐȘȘ + ȐhȏȘȐȘȘhȏȘȘȐȘ)Ȑ�x

+ Ȑ(hȏȘȐȘȘhȏȐȘȘȘ + hȐȏȘȘȘhȘȏȐȘȘ + ȐhȏȘȐȘȘhȘȏȏȏȘ + ȐhȏȘȏȏȘhȘȏȐȘȘ)Ȑ�y

+ (hȐȏȘȘȘhȏȘȘȐȘ + hȑȘȘȘȘhȘȏȘȐȘ + ȒhȏȘȏȏȘhȏȘȘȐȘ)Ȑ�x�Ȑ�y

+ (hȑȘȘȘȘhȘȏȐȘȘ + hȏȘȐȘȘhȐȏȘȘȘ + ȒhȏȘȏȏȘhȏȘȐȘȘ)Ȑ�x+Ȑ�y(ȐJx)(ȐJy)

+
ȏ

ȔȒ [Ȑ(hȏȘȐȘȘhȘȏȏȏȘ + hȏȘȏȏȘhȘȏȐȘȘ)Ȑ�y + (hȏȘȐȘȘhȘȏȐȘȘ)Ȓ�y ](ȐJy)Ȑ

+ c:c:

(ȓȕ . ȑ)

.ƿǿȆǌ ρǻ ƿʓǷȆƬ Ȑ�x;Ȓ�x;Ȑ�y;Ȓ�y;Ȑ�x � Ȑ�y;Ȑ�x + Ȑ�y ρǿȅǃƬƣƭƦ ƿǻ ƫǍȃ Ǝȓȕ . ȑ ʐ ȂǷƾƣǡǻ ǂƾ

.ƾȆǌ ρǻ ǃȃƣǜ ǵȅƢ ȂƧƬǃǻ ʐƣȃƿǻ Ƥǃǔ ǶʓǷƾ ȂƦ ǹȅƾ ȂƧƬǃǻ ʐƣȃƿǻ Ȃɓ ǺʓǌƣƦ ȂƭǌƢƾ ȂƴȆƬ ƿʒƣƦ



Ȓ ǶǑǫ

ρϚʓƭǿɇ ȁǂȆǝȀǻƿȀȵ ǺƭʒǂȆϝǷƢ

ƾǂȆǻ ǂƾ ρƬƣƹʓǔȆƬ ƫǈƢ ǹǄ˫ ƎǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂϚƧǌ ʐǄƣǈ ȂȀʓȄƦ ȅ ρǫǃǡǻ ǄƢ ǋʓȩ ǋƽƦ ǾʒƢ ǂƾ

ǄƢ ƣȃǃϝƦƣƭǌ ȂȀʓǻǄ ǂƾ ʐǄƣǈ ȂȀʓȄƦ Ǌȅǂ ǾʒƢ .Ǻʓȃƾ ȂƠƢǂƢ ƎƫǈƢ Ȃƭǫǃɠ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ Ȃɓ ʐǄƣǈ ȂȀʓȄƦ ǺƭʒǂȆϝǷƢ

ƣȃ ǃϝƦƣƭǌ ǂƾ ʐǂƣʓǉƦ ʐƣȃ ȂǬǷȆǻ ʐǄƣǈ ȂȀʓȄƦ ʐƢǃƦ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ .[Ȑȗ] ƫǈƢ ȁƾƣǬƭǈƢ ǵƣƸ ǂƾ ȏȗȗȐ ǵƣǈ

ȂȀʓȄƦ ƣʒ Ǝ[ȑȘ]ȏǶǿǃƀɓ ρǙƼ ǃϝƦƣƭǌ ǂƾ ǃɠ ǮʒǂǅƬ ρƸƢǃǘ ʐǄƣǈ ȂȀʓȄƦ ǂƾ Ǌȅǂ ǾʒƢ ǵƣƱǻ ʐƢǃƦ Ǝƾȅǂ ρǻ ǂƣɓ ȂƦ

ǾʓȀȶǼȃ .[ȑȑ Ǝȑȏ] ƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ ρǿȅǃƭϚǷƢ ʐȆǯ ʐƣȃ ȂϚʒǂƣƦ ǃɠ ǮʒǂǅƬ ɟȀǬƬ ƁʐǂǅʓǷ ʐƣȃǃƭǻƢǂƣȩ ʐǄƣǈ

ƫǈƢ ƣǿƣǈǂǃƦƢ ʑʒȆʒƾƢǂ ƿǻƣǉƦ ɑƢȅƣɓ ƫƼƣǈ ʐƣȃ ȂȀʒǅȃ ǋȃƣɓ ȅ ƾȆƧȄƦ ʐƢǃƦ ǺƭʒǂȆϝǷƢ ǾʒƢ ǃϝʒƾ ƾǃƦǂƣɓ

ρϚʓƭȩƢ ʐƣȃǃƭǻƢǂƣȩ ƾȆƧȄƦ ǂƾ ȁƿǌ ƾƣʒ ƾǂƢȆǻ ʐ ȂǼȃ ǃƦ ȁȅˬǠ ȁǂȆǝȀǻƿȀȵ ρϚʓƭǿɇ ʐǄƣǈ ȂȀʓȄƦ ǺƭʒǂȆϝǷƢ .[ȑȒ]

.ƾȅǂ ρǻ ǂƣɓ ȂƦ ǅʓǿ [Ȑȗ] ȐƾƢǄƖ ρǿȅǃƭϚǷƢ ʐƣȃ ǂǅʓǷ ȅ[ȑȓ] ρǿȆƬȆǫ ǟƧȀǻ ǂƾ

MOGA ȏ . Ȓ

ȁǂȆǝȀǻƿȀȵ ͣρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ ʐƣȀǡǻ ȂƦ Mult-Objective-Genetic-Algorithm ǪǬƽǻ MOGA

ʑƦƣʒǄǂƢ ǂƢƾǃƦ ʐƣȀǡǻ ȂƦ Ȃɓ ȑVEGA ƶˬǙǐƢ ƣƦ ǽƖ ʐ ȁƾƣǬƭǈƢ ȅ ǺƭʒǂȆϝǷƢ ǾʒƢ ʐ ȂǡǈȆƬ ʐ ȂǸƸǃǻ ǾʓǷȅƢ .ƫǈƢ

ȂȀʓȄƦ ȂƦ Ǆƣʓǿ Ȃɓ ʐƾǂƢȆǻ ǃʓʓǥƬ ʐƢǃƦ ƿǿȅǂ ϗʒ Ǌȅǂ ǾʒƢ ǂƾ .ƫǫǃɠ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ ƎƾȆƦ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ

Ȃʒƣȩ ǃƦ Ȃɓ ǺƭʒǂȆϝǷƢ ǾʒƢ ǄƢ ʐǃϝʒƾ ǽƣʓƦ Ǝȏȗȗȑ ǵƣǈ ǂƾ .[ȑȔ] ƫǫǃɠ ρǻ ǂƢǃǯ ǂƣɓ ǂȆƭǈƾ ǂƾ ƫǌƢƾ ʐǄƣǈ

ȔȐ



ρϚʓƭǿɇ ȁǂȆǝȀǻƿȀȵ ǺƭʒǂȆϝǷƢ . Ȓ ǶǑǫ Ȕȑ

ρǔƣʒǂ ǽƣʓƦ ȂƦ ǃʒǄ ƪǂȆǐ ȂƦ ǺƭʒǂȆϝǷƢ ǾʒƢ .[ȑȕ] ƿǌ ƾƣȄȀǍʓȩ ƎƾȆƦ ȓʐǃƬǃƦ ȅ ǗǸǉƬ ȅ ȒȂƧƬǃǻ ǃǝǿ ǄƢ ʐǃƬǃƦ

:[ȑȖ] ƾȆǌ ρǻ ȂƭǌȆǿ

Maximiza or Minimaze fm(x); m = ȏ;Ȑ; :::;M ; (ȏ . Ȓ)

subject� to gj(x) � Ș; j = ȏ;Ȑ; :::; J ;

hk(x) = Ș; k = ȏ;Ȑ; :::; K;

x
(L)
i � xi � x

(U)
i ; i = ȏ;Ȑ; :::; n:

ʐȅƣǉǻƣǿ ʐƣȃ ǖǃǌ ƥʓƬǃƬ ȂƦ hk ȅ gj ƎǺʒǂƢƾ Ƣǂ ǽƖ ʐǄƣǈ ȂȀʓȄƦ ƿǑǯ Ȃɓ ƫǈƢ ǩƿȃ ǟƦƣƬ fm Ǝȏ . Ȓ ȂǷƾƣǡǻ ǂƾ

Ȃɓ ǩƿȃ ǟƦƢȆƬ ǄƢ ʐǂƢƾǃƦ .ƿȀǌƣƧʓǻ xi ǟƦƣƬ ʐƢǃƦ ρȀʓʒƣȩ ȅ ʑʒ˫ƣƦ ƿƸ xLi ȅ xUi ǾʓȀȶǼȃ .ƿȀǌƣƦ ρǻ ʐȅƣǉǻ ȅ

.ƾǂƢƾ ǹƣǿ ǩƿȃ ǟƦƢȆƬ ʐƣȃ ƤƢȆƴ ǄƢ ȆǕǠ ϗʒ ƎƾȆǌ ρǻ ȂƭǌȆǿ x = (xȏ; xȐ; :::; xn)T ƪǂȆǐ ȂƦ

ǃȃ .ƿȀɓ ρǻ ǩǁƸ Ƣǂ ǃƬ Ǫʓǡǔ Ƴʒƣƭǿ ƣƦ ʑʒƣȃ ƤƢȆƴ ȅ ƿȀɓ ρǻ ƫʒǃʒƿǻ Ƣǂ ƣǕǠƢ ƫʓǡǼƴ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ

ʐ ȂǬǷȆǻ ƎȂǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ ƯƹƦ ƾǂȆǻ ȂǸơǉǻ ǂƾ .ƾȆǌ ρǻ ȁƾƢƾ ǋʒƣǼǿ x(i) ǂƢƾǃƦ ƣƦ ƫʓǡǼƴ ϗʒ ǂƾ i ʐ ȂʒƢǂƖ

ƣʒ Ʒʓƹǐ ǃʓǥƭǻ ϗʒ ƿǿƢȆƬ ρǻ ƫʓǼɓ ǾʒƢ ƣǻƢ ƎƫǈƢ ρǰʓǰƸ ƫʓǼɓ ϗʒ x(i) ρȀǡʒ ʐǄƣǈ ȂȀʓȄƦ ʐƢǃƦ ǩƿȃ

Ǝƿȃƾ ρǻ ǎƣǑƭƼƢ ƾȆƼ ȂƦ fi ǽƢȆȀǠ ƫƹƬ Ƣǂ ǩƿȃ ǟƦƣƬ ǃʒƾƣǰǻ ǄƢ ǂƢƾǃƦ ϗʒ i ʐ ȂʒƢǂƖ ǃȃ .ƿǌƣƦ ǅʓǿ ǗǸƭƽǻ

ϗʒ Ǆƣǈ ȂȀʓȄƦ ρƴȅǃƼ ƣƦ ȁǂȆǝȀǻƿȀȵ Ǆƣǈ ȂʓȀȄƦ ρƴȅǃƼ .ƿȀȀɓ ρǻ ǭƿǐ ǂƢƾǃƦ ǾʒƢ ǂƾ hi ȅ gi ǗʒƢǃǌ Ȃɓ

ƣʒ ȂȀʓǼɓ ǂƢƿǰǻ ϗʒ ȂƦ Ƣǂ fi ǂƢƾǃƦ Ȃɓ ƫǈƢ ʐǄƣǈ ȂȀʓȄƦ ƎȁǂȆǝȀǻ ϗʒ Ǆƣǈ ȂȀʓȄƦ ϗʒ .ƫǈƢ ƪȅƣǬƭǻ ȁǂȆǝȀǻ

ǽƢȆȀǠ ȂƦ x ϗʒ ƫʒƣȄǿ ǂƾ ȅ ƾǃʓɠ ρǻ ǹƣƵǿƢ ƫʓǡǼƴ ǂƾ ƾǃǫ ǃȃ ρǿǄȅ ƥʒǃǔ ǃʓʓǥƬ ƣƦ ǺȄǻ ǾʒƢ .ƿȀɓ ρǻ ȂȀʓǍʓƦ

.ƫǈƢ ȁƿǻƖ ƫǈƾ ȂƦ ʐǄƣǈ ȂȀʓȄƦ ǺƭʒǂȆϝǷƢ ǗǈȆƬ Ȃɓ ƫǈƢ ȂǸơǉǻ ǶƸ ȁƢǂ ǾʒǃƭȄƦ Ȃɓ ƾȆǌ ρǻ ǏƽǍǻ ρƴȅǃƼ

ȂƹǬǐ ǂƾ ȁƿǻƖ ƾȆƴȅ ȂƦ ʐƣȃ ǶƸ ȁƢǂ Ǝƿȃƾ ρǻ ǃƦǂƣɓ ȂƦ Ƣǂ ƣȃ x ǄƢ ρƭʓǡǼƴ ƎȁǂȆǝȀǻƿȀȵ ʐǄƣǈ ȂȀʓȄƦ ǺƭʒǂȆϝǷƢ

ȂƦ ƣȃ ƫʓǼɓ ǂƾ ʐƾȆƧȄƦ ȴʓȃ ƎȂƹǬǐ ǾʒƢ ǂƾ ǶƸ ȁƢǂ ǃȃ ʐƢǃƦ .ƿǿȆǌ ρǻ ȁƾƢƾ ǋʒƣǼǿ Ȕ ȆƬǂƣȩ ȂƹǬǐ ǹƣǿ ƣƦ ʐƢ

ǄƢ Ȃɓ ρǿƢǃƦǂƣɓ .ƾȆǌ ǃƵȀǻ ƎǂƢƿǰǻ ǃǝǿ ǄƢ ʐǃƬ Ǫʓǡǔ ȂƵʓƭǿ ȂƦ ƣȃ ǩƿȃ ǄƢ ρϚʒ ȂɔȀʒƢ ǃϝǻ ƿʒƖ ρǼǿ ƾȆƴȅ

ȂƹǬǐ ʐƣȃ ǶƸ ȁƢǂ ǄƢ ρϚʒ ƤƣƽƭǿƢ ʐƢǃƦ ʐǃƭǍʓƦ ρǫƣǔƢ ʐƣȃ ǖǃǌ ̤˫ȆǼǡǻ ƎƿȀȀɓ ρǻ ȁƾƣǬƭǈƢ ȆƬǂƣȩ ȂƹǬǐ

.ƿʓȀɓ ȁƿȃƣǍǻ ȏ . Ȓ ǶϚǌ ǂƾ ƿʓǿƢȆƬ ρǻ Ƣǂ ȆƬǂƣȩ ȂƹǬǐ ǄƢ ʐƢ ȂǿȆǼǿ .ƿȀȀɓ ρǻ ǵƣǼǠƢ



ρϚʓƭǿɇ ȁǂȆǝȀǻƿȀȵ ǺƭʒǂȆϝǷƢ . Ȓ ǶǑǫ ȔȒ

(Ɩ)

ȆƬǂƣȩ ʐ ȂƹǬǐ :ȏ . Ȓ ǶϚǌ

ȁƿǻƖ ƫǈƾ ȂƦ ʐƣȃ ƤƢȆƴ ƫʓǡǼƴ ʐƿȀƦ ȂƧƬǂ Ȑ . Ȓ

ǾʒǃƭȄƦ Ȃɓ ρȀǡǻ ǾʒƢ ȂƦ ƎƫǈƢ ώǔƢȅ ͆ˬǻƣɓ ȁǂȆǝȀǻ ϗʒ ʐǄƣǈ ȂȀʓȄƦ ǂƾ ƣȃ ƤƢȆƴ ʐƿȀƦ Ȃƭǈƾ ȅ ʐƿȀƦ ȂƧƬǂ

ǗǸǉƬ ȂǙƦƢǂ ƿʒƣƦ ȁǂȆǝȀǻ ƿȀȵ ʐǄƣǈ ȂȀʓȄƦ ǂƾ ƣȃ ƤƢȆƴ ʐƿȀƦ ȂƧƬǂ ǂƾ ρǷȅ ƾȆǌ ρǻ ȂƠƢǂƢ ǺƭʒǂȆϝǷƢ ǗǈȆƬ ƤƢȆƴ

Ȃǉʒƣǰǻ ǃϝʒƿϚʒ ƣƦ Ƣǂ ƣȃ ƤƢȆƴ ǂƾ ǶƸ ȁƢǂ ȅƾ ƣʒ ƤƢȆƴ ȅƾ ƎʐǃƬǃƦ ƣʒ ǗǸǉƬ ʐ ȂǙƦƢǂ .ƿǌƣƦ ǂƢǃǯǃƦ ʐǃƬǃƦ ȅ

:ƾȆǌ ρǻ ǽƣʓƦ ǃʒǄ ƪǂȆǐ ȂƦ ƤƢȆƴ ȅƾ ǾʒƢ ǾʓƦ ʐǃƬǃƦ ƣʒ ǗǸǉƬ .Ǻʓǻƣǿ ρǻ xj ȅ xi Ƣǂ ƣȄǿƖ Ȃɓ ƿȀɓ ρǻ

:ƿǌƣƦ ǂƢǃǯǃƦ ǃʒǄ ǖǃǌ ȅƾ ǃȃ ǃɠƢ ƎƾǂƢƾ ʐǃƬǃƦ xj ǃƦ xi ƤƢȆƴ

xi ȁȅˬǠ ȂƦ ƓƿȀɔǿ ǶǼǠ ǃƬ Ǫʓǡǔ xj ǄƢ ƿȀƭǫǃɠ ǂƢǃǯ ʐǄƣǈ ȂȀʓȄƦ ƫƹƬ Ȃɓ ʑʒƣȃ ǩƿȃ ǄƢ ϗʒ ȴʓȃ ǂƾ xi

.ƿȀɓ ǶǼǠ xj ǄƢ ǃƭȄƦ ƣȃ ǩƿȃ ǄƢ ρϚʒ ǂƾ ǶǯƢƿƸ

ʐƢǃƦ .[Ȓȏ ƎȒȘ Ǝȑȗ] ƿǿǂƢƾ ρǬǸƭƽǻ ǞƢȆǿƢ ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ƣȃ ƤƢȆƴ ʐƿȀƦ ȂƧƬǂ ʐƢǃƦ Ȃɓ ʑʒƣȃ ǺƭʒǂȆϝǷƢ

Ȃƭǈƾ ʐƣȃ ǺƭʒǂȆϝǷƢ ǹƣǼƬ żƣƧʒǃǰƬ .ƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ ȕNSGAȐ ǺƭʒǂȆϝǷƢ ǄƢ Ȃǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ ʐǄƣǈ ȂȀʓȄƦ

ρǻ ƣȃ ƤƢȆƴ ǽƿǌ ƢǃϝǼȃ ƫǠǃǈ ȅ ʐƿȀƦ Ȃƭǈƾ ǞȆǿ ǂƾ ƣȃ ǽƖ ƪȅƣǬƬ ȅ ƿȀȃƾ ρǻ ȂƠƢǂƢ ρǿƣǉϚʒ ƤƢȆƴ ʐƿȀƦ

ǟƧȀǻ ȂƦ ȁǂȆǝȀǻƿȀȵ ʐǄƣǈ ȂȀʓȄƦ ǺƭʒǂȆϝǷƢ ǂƾ ƣȃ ƤƢȆƴ ʐƿȀƦ ȂƧƬǂ ʐƣȃ Ǌȅǂ ƾǂȆǻ ǂƾ ǃƭǍʓƦ ȂǡǷƣǙǻ ʐƢǃƦ .ƿǌƣƦ

ϗʒ ǃȃ ʐƢǃƦ ƿʒƣƦ Ȃɓ ƎƿȀƭǉȃ NSGAȐ ǂƾ ǺȄǻ ƫʓǼɓ ȅƾ Ȗ ρɠƾǃǍǫ ȂǸǐƣǫ ȅ ʐƿȀƦ ȂƧƬǂ .ƾȆǌ ȂǡƴƢǃǻ [ȒȐ]

.ƿǌ ȁƾƢƾ ǃƭǍʓȩ ǽƖ ȂƦ ǖȆƦǃǻ ƪƣƹʓǔȆƬ Ȃɓ ƫǈƢ ǗǸǉƬ ȅ ʐǃƬǃƦ ǄƢ ʐƢ Ȃƴǂƾ ȂƧƬǂ .ƿǿȆǌ ǪʒǃǡƬ ƣȃ ƤƢȆƴ ǄƢ

.ƿǿǃʓɠ ρǻ ǂƢǃǯ ȂƧƬǂ ϗʒ ǂƾ ȅƾ ǃȃ ƓƿȀǌƣƦ ȂƭǌƢƿǿ ǗǸǉƬ ȅ ʐǃƬǃƦ ǃϝʒƿϚʒ ȂƦ ƫƧǉǿ ƤƢȆƴ ȅƾ ǃɠƢ ƎǵƣƸ ǾʒƢ ƣƦ



ρϚʓƭǿɇ ȁǂȆǝȀǻƿȀȵ ǺƭʒǂȆϝǷƢ . Ȓ ǶǑǫ Ȕȓ

ƎƾȆǌ ρǻ ρǫǃǡǻ ρɠƾǃǍǫ ȂǸǐƣǫ ǹƣǿ ƣƦ ʐǃϝʒƾ ǃƭǻƢǂƣȩ ƎʐǄƣǈ ȂȀʓȄƦ ǄƢ ʑʒƣȄǿ ƤƢȆƴ ƤƣƽƭǿƢ ʐƢǃƦ ƫǷƣƸ ǾʒƢ ǂƾ

ǽƣʓƦ ƎǃʒǄ ƪǂȆǐ ȂƦ ρɠƾǃǍǫ ʐ ȂǸǐƣǫ ρǔƣʒǂ ǽƣʓƦ .[Ȓȑ] ƾȆǌ ρǻ ǪʒǃǡƬ ƣȃ ƤƢȆƴ ρǷƣϝȵ ǽƢȆȀǠ ȂƦ Ȃɓ

:ƾȆǌ ρǻ

diȏ =
F i+ȏ

ȏ � F i�ȏ
ȏ

FMax
ȏ � FMin

ȏ

diȐ =
F i+ȏ

Ȑ � F i�ȏ
Ȑ

FMax
Ȑ � FMin

Ȑ
(Ȑ . Ȓ)

ʐƣȃǃƭǻƢǂƣȩ .ƫǈƢ di = diȏ + diȐ + ::: ƣƦ ǃƦƢǃƦ ƿǡ̅Ʀ ƿȀȵ ǂƾ ʐǄƣǈ ȂȀʓȄƦ ʐ ȂǸơǉǻ ϗʒ ǂƾ Ƕɓ ρɠƾǃǍǫ ȂǸǐƣǫ

ƤƢȆƴ ǄƢ ϗʒ ǃȃ ʐƢǃƦ ρɠƾǃǍǫ ȂǸǐƣǫ ȅ ȂƧƬǂ ǪʒǃǡƬ ƣƦ .ƿǿƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ Ȑ . Ȓ ǶϚǌ ǂƾ ƎȐ . Ȓ ȂǷƾƣǡǻ

NSGAȐ ǂƾ ρɠƾǃǍǫ ȂǸǐƣǫ ƷʓǔȆƬ :Ȑ . Ȓ ǶϚǌ

ǾʓƦ Ȃɓ ƫǈƢ ƣȀǡǻ ǾʒƿƦ ʑʒƣƬȅƾ ƤƣƽƭǿƢ .ƾȆǌ ρǻ ȁƿʒǅɠǃƦ ƎʑʒƣƬȅƾ ƤƣƽƭǿƢ Ǌȅǂ ǆƣǈƢ ǃƦ ǃƬǃƦ ƤƢȆƴ Ǝƣȃ

ȂƧƬǂ ƤƢȆƴ ȅƾ ǃɠƢ ǾʓȀȵ Ǻȃ .ƾȆǌ ρǻ ƤƣƽƭǿƢ ƿǌƣƦ ȂƭǌƢƾ ʐǃƬ Ǿʓʒƣȩ ȂƧƬǂ Ȃɓ ʑƦƢȆƴ ƎxȐ ȅ xȏ ǶƸ ȁƢǂ ȅƾ

ρǻ ȁƿʒǅɠǃƦ ʐǄƣǈ ȂȀʓȄƦ ʑʒƣȄǿ ƤƢȆƴ ǽƢȆȀǠ ȂƦ ǃƭɠǂǅƦ ρɠƾǃǍǫ ȂǸǐƣǫ ƣƦ ƤƢȆƴ ƎƿȀǌƣƦ ȂƭǌƢƾ ρǿƣǉϚʒ ʐƣȃ

.[Ȓȏ] ƾȆǌ



ȓ ǶǑǫ

ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ

ǽƢǃʒƢ ǂȆǿ

ʐ ȂϚƧǌ)ǾʓʒƣȩŸ˫ƣƦ ƣƭƦ ʐ ȂϚƧǌ ǄƢ ƪǂƣƧǠ Ȃɓ ƾǂƢƾ ƾȆƴȅ ʐƾƣȄȀǍʓȩ ʐ ȂϚƧǌ ȅƾ ƎǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ʐƢǃƦ

ʐ ȂϚƧǌ ƣƦ Ȃǉʒƣǰǻ ǂƾ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ρǸǐƢ ƫʒǅǻ ȅ ƫʓǼȃƢ .ƿȀƭǉȃ ȏǾʓʒƣȩŸƣƭƦ  ȂϚƧǌ ȅ [ȒȒ] (ƾȆƴȆǻ

ʐ ȂϚƧǌ ƫʓǼȃƢ Ƕʒ˫ƾ ȅ ρǫǃǡǻ ǾǼǔ ǋƽƦ ǾʒƢ ǂƾ .ƫǈƢ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǂƾ ǃƬ˫ƣƦ ρɠƿȀǍƼǂƾ ƎƾȆƴȆǻ

.ǺʒǄƢƾǃȩ ρǻ ȂϚƧǌ ǾʒƢ ʐƣȃǃƭǻƢǂƣȩ ȅ ρɠɈʒȅ ρǈǂǃƦ ȂƦ ƎǊǂƣƧǿƢ ȂǰǸƸ ʐƢǃƦ ǾʓʒƣȩŸƣƭƦ

ȂϚƧǌ ǾʒƢ ǂƾ ȂϚʒǂƣƦ ρɠƿȀǍƼǂƾ Ȃɓ ƫǈƢ ǾʒƢ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǺȄǻ ƫʒǅǻ ȅ ρɠɈʒȅ ƿǌ ȂƭǬɠ Ȃɓ ǂȆǘ ǽƣǼȃ

.ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ȏ . ȓ ǶϚǌ ǂƾ ȂϚƧǌ ȅƾ ǾʒƢ ρɠƿȀǍƼǂƾ Ȃǉʒƣǰǻ ƎƫǈƢ ƾȆƴȆǻ ʐ ȂϚƧǌ ǄƢ ǃƭǍʓƦ ǂƣʓǉƦ

ȂϚƧǌ ȅƾ ǾʒƢ ǂƾ ʑƧǙǯ ǋǌ ƪȅƣǬƭǻ ʐƣȃ ȁƾƢȆǿƣƼ ƾƢƿǡƬ ƎǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ȅ ƾȆƴȆǻ ʐ ȂϚƧǌ ǃϝʒƾ ƪȅƣǬƬ

ǂƾ ƾƢƿǡƬ ǾʒƢ Ȃɓ ρǷƣƸ ǂƾ .ƫǈƢ ȁƾƢȆǿƣƼ όȀȩ ƎƾȆƴȆǻ ʐ ȂϚƧǌ ǂƾ ʑƧǙǯ ǋǌ ʐƣȃ ȁƾƢȆǿƣƼ ƾƢƿǡƬ .ƫǈƢ

ȂϚƧǌ ȅƾ ǃȃ ǂƾ ǇʓʒȆƬ ʐƣȃǃƭǻƢǂƣȩ ƎȐ . ȓǶϚǌ ǂƾ .ƿǈǂ ρǻ ʑƧǙǯ ǋǌ ʐ  ȁƾƢȆǿƣƼ ȁƾ ȂƦ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ

ǂȆǕƸ .ƫǈƢ ȁƿǌ ǽƣʓƦ ȏ . ȓ ǵȅƿƴ ǂƾ ȂϚƧǌ ȅƾ ǃȃ ǂƾ ρǸǐƢ ʐƣȃǃƭǻƢǂƣȩ ƎȁȅˬǠ ȂƦ .ƿǿƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ

ʐ ȂϚƧǌ ǂƾ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƾȆǌ ρǻ ƥƧǈ Ǝ˫ƣƦ ƪǂƿǯ ƣƦ ʑƧǙǯ ǋǌ ƾƿǡƭǻ ʐƣȃ ȁƾƢȆǿƣƼ

ʐ ȂϚƧǌ .ƿȀȀɓ ρǻ Ƣƿʓȩ ʐǄƣǈ ȂȀʓȄƦ ȂƦ Ǆƣʓǿ ƣȃǃƭǻƢǂƣȩ ǾʒƢ ƥƧǈ ǾʓǼȃ ȂƦ ƎƿȀɓ Ƣƿʓȩ ǋȃƣɓ ƪƿǌ ȂƦ ǾʓʒƣȩŸƣƭƦ

ǾʓȀȵ Ǻȃ ȅ ƎȂϚʒǂƣƦ ǮʒǂǅƬ ʐƢǃƦ Ȑǩƣǐ ʐƣȃ ƫǼǉǯ ǄƢ ρǕǡƦ ǂƾ ƣƭƦ ǟƦƣƬ ʐ˫ƣƦ ǂƢƿǰǻ ǶʓǷƾ ȂƦ ƎǾʓʒƣȩŸƣƭƦ

ȔȔ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ Ȕȕ

.ƫǈƢ ȁƿǌ ǹƣƵǿƢ SPECTRA ƿɓ ƣƦ ƪƣƧǈƣƹǻ .Ǿʓʒƣȩ ʐƣƭƦ ǟƦƣƬ ȂϚƧǌ ȅ ƾȆƴȆǻ ȂϚƧǌ ρɠƿȀǍƼǂƾ Ȃǉʒƣǰǻ :ȏ . ȓ ǶϚǌ

ρɠƿȀǍƼǂƾ ƾȆƧȄƦ ȅ ȑ ρǯƣƹǷƢ ʐƣȃǂƢǅƦƢ ǽƾƢƾ ǂƢǃǯ ʐƢǃƦ ƥǈƣȀǻ ǩƣǐ ʐƣȃ ƫǼǉǯ ǃϝʒƾ ǂƾ ƣƭƦ ǟƦƣƬ Ǿʓʒƣȩ ǂƢƿǰǻ

ȂϚƧǌ ǾʒƢ ǂƾ ǽǂƣǰƬ ƎȂϚƧǌ ǂƾ ƪȅƣǬƭǻ ʐƣȃ ǵȆǘ ƣƦ ǩƣǐ ƫǼǉǯ ǞȆǿ ȅƾ ƾȆƴȅ ǶʓǷƾ ȂƦ ȂǼȃ ǾʒƢ ƣƦ .ƫǈƢ

ǾʒƢ ƎƿʒƖ ρǻ ƾȆƴȅ ȂƦ (Ƥ)Ȑ . ȓ ǶϚǌ ʐ ȁǂƣƦ ȁƾ ǂƢǃɔƬ ǄƢ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ƣƦ ǊǂƣƧǿƢ ʐ ȂǰǸƸ ȅ ƿƦƣʒ ρǻ ǋȃƣɓ

ƥƧǈ ǃǻƢ ǾʒƢ .ƿʒƖ ρǻ ƾȆƴȅ ȂƦ (Ɩ)Ȑ . ȓ ʐ ȁǂƣƦ ƫǉʓƦ ǂƢǃɔƬ ǄƢ ƾȆƴȆǻ ʐ ȂϚƧǌ ǊǂƣƧǿƢ ʐ ȂǰǸƸ Ȃɓ ƫǈƢ ρǷƣƸ ǂƾ

ρϚʓǻƣȀʒƾ ʐƣȃǃƭǻƢǂƣȩ ǂƢƿǰǻ ȅ ȁƣɡƭǈƾ ƾǃɓǂƣɓ ǃƦ ȅ ƾȆǌ ρǻ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ǽǂƣǰƬ ǋȃƣɓ

ǃƬ ʐȆǯ ȅ ǃƭǍʓƦ ʑƧǙǯ ǋǌ ȁƾƢȆǿƣƼ ǾƭǌƢƾ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǂƾ ǃϝʒƾ ǩǃǘ ǄƢ .ƾǂƢǁɠ ρǻ ρǬȀǻ ǃʓưƣƬ ȂϚʒǂƣƦ

ȂƦ .ƿǌƣƦ ȂƭǌƢƾ ʐǃƬ Ǿʓʒƣȩ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ȂϚƧǌ ǾʒƢ ƾȆǌ ρǻ ƥƧǈ ƎƾȆƴȆǻ ʐ ȂϚƧǌ ȂƦ ƫƧǉǿ

ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ʐ ȂǿǄȅǂ ƾȆƧȄƦ ƎǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǂƾ ȂϚʒǂƣƦ ǃƬ˫ƣƦ ρɠƿȀǍƼǂƾ ȂƦ ȂƴȆƬ ƣƦ ǶʓǷƾ ǾʓǼȃ

.ƾǂȅƖ ƫǈƾ ȂƦ Ƣǂ ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ǂƢǃǯ ʐƢǃƦ ƤȆǸǙǻ ʐƣȃ ρɠɈʒȅ ƎȂϚƧǌ ǾʒƢ ƣƬ ƾȆǌ ρǻ ƥƧǈ ȂǿƣɔƬ

ȓȓBA ǂƣǑƭƼƢ ȂƦ ǽƖ ȂƦ Ȃɓ όȀȩ ʐ ȂƧƬǃǻ ͣʑƧǙǯȅƾ ƪƣǻȅǃɓƖǂƣƭƼƣǈ ƎǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ʐƣȃ ρɠɈʒȅ ǃϝʒƾ ǄƢ

ƫǈƢ ǺȄǻ ƎȁƿȀʒƖ ǂƾ ǽƢǃʒƢ ǂȆǿ ʐ ȂǼǍȵ Ǿʓǌƣǻ ρƸƢǃǘ ǽƾȆƦ Ǆȅǂ ȂƦ ȅ ƣȃ ρƵȀǈǄƣʓǿ ȂƦ ȂƴȆƬ ƣƦ .ƾȆǌ ρǻ ȂƭǬɠ

ȁƿǌ ȁƾƢƾ ǃʓʓǥƬ ρɠɈʒȅ ǾʒǃƭǼȄǻ .ƿǌƣƦ ȂƭǌƢƾ ʑʒ˫ƣƦ ρɠƿȀǍƼǂƾ ƣʒ ȅ Ǻɓ ρɠƿȀǸʓǉɠ Ǿʓǌƣǻ ǾʒƢ ȂϚʒǂƣƦ Ȃɓ

ǾʒƢ Ȃɓ ǺʒƢ ȁƾƢƾ ǋȃƣɓ ȂϚƧǌ ǂƾ ǩƣǐ ʐƣȃ ƫǼǉǯ ǂƾ Ƣǂ ƣƭƦ ǟƦƣƬ Ȃɓ ƫǈƢ ǾʒƢ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ǂƣƭƼƣǈ ǂƾ

Ȃɓ ǂȆǘ ǽƣǼȃ ǃϝʒƾ ʐȆǈ ǄƢ ƎƿȀɓ ρǻ ϗǼɓ ρǯƣƹǷƢ ʐƣȃǂƢǅƦƢ ǂȆǕƸ ǂƾ ȂϚʒǂƣƦ ǃƭǍʓƦ ρɠƿȀǍƼǂƾ ȂƦ ǞȆǔȆǻ

ρϚʓǻƣȀʒƾ ʐ ȂǿǄȅǂ ǃǝǿ ǄƢ Ǿʓǌƣǻ ƾǃϚǸǼǠ Ȃɓ ƾȆǌ ρǻ ƥƧǈ ˫ƣƦ ƪǂƿǯ ƣƦ ʑʒƣȃ ʑƧǙǯ ǋǌ ǂȆǕƸ ƿǌ ȂƭǬɠ

ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ȂǿǄȅǂ ǃƭǻƢǂƣȩ ȅƾ ʐǄƣǈ ȂȀʓȄƦ ǶʓǷƾ ǾʓǼȃ ȂƦ ȅ ƾȆǌ Ǫʓǡǔ ƎȂϚʒǂƣƦ ǃǼǠ ǵȆǘ ȅ ȂϚʒǂƣƦ ǂƢƿʒƣȩ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ ȔȖ

ƾȆƴȆǻ ȂϚƧǌ ǂƾ ǇʓʒȆƬ ʐƣȃǃƭǻƢǂƣȩ
(Ɩ)

ǾʓʒƣȩŸƣƭƦ ǟƦƣƬ ƣƦ ȂϚƧǌ ǂƾ ǇʓʒȆƬ ʐƣȃǃƭǻƢǂƣȩ
(Ƥ)

.ȂϚƧǌ ǂƾ ƣȃ ʑƧǙǯ ǋǌ ʐƣȃ ǽƣϚǻ ǽƾǃɓ ǏƽǍǻ ƣƦ ȂϚƧǌ ȅƾ ǃȃ ǂƾ ǇʓʒȆƬ ʐƣȃǃƭǻƢǂƣȩ :Ȑ . ȓ ǶϚǌ

.ƿǈǂ ρǻ ǃǝǿ ȂƦ ʐǂȅǃǔ ʐǃǻƢ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ

ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ȏ . ȓ

:[Ȓȓ] ƾȆǌ ρǻ ȂƧǈƣƹǻ ǃʒǄ ȂǙƦƢǂ ǄƢ Ȕǹǃǿ ǇϚʒƢ ʐ ȂǡǌƢ ʐƣȃ ȂϚʒǂƣƦ ʐƢǃƦ ρɠƿȀǸʓǉɠ
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ρɠƿȀɓƢǃȩ ƣƦ ǃƦƢǃƦ �E ƎρǡʓƧǘ ρɠƿȀǸʓǉɠ ȁƿȀȃƾ ǽƣǍǿ "z ǾʓȀȶǼȃ .ƫǈƢ z = y ƣʒ z = x ȂǷƾƣǡǻ ǾʒƢ ǂƾ

ǽƢȆƬ ρǻ .ƫǈƢ ȂϚʒǂƣƦ ƲȆǻ ǵȆǘ � ȅ ρǯƣƹǷƢǂƢǅƦƢ ǵȆǘ L ƎρɠƿȀɓƢǃȩ ǟƦƣƬ �z ƎƫɓǃƸ ʐƣƭƦ ǃƭǻƢǂƣȩ �z ƎʐɇǃǿƢ

ǃǬǐ ρɠƿȀɓƢǃȩ ǟƦƣƬ ƫǈƢ ρǯƣƹǷƢ ʐƣȃǂƢǅƦƢ ǾƭǫǃɠǂƢǃǯ Ƕƹǻ Ȃɓ Ǻʓǰƭǉǻ ǃʓǉǻ ǂƾ Ȃɓ ƾǃɓ ȁƿȃƣǍǻ Ȑ . ȓ ǶϚǌ ǄƢ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ Ȕȗ

Ǿʓʒƣȩ ƣƭƦ ǟƦƣƬ ƣƦ ȂϚƧǌ ƾȆƴȆǻ ȂϚƧǌ ƿƸƢȅ ǃƭǻƢǂƣȩ

ȑ ȑ ƫǷȅ ǽȅǃƭϚǷƢ ƣϝʓɠ ȂϚʒǂƣƦ ʐɇǃǿƢ

ȐȕȔ ȐȕȘ ǽƣʒƾƢǂŸǃƭǻȆϚʓȩ ȂϚʒǂƣƦ ρǰǫƢ ρǡʓƧǘ ρɠƿȀǸʓǉɠ

ȓBA ȓBA ƿƸƢȅ ǽȅƿƦ ȂϚƧǌ ǂƣƭƼƣǈ

ȏȘ � ȔȚȖȕ=ȏȘ � ȔȚȘ ȐȘ � ȕȚȘ ǃƭǻ/ƿƸƢȅ ǽȅƿƦ ǩƣǐ ʐƣȃ ƫǼǉǯ ƾƢƿǡƬ ȅ ǵȆǘ

ȔȚȖȘ � ȏȘ�Ȓ ȔȚȖȘ � ȏȘ�Ȓ ƿƸƢȅ ǽȅƿƦ ʐɇǃǿƢ ρǡʓƧǘ ρɠƿȀɓƢǃȩ

ȏȚȗȘȒ � ȏȘ�Ȓ ȏȚȖȐ � ȏȘ�Ȓ ƿƸƢȅ ǽȅƿƦ ȒȂǿƣɔƬ ǺɓƢǃƬ ƥʒǃǔ

ȐȚȗȗ � ȏȘ�Ȓ ȑȚȖȐ � ȏȘ�Ȓ ƿƸƢȅ ǽȅƿƦ ǹȅƾ ȂƧƬǃǻ ǄƢ ȂǿƣɔƬ ǺɓƢǃƬ ƥʒǃǔ

ȒȔȚȐȕ=ȏȕȚȑȐ ȒȒȚȏȔ=ȏȔȚȐȐ ƿƸƢȅ ǽȅƿƦ (Qx=Qy) ǂƣɓ Ǟȅǃǌ ȂǙǰǿ

�ȗȗȚȑȘȏ= � ȔȒȚȔȐȑ �ȏȘȕȚȕȗ= � ȔȏȚȒȓ ƿƸƢȅ ǽȅƿƦ (ʐƾȆǼǠ/ρǰǫƢ) ρǡʓƧǘ ρɡǿǂ ρȃƢǃʓƦƢ

ȏȚȒȘ ȏȚȑȖ ƿƸƢȅ ǽȅƿƦ Jx ρǰǫƢ ʑʒƢǃʓǻ ǶǐƣǫƿƸ

ȏȘȘ ȏȘȘ ǅƬǃȃƣϝǻ ʑʒȆʒƾƢǂ ƿǻƣǉƦ ɑƢȅƣɓ Ǉǿƣɓǃǫ

Ș . ȏ Ș . ȏ ș ρɠƿǌ ƫǬƴ

ȔȏȚȑȘ=ȑȚȑȘ ȔȖȚȗȐ=ȐȚȗȔ ǃƭǻŸȅǃϚʓǻ ǩƣǐ ʐƣȃ ƫǼǉǯ ǂƾ ȂϚʒǂƣƦ ȁǄƢƿǿƢ

ȒȚȓȐ=ȘȚȖȑ ȑȚȖȕ=ȘȚȗȘ ǽƣʒƾƢǂŸȅǃϚʓǻ ǩƣǐ ʐƣȃ ƫǼǉǯ ǂƾ ȂϚʒǂƣƦ ʑʒƢǃɠƢȅ

ȒȘȘ ȒȘȘ ǃȪǻƖ ρǸʓǻ ȂϚʒǂƣƦ ǽƣʒǃƴ ǾʒǃƭǍʓƦ

ʐƾƣȄȀǍʓȩ ʐ ȂϚƧǌ ȅƾ ǃȃ ǂƾ ρǸǐƢ ʐƣȃǃƭǻƢǂƣȩ :ȏ . ȓ ǵȅƿƴ

:ƿʒƖ ρǻǂƾ ǃʒǄ ǶϚǌ ȂƦ ȏ . ȓ ȂǷƾƣǡǻ ȂƵʓƭǿ ǂƾ ȅ ƫǈƢ

"effz =

s
"Ȑ
z + "z(�z +

LȐ

Ȓ�Ȑ

�z
)
�

ȐL +
�Ȑ

ȏȔ�Ȑ (Ȑ . ȓ)

ƎǃưȆǻ ρɠƿȀǸʓǉɠ ǽƾǃɓ ȂȀʓǼɓ ƣƦ ƎƾǂƢƾ ǖƣƧƬǂƢ ǃưȆǻ ρɠƿȀǸʓǉɠ ƣƦ ǇɔǠ ǂȆǘ ȂƦ ρɠƿȀǍƼǂƾ ǽȆȵ ρǫǃǘ ǄƢ

Ȃɓ ƫǈƢ ǹǄ˫ ƎǃưȆǻ ρɠƿȀǸʓǉɠ ǽƾǃɓ ȂȀʓǼɓ ʐƢǃƦ ƎȐ . ȓ ʐ ȂǙƦƢǂ ȂƦ ȂƴȆƬ ƣƦ .ƿƦƣʒ ρǻ ǋʒƢǅǫƢ ρɠƿȀǍƼǂƾ

ρɠƿȀǸʓǉɠ ǟƦƣƬ ǽƿǌ ȂȀʓǼɓ ʐƢǃƦ Ȃɓ ƫǈƢ ǾʒƢ ƿǿƣǻ ρǻ ρǯƣƦ Ȃɓ ρǷƢȆǈ ρǷȅ ƎǺʓȃƾ ǋȃƣɓ Ƣǂ ρǡʓƧǘ ρɠƿȀǸʓǉɠ

ǮƭǍǻ ƫǈƢ ǹǄ˫ ƣƭƦ ǟƦƣƬ ʐ ȂȀʓȄƦ ǂƢƿǰǻ ǽƾǂȅƖ ƫǈƾ ȂƦ ʐƢǃƦ ƔƿǌƣƦ ƿʒƣƦ ǂƿǯ Ȃȵ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ Ǝ ρǡʓƧǘ

.d"
eff
z

d�z
= Ș :ƫǌƢƾ ǺʓȃƢȆƼ ƥʓƬǃƬ ǾʒƢ ȂƦ ƎǺʓȃƾ ǂƢǃǯ ǃǬǐ ƣƦ ǃƦƢǃƦ Ƣǂ ƣƭƦ ǟƦƣƬ ƥǉƸ ǃƦ ǃưȆǻ ρɠƿȀǸʓǉɠ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ ȕȘ

:ƿʒƖ ρǻ ƫǈƾ ȂƦ ǃʒǄ ƪǂȆǐ ȂƦ ǃưȆǻ ρɠƿȀǸʓǉɠ ǽƾǃɓ ȂȀʓǼɓ ʐƢǃƦ ƣƭƦ ǟƦƣƬ ʐ ȂȀʓȄƦ ǂƢƿǰǻ ȂƵʓƭǿ ǂƾ

�z =
L

Ȑ� (ȑ . ȓ)

ǽƣǼȃ ƿȀǸƦ Ǻʓǰƭǉǻ ǃʓǉǻ ǵȆǘ .ƿʒƖ ρǻ ƫǈƾ ȂƦ ȑ . ȓ ʐ ȂǷƾƣǡǻ ƪǂȆǐ ȂƦ Ǻʓǰƭǉǻ ǃʓǉǻ Ǘǈȅ ǂƾ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ

ǃƦƢǃƦ ƣƭƦ ǟƦƣƬ ʐ ȂȀʓȄƦ ǂƢƿǰǻ ȑ . ȓ ȂǷƾƣǡǻ ǮƧǘ ȅ ƫǈƢ ǃƭǻ ȔȚȖȕ ƣƦ ǃƦƢǃƦ ƫǈƢ ȁƿǌ ǽƣʓƦ ȏ . ȓ ǵȅƿƴ ǂƾ Ȃɓ ǂȆǘ

ρǿƣʓǻ ƫǼǉǯ ǂƾ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ Ȃɓ ƾǃɓ ȁƿȃƣǍǻ ǽƢȆƬ ρǻ (Ƥ)Ȑ . ȓ ǶϚǌ ǄƢ .ƿʒƖ ρǻ ƫǈƾ ȂƦ ǃƭǻ ȏȚȘȗ ƣƦ

ǂƢƿǰǻ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ ǂƢƿǰǻ ƣƦ Ȃɓ ƫǈƢ ǃƭǻ ȏȚȓȕ ȅ ȏȚȕȕ ƣƦ ǃƦƢǃƦ ƥʓƬǃƬ ȂƦ y ȅ x ʐƣƭǈƢǂ ǂƾ Ǻʓǰƭǉǻ ǃʓǉǻ

ƿɓ ǂƾ ʑƧǙǯǂƣȄȵ ʐƣȃ ƪǂƿǯ ǃʓʓǥƬ ƣƦ Ȃɓ ƾǂƢƾ ƫʓǼȃƢ Ȃƭɔǿ ǾʒƢ ǽƣʓƦ .ƾǂƢƾ ρǿƢȆƽǼȃ ʑƦȆƼ ƥʒǃǰƬ ƣƦ ʐǂȆơƬ

.ǺʒƾȆǼǿ ϗʒƾǅǿ ȑ . ȓ ʐ ȂǷƾƣǡǻ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ ǂƢƿǰǻ ȂƦ Ƣǂ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ OPA

ȂϚƧǌ ǂƣƭƼƣǈ Ȑ . ȓ

ǂƾ ȂϚƧǌ ǂƣƭƼƣǈ ǪǸƭƽǻ ʐƣȃ Ƕǉǿ .ƫǈƢ ȂϚƧǌ ǂƣƭƼƣǈ ǃʓʓǥƬ ƎρɠƿȀǸʓǉɠ ǋȃƣɓ ʐƣȃ Ǌȅǂ ǄƢ ǃϝʒƾ ρϚʒ

Ȃƭǈƾ ǂƣȄȵ ȂƦ Ƣǂ ƣȄǿƖ ǽƢȆƬ ρǻ Ȃɓ ƫǈƢ Ȃƭǫǃɠ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ ǽȆɠƣǿȆɠ ʐƣȃǃϝƦƣƭǌ ǂƾ ǪǸƭƽǻ ʐƣȃ ǽƣǻǄ

:ƾǃɓ ʐƿȀƦ ǺʓǉǰƬ ρǸɓ

ȕȅƾȆǫ ʐƣȃ ȂϚƧǌ

ȖDBA ƣʒ ȅƾ ȂƧƬǃǻ ʑƧǙǯ ȅƾ ƪƣǻȅǃɓ Ɩ ƣƦ ʑʒƣȃ ȂϚƧǌ

ȗTME ƣʒ ʐǂȆơƬ ȂȀʓǼɓ ρɠƿȀǸʓǉɠ ƣƦ ʐƣȃ ȂϚƧǌ

.ȏȘMBA ƣʒ ǃƬ˫ƣƦ ʐƣȃ ȂƧƬǃǻ ǄƢ ʑƧǙǯȅƾ ƪƣǻȅǃɓ Ɩ ʐƣȃ ȂϚƧǌ

ȅƾȆǫ ʐƣȃ ȂϚƧǌ ȏ . Ȑ . ȓ

ʑƧǙǯǂƣȄȵ ǇʓǘƣȀǥǻ ǂƣȄȵ ǋƽƦ ǃȃ ǂƾ ǂƣƭƼƣǈ ǾʒƢ ǂƾ .ƿǿƾȆƦ ȅƾȆǫ ʐ Ȃƭǈƾ ǄƢ ǃϝƦƣƭǌ ʐƣȃ ȂϚƧǌ Ƕǉǿ ǾʓǷȅƢ

ȁȅǃɠ ȅ ʑƧǙǯȅƾ ǩǃǘ ϗʒ ǂƾ ƢǃϝǼȃ ʐƣȃ ʑƧǙǯǂƣȄȵ ȁȅǃɠ Ȃɓ ƎƾǂƢƾ ƾȆƴȅ (ƢǃɠƢȅ ȅƾ ȅ ƢǃϝǼȃ ȅƾ )



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ ȕȏ

ȁƿȃƣǍǻ ȑ . ȓ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ȅƾȆǫ ϗʒ ǃʒȆǑƬ Ǝƿǿǃʓɠ ρǻ ǂƢǃǯ ʑƧǙǯȅƾ ǽƣʓǻ ǂƾ ƢǃɠƢȅ ʐƣȃ ʑƧǙǯǂƣȄȵ

:ƿʒƖ ρǻ ƫǈƾ ȂƦ ǃʒǄ ȂǙƦƢǂ ǄƢ ȅƾȆǫ ȂϚƧǌ ϗʒ ʐƢǃƦ ρǡʓƧǘ ρɠƿȀǸʓǉɠ .ƾǃɓ

ȅƾȆǫ ȂϚƧǌ :ȑ . ȓ ǶϚǌ

"Ș = ȏȚȐCq
Ȑ�ȑ (Ȓ . ȓ)

ƣƦ ǃƦƢǃƦ ǽƖ ǂƢƿǰǻ ȅ ƫǈƢ ƿǡ̅Ʀ ǽȅƿƦ ƫƦƣư Cq ȅ ʑƧǙǯȅƾ ǩƢǃƹǿƢ ȂʒȅƢǄ � ƎρƭʓƧǉǿ ǶǻƣǠ 
 ƎȒ . ȓ ʐ ȂǙƦƢǂ ǂƾ

.ƿǌƣƦ ρǻ ȑȚȖȑȐ � ȏȘ�ȏȑ

ǹȅƾ ȂƧƬǃǻ ʑƧǙǯȅƾ ƪƣǻȅǃɓƖ ƣƦ ʐƣȃ ȂϚƧǌ Ȑ . Ȑ . ȓ

ƪƣǻȅǃɓ Ɩ ǂƣƭƼƣǈ ǄƢ ȁƾƣǬƭǈƢ ρǡʓƧǘ ρɠƿȀǸʓǉɠ ǋȃƣɓ ʐƢǃƦ ǃϝƦƣƭǌ ʐ ȂǐǃǠ ǂƾ ǽƣǿƢƿϚʒǅʓǫ ʐƿǡƦ ǊˬƬ

ƣƦ ǽƖ ƪȅƣǬƬ ρǷȅ ƿǿǂƢƾ ƾȆƴȅ ǋƽƦ ǃȃ ǂƾ ʑƧǙǯȅƾ ͣǇʓǘƣȀǥǻ ȅƾ ǂƣƭƼƣǈ ǾʒƢ ǂƾ .ƾȆƦ ǹȅƾ ʐ ȂƧƬǃǻ ʑƧǙǯȅƾ

ǂƢƿǰǻ ǂƣƭƼƣǈ ǾʒƢ ǂƾ .ƫǈƢ Ȃƭǫƣʒ ǋʒƢǅǫƢ ȁƾƢȆǿƣƼ όȀȩ ȂƦ ƣȃ ʑƧǙǯǂƣȄȵ ƾƢƿǡƬ Ȃɓ ƫǈƢ ǾʒƢ ǂƾ ȅƾȆǫ ǂƣƭƼƣǈ

ρǻ ǃǬǐ ǽƖ ǂƢƿǰǻ ƣȃ ʑƧǙǯȅƾ ǄƢ ƿǡƦ ȅ ǶƧǯ ȅ ƿǈǂ ρǻ ƾȆƼ ǂƢƿǰǻ ǾʒǃƭǍʓƦ ȂƦ ƣȃ ʑƧǙǯȅƾ ǾʓƦ ǂƾ ρɠƿȀɓƢǃȩ ǟƦƣƬ

:ƾȆǌ ρǻ ȂƧǈƣƹǻ ǃʒǄ ʐ ȂǙƦƢǂ ǄƢ ρǡʓƧǘ ρɠƿȀǸʓǉɠ ƫǷƣƸ ǾʒƢ ǂƾ .ƾȆǌ

"Ș;DBA;min =
ȏ

Ȓ
p

ȏȓ
Cq


Ȑ�ȑ (ȓ . ȓ)



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ ȕȐ

șȓ ȅƾȆǫ ǂƣƭƼƣǈ ȂƦ ƫƧǉǿ Ƕǉǿ ǾʒƢ ǂƾ ρɠƿȀǸʓǉɠ ǂƢƿǰǻ ƎƫǈƢ ǏƽǍǻ ȓ . ȓ ʐ ȂǷƾƣǡǻ ǄƢ Ȃɓ ǂȆǘ ǽƣǼȃ

.ƾǃɓ ȁƿȃƣǍǻ Ȓ . ȓ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ȂϚƧǌ ǾʒƢ ǂƾ ƣȃ ǇʓǘƣȀǥǻ Ǿƭǫǃɠ ǂƢǃǯ ǞȆǿ .ƫǈƢ Ȃƭǫƣʒ ǋȃƣɓ

ǹȅƾ ʐ ȂƧƬǃǻ ʑƧǙǯȅƾ ƪƣǻȅǃɓƖ ȂϚƧǌ :Ȓ . ȓ ǶϚǌ

ʐǂȆơƬ ʐ ȂȀʓǼɓ ρɠƿȀǸʓǉɠ ƣƦ ȂϚƧǌ ȑ . Ȑ . ȓ

ǇʓǘƣȀǥǻ ϗʒ ƣȄȀƬ Ǝǹȅƾ ȂƧƬǃǻ ʑƧǙǯȅƾ ƪƣǻȅǃɓ Ɩ ȅ ȅƾȆǫ ǂƣƭƼƣǈ ǩˬƼǃƦ ȂϚƧǌ ǂƣƭƼƣǈ ǄƢ Ƕǉǿ ǾʒƢ ǂƾ

ƥʓƬǃƬ ǾʒƢ ȂƦ .ƫǈƢ ȁƿȃƣǍǻ ǶƦƣǯ ȓ . ȓ ǶϚǌ ǂƾ ȂϚƧǌ ǾʒƢ ρǸɓ ǂƣƭƼƣǈ .ƾǃʓɠ ρǻ ǂƢǃǯ ȂϚƧǌ ǂƾ ʑƧǙǯȅƾ

ʐǂȆơƬ ʐ ȂȀʓǼɓ ρɠƿȀǸʓǉɠ ȂϚƧǌ :ȓ . ȓ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ ȕȑ

:ƣƦ ƫǈƢ ǃƦƢǃƦ ȂϚƧǌ ǄƢ ǂƣƭƼƣǈ ǾʒƢ ȂƦ ǖȆƦǃǻ ρǡʓƧǘ ρɠƿȀǸʓǉɠ

"Ș;TME;min � ȏ
ȏȐ

p
ȏȓ

Cq

Ȑ�ȑ (Ȕ . ȓ)

ƪƣǻȅǃɓ Ɩ ǂƣƭƼƣǈ ȂƦ ƫƧǉǿ Ƕǉǿ ǾʒƢ ǂƾ ρǡʓƧǘ ρɠƿȀǸʓǉɠ ƎƫǈƢ ǏƽǍǻ Ȕ . ȓ ʐ ȂǷƾƣǡǻ ǄƢ Ȃɓ ȂǿȆɠ ǽƣǼȃ

ʑƧǙǯȅƾ ǄƢ ƲǂƣƼ Ȃɓ ƫǈƢ ǾʒƢ ƣȃ ȂϚƧǌ ǄƢ ǞȆǿ ǾʒƢ ǂƾ ρǸǐƢ ǶϚǍǻ .ƫǈƢ Ȃƭǫƣʒ ǋȃƣɓ Ǝǹȅƾ ʐ ȂƧƬǃǻ ʑƧǙǯȅƾ

ǖȆƦǃǻ ʐƣȃ ǽƣϚǻ ǂƾ ƢǃʒǄ ƫǉʓǿ ǵƖ ȁƿʒƢ ǂȆǿ ʐƣȃ ȂǼǍȵ ʐƢǃƦ ǞȆǔȆǻ ǾʒƢ ȅ ƫǈƢ ɞǂǅƦ żƣƭƧǉǿ ρɠƿȀɓƢǃȩ ƣȃ

.ƿǌ ƿȃƢȆƼ ǂƢƿʒƣȩƣǿ ȁǂǀ ȅ ƾȆǌ ρǻ ɞǂǅƦ ǂƣʓǉƦ ρɠƿȀǸʓǉɠ ƎƿǌƣƦ ǃǬǐǃʓǤ ρɠƿȀɓƢǃȩ ǃɠƢ ρǯƣƹǷƢ ʐƣȃǂƢǅƦƢ ȂƦ

ǃƬ˫ƣƦ ȂƧƬǃǻ ʑƧǙǯȅƾ ƪƣǻȅǃɓƖ ƣƦ ʐƣȃ ȂϚƧǌ Ȓ . Ȑ . ȓ

ǶǐƣƸ ʐǂȆơƬ ȂȀʓǼɓ ρɠƿȀǸʓǉɠ ȅ ǹȅƾ ȂƧƬǃǻ ʑƧǙǯȅƾ ƪƣǻȅǃɓ Ɩ ʐ ȂϚƧǌ ȅƾ ƥʓɓǃƬ ǄƢ ƎȂϚƧǌ ǂƣƭƼƣǈ ǾʒƢ

ρɠƿȀǸʓǉɠ ǽƾǃɓ ȂȀʓǼɓ ʐƢǃƦ ǂȆǿ ʐƣȃ ȂǼǍȵ ǂƾ ȁƾƣǬƭǈƢ ƾǂȆǻ ʐƣȃǂƣƭƼƣǈ ǾʒǃƬƿʒƿƴ ǄƢ ǂƣƭƼƣǈ ǾʒƢ .ƾȆǌ ρǻ

ρǫǃǡǻ ǅʓǿ ƣȃ ƪƣǻȅǃɓ Ɩ ƁʐƿʒǃƧʓȃ ǂƣƭƼƣǈ ƎȐȘȏȗ ǵƣǈ ǃϝƦƣƭǌ ȂǿƣʓǷƣǈ ǇǿƢǃǬȀɓ ǂƾ Ȃɓ ƿȀȵ ǃȃ ƎƿǌƣƦ ρǻ

.[ȒȔ] ƿȀȃƾ ρǻ ǋȃƣɓ ǂƣƭƼƣǈ ǾʒƢ ȂƦ ƫƧǉǿ ǃƦƢǃƦ ǂƣȄȵ ȂƧƬǃǻ ǄƢ ʐƾȅƿƸ ƣƬ Ƣǂ ρɠƿȀǸʓǉɠ Ȃɓ ƿǿƿǌ

ǃƬ˫ƣƦ ʐ ȂƧƬǃǻ ʑƧǙǯȅƾ ƪƣǻȅǃɓƖ ȂϚƧǌ :Ȕ . ȓ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ρǫǃǡǻ . ȓ ǶǑǫ ȕȒ

ʑƧǙǯ ȅƾ ƫǬȃ ǽƖ ǋƽƦ ǃȃ ǂƾ Ȃɓ ƿʓȀɓ ρǻ ȁƿȃƣǍǻ Ƣǂ ƫǬȃ ȂƧƬǃǻ ʑƧǙǯȅƾ ƪƣǻȅǃɓ Ɩ ϗʒ Ȕ . ȓ ǶϚǌ ǂƾ

.ƫǈƢ MAX-IV ǂȆǿ ȂǼǍȵ ȂƦ ǖȆƦǃǻ ȂϚƧǌ ǾʒƢ .ƫǈƢ Ȃƭǫǂ ǂƣɓ ȂƦ

:ƣƦ ƫǈƢ ǃƦƢǃƦ ρɠƿȀǸʓǉɠ ǂƣƭƼƣǈ ǾʒƢ ǂƾ

"Ș � ȏ
ȏȐ

p
ȏȓ

Cq

Ȑ�ȑ(

M + ȏ
M � ȏ) (ȕ . ȓ)

ƪƣǻȅǃɓ Ɩ ϗʒ Ȃɓ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǂƾ Ǝȕ . ȓ ʐ ȂǷƾƣǡǻ ȂƦ ȂƴȆƬ ƣƦ .ƫǈƢ ȂϚƧǌ ǂƾ ʑƧǙǯȅƾ ƪƣǻȅǃɓ Ɩ ȂƴǂƾM

:ƣƦ ƫǈƢ ǃƦƢǃƦ ρǡʓƧǘ ρɠƿȀǸʓǉɠ ƎƫǈƢ όȀȩ ȂƧƬǃǻ ʑƧǙǯȅƾ

"Ș � ȘȚȘȑCq
Ȑ�ȑ�ȑ (Ȗ . ȓ)

ǄƢ ʑʒƣȃǃƭǻƢǂƣȩ ǾʓȀȶǼȃ .Ǻʒƾǃɓ ρǫǃǡǻ Ƣǂ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ʐƣȃǃƭǻƢǂƣȩ ȅ ǂƣƭƼƣǈ ǶǑǫ ǾʒƢ ǂƾ ƥʓƬǃƬ ǾʒƢ ȂƦ

ǶǑǫ ǂƾ ȁƿǌ ρǫǃǡǻ ǺƭʒǂȆϝǷƢ ȅ ƪƣǠˬǘƢ ǾʒƢ ǄƢ ȁƾƣǬƭǈƢ ƣƦ .ƿǿƿǌ ρǫǃǡǻ ƎƿǿǂƢƾ ʐǄƣǈ ȂȀʓȄƦ ȂƦ Ǆƣʓǿ Ȃɓ ȂϚƧǌ

.ƾƢƾ ǺʓȃƢȆƼ ǽƣǍǿ Ƣǂ ǽƖ Ƴʒƣƭǿ ȅ ʐǄƣǈ ȂȀʓȄƦ ȂƦ ǖȆƦǃǻ ǶƸƢǃǻ ƿǡƦ ǶǑǫ ǂƾ Ȓ



Ȕ ǶǑǫ

ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ

ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ

ƿǑǯ ǋƽƦ ǾʒƢ ǂƾ .Ǻʒƾǃɓ ƫƧƹǐ ǽƖ ʐƣȃ ρɠɈʒȅ ȅ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ƤƣƽƭǿƢ ǶʓǷƾ ƾǂȆǻ ǂƾ Ǝȓ ǋƽƦ ǂƾ

.Ǻʓȃƾ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ Ƣǂ ǽƖ Ƴʒƣƭǿ ȅ ǺʒǄƢƾǃȪƦ ȂϚƧǌ ǾʒƢ ƾǂȆǻ ǂƾ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ Ƴʒƣƭǿ ȂƦ ǺʒǂƢƾ

ǂƾ ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ʐ  ȂǰǸƸ ǂƾ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ρϚʓƭǿɇ ʐ  ȁǂȆǝȀǻƿȀȵ ǺƭʒǂȆϝǷƢ ʐǄƣǈ ȂȀʓȄƦ Ƴʒƣƭǿ

.ƫǈƢ ȁƿʓǈǂ ȧƣȵ ȂƦ ǅʓǿ [Ȓȕ] ȂǷƣǰǻ

ȁǂȆǝȀǻƿȀȵ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ ǂƾ ʐǄƣǈ ȂȀʓȄƦ ʐƢǃƦ ȂϚƧǌ ʐǄƣǈ ȁƾƣǻƖ ȏ . Ȕ

ʐ ȂǿǄȅǂ ƎƾǂƢƾ ʐǄƣǈ ȂȀʓȄƦ ȂƦ Ǆƣʓǿ Ȃɓ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǂƾ ǃƭǻƢǂƣȩ ǾʒǃƭǼȄǻ Ǝƿǌ ǽƣʓƦ ȓ ǶǑǫ ǂƾ Ȃɓ ȂǿȆɠ ǽƣǼȃ

ŸƣƭƦ ʐ ȂϚƧǌ ǂƾ ʐȆǯ ʑƧǙǯ ǋǌ ʐ ȁƾƢȆǿƣƼ ȁƾ ƾȆƴȅ ȂƦ ȂƴȆƬ ƣƦ .ƫǈƢ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ

ρɠƿǿǃʒǁȩ .ƿȀȃƾ ρǼǿ ǽƣǍǿ ρǷȆƧǯ ǶƦƣǯ ƾǃϚǸǼǠ Ǝƣȃ ʑƧǙǯ ǋǌ ρǙƼǃʓǤ ʐƣȃ ǽƢƿʓǻ ƫƹƬ ƫʓǼɓ ȅƾ ǾʒƢ ƎǾʓʒƣȩ

Ȃɓ[ȒȖ] ϗϚǈȆƬ ǃǼǠ ǵȆǘ ƾǃɓ ǽƣʓƦ ǽƢȆƬ ρǻ ǃϝʒƾ ʐǃʓƧǡƬ ȂƦ .ƾǂƢǁɠ ρǻ ǃưƢ ƪƢǂǀ ȂϚʒǂƣƦ ǃǼǠ ǵȆǘ ǃƦ ȂǿƣɔƬ

ȅ ǪǍɓ ȏ ϗϚǈȆƬ ȆǿȅǃƦ ǗǈȆƬ ȅ ƿȃƾ ρǻ ƷʓǔȆƬ Ƣǂ ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǂƢƾǂƣƦ ƪƢǂǀ ʐǂƢƿʒƣȩƣǿ ȅ ρɠƿȀɓƢǃȩ

:ƾȆǌ ρǻ ǽƣʓƦ ǃʒǄ ǶϚǌ ȂƦ ρǔƣʒǂ ǽƣƦǄ ȂƦ ȅ ƫǈƢ ȂǰǸƸ ϗʒ ǂƾ ƪƢǂǀ ρɠƿȀɓƢǃȩ ǗǈȆƭǻ ƣƦ ǃƦƢǃƦ ƿǌ ǃǍƭȀǻ

ȏ
�

=
ȏ
C

I ȏ
�l

(s)ds (ȏ . Ȕ)

ȕȓ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȕȔ

ǃǼǠ ǵȆǘ ƎƫǈƢ ƪȅƣǬƭǻ ǃϝʒƿϚʒ ƣƦ ʐɇǃǿƢ ǽƾƢƾ ƫǈƾ ǄƢ ƣʒ ǽƾǂȅƖ ƫǈƾ ȂƦ ƁƫǷƣƸ ȅƾ ǂƾ ρɠƿȀɓƢǃȩ Ȃɓ ƣƵǿƖ ǄƢ

:ǺʒǂƢƾ ƪǂȆǐ ǾʒƢ ȂƦ ƎƾȆǌ ȂƧǈƣƹǻ ρǬȀǻ ȅ ƫƧƱǻ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ ƿʒƣƦ

ȏ
�

=
ȏ
Ȑ(

ȏ
�+

+
ȏ
��

) (Ȑ . Ȕ)

ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ƪƢǂǀ ȂϚʒǂƣƦ ǃǼǠ ǵȆǘ ƿǌƣƦ ǃƭǍʓƦ ȂǿƣɔƬ ͣρɠƿǿǃʒǁȩ Ȃȵ ǃȃ Ȃɓ ƿȃƾ ρǻ ǽƣǍǿ ƎȐ . Ȕ ʐ ȂǷƾƣǡǻ

ǊǂƣƧǿƢ ȂǰǸƸ ǵȆǘ ǂƾ ʑʒƣǕǫ ϓǯƢȅ ǂƾ ƫʓǼɓ ǾʒƢ Ȃɓ ƫǬɠ ƿʒƣƦ ǅʓǿ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƾǂȆǻ ǂƾ .ƿƦƣʒ ρǻ ǋʒƢǅǫƢ

ǄƢ ǵƣǼƭƸƢ ƎƿǌƣƦ ǃƭǍʓƦ ρϚʓǻƣȀʒƾ ʐ ȂǿǄȅǂ ƫƸƣǉǻ Ȃȵ ǃȃ ȅ ƿȀƭǉȃ ǂƢƿʒƣȩ ƫǷƣƸ ǂƾ ƪƢǂǀ ǽƖ ǂƾ Ȃɓ ƎƫǈƢ

ƫʓǼȃƢ ǄƢ ƫȄƴ ȅƾ ǄƢ ʐǄƣǈ ȂȀʓȄƦ ǂƾ Ǟȅǃǌ ȂǙǰǿ .ƿƦƣʒ ρǻ ǋȃƣɓ ǊǂƣƧǿƢ ȂǰǸƸ ǵȆǘ ǂƾ ȂϚʒǂƣƦ Ǿƭǫǂ ƫǈƾ

ʑʒƣȄǿ Ƴʒƣƭǿ ǂƾ ȂɔȀʒƢ ǃϝʒƾ ȅ ƾȆǌ ρǻ ƣȃ ƤƢȆƴ ǃƬ ǟʒǃǈ ǽƿǌ ƢǃϝǼȃ ƯǠƣƦ ȂɔȀʒƢ ǵȅƢ ƓƫǈƢ ǂƢƾǂȆƼǃƦ ʐƢ ȁɈʒȅ

ǽƣʒƣȩ ρǿƣǻǄ ʐǄƣǈ ȂȀʓȄƦ ƎȁǂȆǝȀǻƿȀȵ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ ǂƾ Ȃɓ ǾʒƢ ȂƦ ȂƴȆƬ ƣƦ .ƫǈƢ ǂƢǁɠ ǃʓưƣƬ ʐǄƣǈ ȂȀʓȄƦ

ƪǂȆǐ ƣȃ ʑƦƣʒƾǂ ǄƢ ρǑƽǍǻ ƾƢƿǡƬ ƣʒ ȅ ƿǿȆǌ ƢǃϝǼȃ ʐƿƸƢȅ ǂƢƿǰǻ ƫǼǈ ȂƦ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ Ȃɓ ƿƦƣʒ ρǻ

ǄƢ ǋʓȩ Ǝȁƿǌ ƶǃǙǻ Ƕʒ˫ƾ ȂƦ ȂƴȆƬ ƣƦ .ƿȀɓ ρǻ ƣǬʒƢ ρǼȄǻ ǋǰǿ ȅǂ ǋʓȩ ȂǸơǉǻ ǂƾ ǂƣɓ Ǟȅǃǌ ȂǙǰǿ Ǝƾǃʓɠ

ǽȆʓƬ ȂǙǰǿ ǽƾǃɓ Ƣƿʓȩ ʐƢǃƦ .ǺʒȆǌ ǾơǼǙǻ ǂƣɓ Ǟȅǃǌ ƣʒ ǽȆʓƬ ȂǙǰǿ ƤƣƽƭǿƢ ǄƢ ƿʒƣƦ ʐǄƣǈ ȂȀʓȄƦ ǞȆǿ ǃȃ Ǟȅǃǌ

ȁƾƣǬƭǈƢ ϗϚǈȆƬ ǃǼǠ ǵȆǘ ȅ ȂϚʒǂƣƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƥǉƸ ǃƦ ǽȆʓƬ ǾϚǈƢ ǄƢ ʐǄƣǈ ȂȀʓȄƦ Ǟȅǃǌ ʐƢǃƦ ƥǈƣȀǻ

ȅƾ ǾϚǈƢ ǾʒƢ ǂƾ .ƾǃɓ ȁƿȃƣǍǻ ȏ . Ȕ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ƫʓǼɓ ȅƾ ǾʒƢ ƥǉƸ ǃƦ ǽȆʓƬ ǾϚǈƢ Ƴʒƣƭǿ.ǺʓȀɓ ρǻ

ʐƣƭǈƢǂ ǂƾ ǽȆʓƬ ƣȃ ʑƧǙǯǂƣȄȵ ƪǂƿǯ ǃʓʓǥƬ ƣƦ Ȃɓ ƎǺʒǃʓɠ ρǻ ǃǝǿ ǂƾ ǃʓǥƭǻ ʐƣȃǃƭǻƢǂƣȩ ǽƢȆȀǠ ȂƦ Ƣǂ ʑƧǙǯǂƣȄȵ

ȒȔȚȘȏ ȁǄƣƦ ǂƾ ȁƿǌ ƾƣʒ ƫʓǼɓ ȅƾ ƥǉƸ ǃƦ ǽȆʓƬ ƥʓƬǃƬ ǾʒƢ ȂƦ .ƿȀɓ ρǻ ǃʓʓǥƬ ȘȚȘȏ ʐƣȃ ȂǸȩ ǂƾ ρǔǃǠ

ǾϚǈƢ ʐƢǃƦ Ƴʒƣƭǿ .ƾȆǌ ρǻ ȁƾƢƾ ǃʓʓǥƬ y ȁǄƣƦ ǂƾ ȏȕȚȔȘ ƣƬ ȏȕȚȘȏ ȁǄƣƦ ǂƾ ȅ x ʐƣƭǈƢǂ ǂƾ ȒȔȚȔȘ ƣƬ

ǽƖ ǂƾ Ȃɓ ƫǈƢ ǽȆʓƬ ʐƢǃƦ x ʐƣƭǈƢǂ ǂƾ Ʒʓƹǐ ƾƢƿǠƢ ȂƦ ϗʒƾǅǿ ρǘƣǰǿ ǃϝǍʒƣǼǿ ƎǃǼǠ ǵȆǘ ƥǉƸǃƦ ǽȆʓƬ

ƾƢƿǠƢ ǖȆǙƼ ȂƦ ϗʒƾǅǿ ǽȆʓƬ ǽƾƢƾ ǂƢǃǯ Ȃɓ ǺʒƾƢƾ ǽƣǍǿ Ȑ ǋƽƦ ǂƾ ƣǻƢ ƓƾǂƢƾ ʑʒ˫ƣƦ ǂƢƿǰǻ ǃǼǠ ǵȆǘ ƎȁǄƣƦ

ȅ ƿǿƣǼǿ ρǯƣƦ ȂƭǉƦ ǃʓǉǻ ǂƾ ȂϚʒǂƣƦ ƎʑƧǙǯȅƾ ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ ǂȆǕƸ ƫǸǠ ȂƦ Ȃɓ ƾȆǌ ρǻ ƯǠƣƦ Ʒʓƹǐ

Ƣǂ Ʒʓƹǐ ȂǼʓǿ ʐƣȃ ƾƿǠ ȂƦ ϗʒƾǅǿ ǽȆʓƬ ǽƾƢƾ ǂƢǃǯ ƎʑƧǙǯǂƣȄȵ ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ ǾʓȀȶǼȃ .ƾȆǌ ǂƢƿʒƣȩƣǿ

ρǻ ƷʓƴǃƬ ƎƿǿƣǼƦ ǂȅƾ ǅʓǿ ǹǂƣȄȵ ȅ ǹȆǈ ȂƧƬǃǻ ǇǿƣǿȅǄǂ ǖȆǙƼ ǄƢ ǽȆʓƬ ȂɔȀʒƢ ʐƢǃƦ ǾʓȀȶǼȃ .ƿȀɓ ρǼǿ ȂʓǐȆƬ

ȁǄƣƦ ǂƾ x ʐƣƭǈƢǂ ʐƢǃƦ ǽȆʓƬ ǂƢƿǰǻ ƥʓƬǃƬ ǾʒƢ ȂƦ .Ǻʓȃƾ ǂƢǃǯ Ʒʓƹǐ ǟƦǂ ƾƢƿǠƢ ǄƢ ǃƬ ǂȅƾ ρǼɓ Ƣǂ ǽƖ Ǻʓȃƾ

Ƴʒƣƭǿ ǮƧǘ ȁǄƣƦ ǾʒƢ ǂƾ .ƿǌ ƤƣƽƭǿƢ [ȏȕȚȑȏ � ȏȕȚȑȒ] ȁǄƣƦ ǂƾ y ʐƣƭǈƢǂ ʐƢǃƦ ȅ [ȒȔȚȐȔ � ȒȔȚȐȗ]

ϗʒ ǄƢ ǋʓƦ ϗϚǈȆƬ ǃǼǠ ǵȆǘ ȅ ǟƦǃǻ ǃƭǻȅǃϚʓǻ ȕȘ ȂƦ ϗʒƾǅǿ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƫƸƣǉǻ ƎȁƿǻƖ ƫǈƾ ȂƦ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȕȕ

ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƫƸƣǉǻ ƥǉƸ ǃƦ ǽȆʓƬ ǾϚǈƢ (Ɩ)

ϗϚǈȆƬ ǃǼǠ ǵȆǘ ƥǉƸ ǃƦ ǽȆʓƬ ǾϚǈƢ (Ƥ)

.ȂȀʓȄƦ Ǟȅǃǌ ȂǙǰǿ Ǿƭǫƣʒ ʐƢǃƦ ǽȆʓƬ ǽƾǃɓ ǾϚǈƢ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ :ȏ . Ȕ ǶϚǌ

.ƫǈƢ ȁƿǌ ʑƦƣʒƾǂ ƫǠƣǈ

ǃƦ ȁȅˬǠ .ƫǈƢ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ ǺǼʒǅɓƣǻ ƎƾȆǌ Ȃƭǫǃɠ ǃǝǿ ǂƾ ƿʒƣƦ ʐǄƣǈ ȂȀʓȄƦ ʐƢǃƦ Ȃɓ ʐǃϝʒƾ ʐ Ȃƭɔǿ

ȂƭǉƦƢȅ ƣƭƦ ǟƦƣƬ ȂƦ Ȃɓ ȂϚʒǂƣƦ ǃʓǉǻ ǂƾ ρǙƼ ʐƣȃƣǙƼ ƣʒ ƎǇǿƣǿȅǄǂ ǖȆǙƼ ƫǻƣƽǔ ƿȀǿƣǻ ʐƾƣʒǄ ʐƣȃǃƭǻƢǂƣȩ

ǺǼʒǅɓƣǻ ʐƢǃƦ ʐǄƣǈ ȂȀʓȄƦ ǂƾ ǶʓǷƾ ǾʓǼȃ ȂƦ .ƾǂƢƾ ρɡƭǉƦ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ ǺǼʒǅɓƣǻ ȂƦ ǅʓǿ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ƎƿȀƭǉȃ

ƪǂȆǐ ǾʒƿƦ ƣƭƦ ǟƦƣƬ ʐȅǂ ǃƦ ȁƿǌ ǵƣǼǠƢ ǖȅǃǌ .ǺʓȀɓ ρǻ ǵƣǼǠƢ ρǘȅǃǌ y ȅ x ʐƣƭǈƢǂ ǂƾ ǟƦƣƬ ǾʒƢ ǂƢƿǰǻ

ǖȅǃǌ ϓǯƢȅ ǂƾ .ƿȀǌƣƦ ǃƭǻ ȑȘ ȅ Ȑȓ ǄƢ ǃƭǍʓƦ ƿʒƣƧǿ ƥʓƬǃƬ ȂƦ y ȅ x ʐƣƭǈƢǂ ǂƾ ǟƦƢȆƬ ǾʒƢ ǺǼʒǅɓƣǻ Ȃɓ ƫǈƢ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȕȖ

:ƾȆǌ ρǻ ƾǂƢȅ ʐǄƣǈ ȂʓƧǌ ǂƾ ǃʒǄ ǶϚǌ ȂƦ ρǔƣʒǂ ǽƣƦǄ ȂƦ ȁƿǌ ǵƣǼǠƢ

�x < Ȑȓ(m) �y < ȑȘ(m) (ȑ . Ȕ)

ƓϗϚǈȆƬ ǃǼǠ ǵȆǘ ȅ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ʐ ȂǿǄȅǂ ƥǉƸǃƦ ǽȆʓƬ ǾϚǈƢ ʐƢǃƦ ƎǊǂƣƧǿƢ ȂϚƧǌ ǂƾ ǃʓǥƭǻ ʐƣȃǃƭǻƢǂƣȩ

ʑƧǙǯǂƣȄȵ ȁƾƢȆǿƣƼ ϗʒ ȅ ƢǃϝǼȃ ʑƧǙǯǂƣȄȵ ȁƾƢȆǿƣƼ Ȃǈ ƎƣƭƦ ǟƦƣƬ ʐ ȂȀʓǍʓƦ ǃƦ ƫʒƾȅƿƹǻ ǵƣǼǠƢ ǾʓȀȶǼȃ ȅ

.ƫǈƢ ƢǃɠƢȅ

ǂƾ ρǡǼƴ ʐƣȃ ʐǂƢƿʒƣȩƣǿ ǋȃƣɓ ȅ ʐɇǃǿƢ ƪƢǃʓʓǥƬ ƥǉƸ ǃƦ ǽȆʓƬ ρɠƿȀɓƢǃȩ ǽƾǃɓ Ǻɓ ʐƢǃƦ Ǝǃϝʒƾ ʐȆǈ ǄƢ

ǋǌ ȅƾ ǄƢ ƎǞȆǔȆǻ ǾʒƢ ʐƢǃƦ .ƾȆǌ ƷʓƹǑƬ ǵȅƢ ȂƧƬǃǻ ρɡǿǂ ρȃƢǃʓƦƢ ƣƬ ƫǈƢ Ǆƣʓǿ ƎȂϚʒǂƣƦ ʐƣȄƭǿƢ ȅ ƢƿƭƦƢ

ƫǍȃ .ǺʓȀɓ ρǻ ȁƾƣǬƭǈƢ ƎƿǿǂƢƾ ǂƢǃǯ ˫ƣƦ ρɠƿȀɓƢǃȩ ƣƦ ρƸƢȆǿ ǂƾ (Ƥ)Ȑ . ȓ ǶϚǌ ǂƾ Ȃɓ SȒ ȅ Sȑ ʑƧǙǯ

ȅ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ȂǿǄȅǂ ƫʓǼɓ ȅƾ ǾƭƼƣǈ ȂȀʓȄƦ ʐƢǃƦ ǃʓǥƭǻ ʐƣȃǃƭǻƢǂƣȩ ǽƢȆȀǠ ȂƦ ǃϝʒƾ ʑƧǙǯ ǋǌ ʐ ȁƾƢȆǿƣƼ

.ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ

ǾʓʒƣȩŸƣƭƦ ǵƖ ȁƿʒƢ ȂǰǸƸ ʐƢǃƦ ʐǄƣǈ ȂȀʓȄƦ Ƴʒƣƭǿ Ȑ . Ȕ

.ƿǿȆǌ ρǻ Ȃƭǫǃɠ ǃǝǿ ǂƾ ʐǄƣǈ ȂȀʓȄƦ ǂƾ ǩƿȃ ǟƦƢȆƬ ǽƢȆȀǠ ȂƦ ϗϚǈȆƬ ǃǼǠ ǵȆǘ ȅ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƫʓǼɓ ȅƾ

ƣƬ ƾȆƦ Ǆƣʓǿ ȅ ƎȁƾȆƧǿ ǃʒǁȩ ǽƣϚǻƢ ρǷȆǼǡǻ ʐƣȃǃƬȆʓȪǻƣɓ ǂƾ ƪƣƧǈƣƹǻ ʐ˫ƣƦ ǺƵƸ ǶʓǷƾ ȂƦ ʐǄƣǈ ȂȀʓȄƦ ǹƣƵǿƢ

ƿȀʒƖǃǫ ǹƣƵǿƢ ǃƦ ȁȅˬǠ GSI ρƬƣǰʓǰƹƬ ǅɓǃǻ ǂƾ ǂȆǕƸ .ƿǿȆǌ ǹƣƵǿƢ ƣȃ ȂǿƣʒƢǂǃƦƢ ȅ ƣȃǃƭǈˬɓ ǂƾ ƪƣƧǈƣƹǻ

ƾǃʓɠ ǹƣƵǿƢ ǅɓǃǻ ǾʒƢ ʐƣȃ ȂǿƣʒƢǂǃƦƢ ǂƾ ƪƣƧǈƣƹǻ ȅ ʐǄƣǈ ȂȀʓȄƦ ƣƬ ƾǂȅƖ ƾȆƴȅ ȂƦ Ƣǂ ǽƣϚǻƢ ǾʒƢ Ǝʐǃʓɠ ȁǄƢƿǿƢ

ƪƣƧǈƣƹǻ ǾʒƢ ǹƣƵǿƢ ʐƢǃƦ Ȃƭǉȃ ȐȘȘ .ƿǌƣƦ ρǻ ȁƿȃƣǍǻ ǶƦƣǯ ȏ . Ȕ ǵȅƿƴ ǂƾ GSI ʐ ȂǿƣʒƢǂǃƦƢ ƪƣǑƽǍǻ Ȃɓ

Ǝƣȃ ƫǷƣƸ ƾƢƿǡƬ ǄƢ ǂȆǝȀǻ) ƿǌ ǹƣƵǿƢ ƫǷƣƸ ȑȓȘȘȘ ƾȅƿƸ ρǈǂǃƦ ƣƦ ʐǄƣǈ ȂȀʓȄƦ ȅ ƿǌ ȁƾƢƾ ǎƣǑƭƼƢ

ȂƦ Ǆȅǂ ȏȘ ƾȅƿƸ ȂƧǈƣƹǻ ƾƢƿǡƬ ǾʒƢ ǹƣƵǿƢ Ȃɓ (ƫǈƢ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ʐ ȂǿǄȅǂ ʐǃʓɠƾǂ

ȐȒ ƾȅƿƸ ρǷȆǼǡǻ ʐƣȃǃƬȆʓȪǻƣɓ ǂƾ ƪƣƧǈƣƹǻ ǾʒƢ ǄƢ ϗʒ ǃȃ ǹƣƵǿƢ Ȃɓ ƾǃɓ ǽƢȆȀǠ ǽƢȆƬ ρǻ .ƿʓǻƣƵǿƢ ǵȆǘ

ρǿƣǻǄ ƿȀǻǄƣʓǿ ρǷȆǼǡǻ ʐƣȃǃƬȆʓȪǻƣɓ ǂƾ ƫǷƣƸ ȑȓȘȘȘ ρǈǂǃƦ ʐƢǃƦ ƥʓƬǃƬ ǾʒƿƦ Ȃɓ ƎƾǂƢƾ Ǆƣʓǿ ǽƣǻǄ ƫǠƣǈ

Ȃƭǈƾ ǺƭʒǂȆϝǷƢ ǗǈȆƬ Ƴʒƣƭǿ ʐƿȀƦ Ȃƭǈƾ ȂƦ ǖȆƦǃǻ ƎȆƬǂƣȩ  ȂƹǬǐ ǽƢȆƬ ρǻ Ȑ . Ȕ ǶϚǌ ǂƾ .ǺʒƾȆƦ ǵƣǈ ȗȓ ǃƦ ϔǷƣƦ

ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƫƸƣǉǻ ǾʒǃƭǍʓƦ ƫǬɠ ǽƢȆƬ ρǻ Ȑ . Ȕ ǶϚǌ ȂƦ ȂƴȆƬ ƣƦ .ƾǃɓ ȁƿȃƣǍǻ Ƣǂ NSGAȐ ʐƿȀƦ

ʐƢǃƦ ƪƢǂǀ ʑƦƣʒƾǂ ȂƦ ȂȀʓȄƦ ƫǷƣƸ ǽƢȆȀǠ ȂƦ ƫǷƣƸ ǾʒƢ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ .ƫǈƢ ȏȗȐȗȑ ƫǷƣƸ ȂƦ ǖȆƦǃǻ

ȅ (�p
p

= �ȘȚȘȑ) ǗƼ ǄƢ ŸƲǂƣƼ ȅ(�p
p

= Ș) ǗƼŸǃƦ ƪƢǂǀ ʐƢǃƦ ǂƢƿʒƣȩ ρϚʓǻƣȀʒƾ ʐ ȂǿǄȅǂ ʐ ȂƧǈƣƹǻ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȕȗ

GSI. ǃƬȆʓȪǻƣɓǃƦƢ ƪƣǑƽǍǻ :ȏ . Ȕ ǵȅƿƴ

.ǺʒǄƢƾǃȩ ρǻ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ǾʓȀȶǼȃ

ǹƣǼƬ .ƾȆǼǿ ȁƿȃƣǍǻ ȑ . Ȕ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ǶƧǯ ȂƦ ƫƧǉǿ ƣȃ ʑƧǙǯ ǋǌ ƪǂƿǯ ƪƢǃʓʓǥƬ

[Ȓȗ] SDDS-TOOLKIT ǗǈȆƬ ƣȃ ǂƢƾȆǼǿ ȅ ƫǈƢ ȁƿǌ ǹƣƵǿƢ elegant ƁʐǄƣǈ ȂʓƧǌ ƿɓ ǗǈȆƬ ƣȃ ʑƦƣʒƾǂ

.ƾǃɓ ȁƿȃƣǍǻ Ȓ . Ȕ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ʐ ȂǿǄȅǂ ʐǃʓɠƾǂ Ƴʒƣƭǿ .ƫǈƢ ȁƿǌ Ǻǈǂ ƥǸƭǻ ƣʒ

ǶϚǌ ȅƾ ǃȃ ǂƾ .ƾǃɓ ȁƿȃƣǍǻ ȓ . Ȕ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ʐƢǃƦ ʑƦƣʒƾǂ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ ǾʓȀȶǼȃ

ȂȀʓȄƦ ǄƢ ƿǡƦ ʑƦƣʒƾǂ ȂƦ ƫƦƣư ǖȆǙƼ ȅ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ǋʓȩ ʑƦƣʒƾǂ ȂƦ ǖȆƦǃǻ Ǿʓȵ ǗƼ ǖȆǙƼ Ǝȓ . Ȕ ȅ Ȓ . Ȕ

ǂƢƿǰǻ ǂƾ ƾȆƧȄƦ ʐ ȁƿȀȃƾ ǽƣǍǿ ȂϚʒǂƣƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ȅ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ʐƢǃƦ Ƴʒƣƭǿ .ƾǂƢƾ ǎƣǑƭƼƢ ʐǄƣǈ

ȂǝǬƹǻ ȁǄƢƿǿƢ ȂƦ ȂƴȆƬ ƣƦ ƎǺȄǻ ǶƠƣǉǻ ǄƢ ρϚʒ ǵƣƸ ǾʒƢ ƣƦ .ƿǌƣƦ ρǻ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ǶƧǯ ȂƦ ƫƧǉǿ ƣȃ ƫʓǼɓ ǾʒƢ

ʐ ȂǿǄȅǂ ǵȆǘ Ȃɓ ƫǈƢ ǞȆǔȆǻ ǾʒƢ ƎƫǈƢ ȁƿǌ Ȃƭǫǃɠ ǃǝǿ ǂƾ ǃƭǻ ρǸʓǻ ȏȘ ƣƦ ǃƦƢǃƦ Ȃɓ ƣȃ ʐǄƣǈ ȂʓƧǌ ǂƾ ƕˬƼ

ƺǂ ȂȀʓȄƦ ƫǷƣƸ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ ǂƾ ǺȄǻ ǾʒƢ ƣǻƢ ƎƿǈǃƦ ǃƭǻ ρǸʓǻ ȏȘ ǂƢƿǰǻ ȂƦ x ʐƣƭǈƢǂ ǂƾ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ

.ƾǃɓ ǺʓȃƢȆƼ ƶˬǐƢ ȅ ρǈǂǃƦ ȂǻƢƾƢ ǂƾ Ƣǂ ȂȀʓȄƦ ȂϚƧǌ ʐƣȃǃƭǻƢǂƣȩ ρƼǃƦ ƫȄƴ ǾʓǼȃ ȂƦ .ƫǈƢ ȁƾƢƿǿ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȖȘ

Ǿʓʒƣȩ ƣƭƦ ǟƦƣƬ ƣƦ ȂǰǸƸ ʐǄƣǈ ȂȀʓȄƦ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ :Ȑ . Ȕ ǶϚǌ
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ʐǄƣǈ ȂȀʓȄƦ ǄƢ ƿǡƦ ȅ ǶƧǯ ƣȃ ʑƧǙǯ ǋǌ ƪǂƿǯ :ȑ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ Ȗȏ

ʑƦƣʒƾǂ ǂȅƾ ȏȘȐȒ ǄƢ ƿǡƦ ȂϚʒǂƣƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ :Ȓ . Ȕ ǶϚǌ

ʑƦƣʒƾǂ ǂȅƾ ȏȘȐȒ ǄƢ ƿǡƦ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ :ȓ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȖȐ

ρǉǿƣɓǃǫ ƫǌƣɡǿ ȏ . Ȑ . Ȕ

ǄƢ ǾʓʒƣȩŸƣƭƦ ʐ ȂϚƧǌ ǗʒƢǃǌ ƶˬǐƢ ʐƢǃƦ Ǝƿǌ ƫƧƹǐ ρǉǿƣɓǃǫ ƫǌƣɡǿ ƾǂȆǻ ǂƾ Ȑ ǋƽƦ ǂƾ Ȃɓ ȂǿȆɠ ǽƣǼȃ

ƣʒ ǇǿƣǿȅǄǂ ǖȆǙƼ ǄƢ ϗʒ ǹƢƿɓ Ȃɓ ƾǃɓ ǏƽǍǻ ǽƢȆƬ ρǻ ƥʓƬǃƬ ǾʒƿƦ .ǺʓȀɓ ρǻ ȁƾƣǬƭǈƢ ρǉǿƣɓǃǫ ƫǌƣɡǿ

.ƾȆǌ ρǻ ȁǂǀ ʐǂƢƿʒƣȩƣǿ ƯǠƣƦ ȅ ȁƿǌ ƤȆǉƹǻ ɑƣǿǃǙƼ ƎȁƾȆƦ ǂƢƾǂȆƼǃƦ ʐǃƭǍʓƦ ƫʓǼȃƢ ǄƢ ǽȆʓƬ ʑʒƣƴ ȂƦƣƴ

.ƫǈƢ ρǉǿƣɓǃǫ ƫǌƣɡǿ ǗǈȆƬ ȂȀʓȄƦ ʐ ȂϚƧǌ ƪƢǂǀ ʑƦƣʒƾǂ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ Ȕ . Ȕ ǶϚǌ

ƓƫǈƢ ρǿȅǃƬƣƭƦ ǽȆʓƬ ƪƢǃʓʓǥƬ ƥǉƸǃƦ Ȕ . Ȕ ȂϚʒǂƣƦ ƪƢǂǀ ʐǂƢƿʒƣȩ ǃϝǍʒƣǼǿ ƎǏƼƣǌ ǽȆƭǈ ǂƢƾȆǼǿ ȅƾ ǃȃ ǂƾ

(Ɩ)

(Ƥ)

.ȁǂȆǝȀǻƿȀȵ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ ǗǈȆƬ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ƿǡƦ ρǉǿƣɓǃǫ ƫǌƣɡǿ :Ȕ . Ȕ ǶϚǌ

ǃƦƢǃƦ Ȕ . Ȕ ǶϚǌ ʐǂƢƿʒƣȩ ǏƼƣǌ ʐ ȂǙƦƢǂ ƫǰʓǰƸ ǂƾ ƎƿǿȆǌ ρǻ ȂƧǈƣƹǻ ʑƦƣʒƾǂ ʐƣȃǂȅƾ ƥǉƸǃƦ ƪƢǃʓʓǥƬ ǾʒƢ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ Ȗȑ

:ƣƦ ƫǈƢ

D = logȏȘ

q
(QȐ

x �Qȏ
x)Ȑ + (QȐ

y �Qȏ
y )Ȑ (Ȓ . Ȕ)

ƾƢƿǡƬ ƎȂƭǫǃɠ ƪǂȆǐ ʑƦƣʒƾǂ ǂƾ .ƫǈƢ ʑƦƣʒƾǂ ʐƣȃǂȅƾ ƾƢƿǡƬ ǂƾ ǽȆʓƬ ȂƦ ǖȆƦǃǻ Ȓ . Ȕ ȂǙƦƢǂ ǂƾ Ȑ ȅ ȏ ʐ ȂʒƣǼǿ

Ȑ ȅ ʑʒƢƿƭƦƢ ǋƼǃȵ ȏȘȐȒ
Ȑ ǂƾ ǽȆʓƬ ȁƿȀȃƾ ǽƣǍǿ ȏ ƥʓƬǃƬ ǾʒƿƦ ƎƾȆƦ ǂȅƾ ȏȘȐȒ ƪƢǂǀ ʑƦƣʒƾǂ ʐƣȃ ǋƼǃȵ

.ƫǈƢ ʑʒƣȄǿ ǋƼǃȵ ȏȘȐȒ
Ȑ ǂƾ ǽȆʓƬ ȁƿȀȃƾ ǽƣǍǿ

ǂƢƾȆǼǿ ȅƾ Ȃǉʒƣǰǻ ƣƦ .ƿǌƣƦ ρǻ x = ȘȚȘȏ(m) ƪǂȅƣƵǻ ǂƾ ɑƣȀƦȆǌƖ ƫɓǃƸ ʐ ȁƿȀȃƾ ǋʒƣǼǿ Ȕ . Ȕ ǶϚǌ

ǖȆǙƼ ƾǂȆǻ ǂƾ ƎƿǿƢ ȁƿǌ ɑƣȀƦȆǌƖ ƫɓǃƸ ƥƴȆǻ Ȓth ȅ ȑth ȂƧƬǃǻ ʐƣȃ ǇǿƣǿȅǄǂ Ȃɓ ǺʓƦƣʒ ρǻǂƾ ǃϝʒƿϚʒ ƣƦ

Ȃɓ ǹǂƣȄȵ ȅ ǹȆǈ ʐ ȂƧƬǃǻ ʐƣȃ ǇǿƣǿȅǄǂ .ƿǌ ƫƧƹǐ Ȓ . ȓ . ȑ ȅ Ȑ . ȓ . ȑ ǋƽƦ ǂƾ ƣȄǿƖ ʐƣȃ ρɠɈʒȅ ȅ ǇǿƣǿȅǄǂ

:ƣƦ ǃƦƢǃƦ ƎƿǿƢ ȁƿǌ Ȕ . Ȕ ǂƢƾȆǼǿ ǂƾ ȁƿǌ ȁƿȃƣǍǻ ɑƣȀƦȆǌƖ ƫɓǃƸ ƥƴȆǻ

Qx + ȐQy =Qx � ȐQy =ȐQx =ȒQx (ȓ . Ȕ)

ƪƢǃʓʓǥƬ ƎǺʓȃƾ ρǻ ǋʒƢǅǫƢ Ƣǂ ρǉǿƣǿȅǄǂ ǖȆǙƼ ǾʒƢ ρǿǄȅ ƥʒƢǃǔ OPA ƿɓ ǄƢ ȁƾƣǬƭǈƢ ƣƦ ƥʓƬǃƬ ǾʒƢ ȂƦ.ƿȀƭǉȃ

.ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ȕ . Ȕ ǶϚǌ ǂƾ OPA ǗǈȆƬ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ƿǡƦ ȅ ǶƧǯ ǇǿƣǿȅǄǂ ǖȆǙƼ ǂƢƿǰǻ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȖȒ

(Ɩ)

(Ƥ)

OPA. ǗǈȆƬ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ƿǡƦ ȅ ǶƧǯ ǇǿƣǿȅǄǂ ǖȆǙƼ ƪƢǃʓʓǥƬ :ȕ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ Ȗȓ

ǂƾ ρǉǿƣɓǃǫ ƫǌƣɡǿ ʑƦƣʒƾǂ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ ƎǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ƾȆƧȄƦ ʐƢǃƦ ƪƢǃʓʓǥƬ ǾʒƢ ǵƣǼǠƢ ǄƢ ƿǡƦ

ȂǙǰǿ ȂƦ ϗʒƾǅǿ ɑƣȀƦȆǌƖ ƫɓǃƸ Ȃɓ ƾǃɓ ȁƿȃƣǍǻ ǽƢȆƬ ρǻ Ȗ . Ȕ ǶϚǌ ǄƢ .ƫǈƢ ȁƿȃƣǍǻ ǶƦƣǯ Ȗ . Ȕ ǶϚǌ

(Ɩ)

(Ƥ)

OPA. ǂƾ ʐǄƣǈ ȂȀʓȄƦ ȅ ƪƣƹʓƹǑƬ ǄƢ ƿǡƦ ρǉǿƣɓǃǫ ƫǌƣɡǿ :Ȗ . Ȕ ǶϚǌ

ǾʒƢ ǂƾ ƫɓǃƸ ȅ Ȃƭǫǂ ǾʓƦ ǄƢ ƎǹǂƣȄȵ ȅ ǹȆǈ ʐ ȂƧƬǃǻ ǇǿƣǿǄȅǂ ǖȆǙƼ ρǿǄȅ ƥʒƢǃǔ ǃʓʓǥƬ ƣƦ x = ȘȚȘȏ(m)

Ƴʒƣƭǿ ƎƾȆǌ ρǻ ǗƼŸǃƦ ƪƢǂǀ ʐƢǃƦ ρϚʓǻƣȀʒƾ ʐ ȂǿǄȅǂ ƫƸƣǉǻ ƾȆƧȄƦ ƥƧǈ ǃʓʓǥƬ ǾʒƢ .ƫǈƢ ȁƿǌ ǂƢƿʒƣȩ ρƸƢȆǿ

.Ǻʓȃƾ ρǻ ǂƢǃǯ ρǈǂǃƦ ƾǂȆǻ ƿǡƦ ǋƽƦ ǂƾ Ƣǂ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ȂƦ ǖȆƦǃǻ ʑƦƣʒƾǂ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȖȔ

OPA ƿɓ ǗǈȆƬ ƪƣƹʓƹǑƬ ǹƣƵǿƢ ǄƢ ƿǡƦ ʐǄƣǈ ȂȀʓȄƦ Ƴʒƣƭǿ ρǈǂǃƦ ȑ . Ȕ

ȂǿǄȅǂ ʐ ȂƧǈƣƹǻ ʐƢǃƦ ƪƢǂǀ ƾƿƵǻ ʑƦƣʒƾǂ ȂƦ ƎȂϚƧǌ ʐȅǂ ǃƦ ǶƧǯ ǋƽƦ ǂƾ ȁƿǌ ǽƣʓƦ ƪƣƹʓƹǑƬ ǹƣƵǿƢ ǄƢ ƿǡƦ

.ǺʒǄƢƾǃȩ ρǻ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ

ƿȀȃƾ ρǻ ǽƣǍǿ ʑƦƣʒƾǂ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ .ƿǿƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ȏȘ . Ȕ ȅ ȗ . Ȕ ǶϚǌ ǂƾ ʑƦƣʒƾǂ Ƴʒƣƭǿ

-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015

x(m)
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)

10 -3

DA for dp/p=0 before optimization
DA for dp/p=0 after OPA optimization
DA for dp/p=+3 before optimization
DA for dp/p=+3 after OPA optimization
DA for dp/p=-3 before optimization
DA for dp/p=-3 after OPA optimization

.ƪƣƹʓƹǑƬ ǹƣƵǿƢ ǄƢ ƿǡƦ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ȂʓƸƣǿ :ȗ . Ȕ ǶϚǌ

ǂƢƿǰǻ ǾʒƢ ρǷȅ Ȃƭǫƣʒ ǋʒƢǅǫƢ x ʐƣƭǈƢǂ ǂƾ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ȂʓƸƣǿ �p
p

= Ș ρȀǡʒ ǗƼŸǃƦ ƪƢǂǀ ʐƢǃƦ Ȃɓ

ρǸɓ ƪǂȆǐ ȂƦ ƎρϚʓǻƣȀʒƾ ȂǿǄȅǂ ǂƾ ƣƭǈƢǂ ǾʒƢ ǽƾȆƦ ƫʓǼȃƢ Ǻɓ ǶʓǷƾ ȂƦ ƣǻƢ ƎƫǈƢ Ȃƭǫƣʒ ǋȃƣɓ y ʐƣƭǈƢǂ ǂƾ

ǄƢ ƲǂƣƼ ƪƢǂǀ ʐƢǃƦ .ƫǈƢ Ȃƭǫƣʒ ƾȆƧȄƦ ǗƼŸǃƦ ƪƢǂǀ ʐƢǃƦ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ʐ ȂǿǄȅǂ Ǝƾǃɓ ǽƣʓƦ ǽƢȆƬ ρǻ

ƪƢǂǀ ʐƢǃƦ ȅ ƫǈƢ Ȃƭǫƣʒ ǋʒƢǅǫƢ y ȅ x ʐƣƭǈƢǂ ȅƾ ǃȃ ǂƾ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ �p
p

= ȘȚȘȑ ρȀǡʒ Ǝϓƴǃǻ ǗƼ

.ƫǈƢ ȁƾǃɔǿ ʐǃʓʓǥƬ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ȂʓƸƣǿ �p
p

= �ȘȚȘȑ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ Ȗȕ

.ƪƣƹʓƹǑƬ ǹƣƵǿƢ ǄƢ ƿǡƦ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ :ȏȘ . Ȕ ǶϚǌ

ȂƭǌƢƿǿ ʐǃʓϝǼǍȵ ƪȅƣǬƬ ƪƣƹʓƹǑƬ ǄƢ ǶƧǯ ƣƦ Ƴʒƣƭǿ Ȃɓ ƾǃɓ ǽƢȆȀǠ ƿʒƣƦ ǅʓǿ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ƾǂȆǻ ǂƾ

.ƿǿƢ

ǋƦƣƬ ȅ ʑʒȆʒƾƢǂ ƿǻƣǉƦ ɑƢȅƣɓ ƪƢǃưƢ ƎǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ ǽƾǃɓ ƾǂƢȅ ǄƢ ƿǡƦ Ȃɓ ƫǈƢ ǾʒƢ ǺȄǻ Ȃƭɔǿ

Ƴʒƣƭǿ OPA ƿɓ ǗǈȆƬ ƷʓƹǑƬ ǄƢ ǶƧǯ ȁǂȆǝȀǻƿȀȵ ρϚʓƭǿɇ ǺƭʒǂȆϝǷƢ ƣƦ ȁƿǌ ȂȀʓȄƦ ȂϚƧǌ ƎρǿȅǃƬȅǃɔȀǈ ʐƣȃ

ǃǝǿ ǂƾ ǾʓʒƣȩŸƣƭƦ ʑʒƣȄǿ ȂϚƧǌ ǽƢȆȀǠ ȂƦ ȂϚƧǌ ǾʒƢ ƫʒƣȄǿ ǂƾ ǶʓǷƾ ǾʓǼȃ ȂƦ ȅ ƿȀȃƾ ρǻ ǽƣǍǿ ʐǃƭȄƦ ʑƦƣʒƾǂ

.ƾȆǌ ρǻ Ȃƭǫǃɠ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȖȖ

ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ Ǿƭǫǃɠǃǝǿ ǂƾ ƣƦ ǾʓʒƣȩŸƣƭƦ ȂϚƧǌ ʐƢǃƦ ʐǄƣǈ ȂȀʓȄƦ Ƴʒƣƭǿ Ȓ . Ȕ

ƣȃ ǇʓǘƣȀǥǻ

Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ Ƣǂ Ƴʒƣƭǿ ǾʒƢ ǋƽƦ ǾʒƢ ǂƾ .ƾȆƦ ǵƖ ȁƿʒƢ ȂϚƧǌ ϗʒ ʐƢǃƦ ʐǄƣǈ ȂȀʓȄƦ Ƴʒƣƭǿ Ǝƿǌ ǽƣʓƦ ȂȶǿƖ

ȁƿȃƣǍǻ ǶƦƣǯ Ȑ . Ȕ ǵȅƿƴ ǂƾ ƣȃƣǙƼ ǞȆǿ ȅ ǂƢƿǰǻ .ǺʓȀɓ ρǻ ρǈǂǃƦ ƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ǪǸƭƽǻ ʐƣȃƣǙƼ

ƿǡƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ǋȃƣɓ ǃƦ ǃưȆǻ ʐƣȃǃƭǻƢǂƣȩ ǄƢ ρϚʒ ƎǃϝƦƣƭǌ ǂƾ ƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ .ƫǈƢ

ƣǙƼ ƿƸƢȅ ƣǙƼ ǂƢƿǰǻ ƣǙƼ ǞȆǿ ǇʓǘƣȀǥǻ ǞȆǿ

m ȒȘe � Ȕ xʐƣƭǈƢǂ ǂƾ ʑʒƣƴ ȂƦƣƴ

m ȒȘe � Ȕ y ʐƣƭǈƢǂ ǂƾ ʑʒƣƴ ȂƦƣƴ ʑƧǙǯȅƾ

Ÿ ȏe � Ȓ ȐFSE

RAD ȏe � Ȓ ȑET ILT

m ȒȘe � Ȕ xʐƣƭǈƢǂ ǂƾ ʑʒƣƴ ȂƦƣƴ

m ȒȘe � Ȕ y ʐƣƭǈƢǂ ǂƾ ʑʒƣƴ ȂƦƣƴ ʑƧǙǯǂƣȄȵ

Ÿ ȒȘe � Ȕ FSE

RAD ȏe � Ȓ ET ILT

m ȒȘe � Ȕ xʐƣƭǈƢǂ ǂƾ ʑʒƣƴ ȂƦƣƴ

m ȒȘe � Ȕ y ʐƣƭǈƢǂ ǂƾ ʑʒƣƴ ȂƦƣƴ ʑƧǙǯ ǋǌ

Ÿ ȏe � ȑ FSE

RAD ȏe � Ȓ ET ILT

ǊǂƣƧǿƢ ȂǰǸƸ ʐƣȃ ǇʓǘƣȀǥǻ ǂƾ ȁƿǌ Ȃƭǫǃɠ ǃǝǿ ǂƾ ʐƣȃƣǙƼ ǂƢƿǰǻ ȅ ǞȆǿ :Ȑ . Ȕ ǵȅƿƴ

ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȅ ρϚʓǻƣȀʒƾ ǂƢƿʒƣȩ ȂǿǄȅǂ ǃƦ Ƣǂ ǶǻƣǠ ǾʒƢ ƪƢǃʓưƣƬ ǶʓǷƾ ǾʓǼȃ ȂƦ .ƿȀǌƣƦ ρǻ ƣȃ ʑƧǙǯ ǋǌ ǄƢ

ǶʓǷƾ ȂƦ Ƣǂ [ȓȘ] ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ ƪƢǃʓʓǥƬ ƿʒƣƦ ǞȆǔȆǻ ǾʒƢ ȂƦ ǾƭƼƢƾǃȩ ǄƢ ǶƧǯ ƎǵƣƸ ǾʒƢ ƣƦ .ǺʓȀɓ ρǻ ρǈǂǃƦ

ǂƾ ƣǙƼ ƾȆƴȅ ǶʓǷƾ ȂƦ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ ǃʓʓǥƬ .ǺʓǿƣǈǃƦ ǶǯƢƿƸ ȂƦ Ƣǂ ǽƖ ȅ ȁƾǃɓ ȂƧǈƣƹǻ ƣȃ ǇʓǘƣȀǥǻ ʐƣǙƼ ǃưƢ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ Ȗȗ

.ƾȆǌ ρǻ ρǫǃǡǻ Ȕ . Ȕ ȂǙƦƢǂ ǮƧǘ ǃưƢ ǾʒƢ .ƾȆǌ ρǻ ȁƿʓǻƣǿ ȒƣƭƦ ǋǿǄ ǃϝƦƣƭǌ ʐƣȃ ǇʓǘƣȀǥǻ

�beating =
� � �Ș
�Ș

(Ȕ . Ȕ)

ǂƾ ƣƭƦ ǟƦƣƬ �Ș ȅ ƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ʐƣȃƣǙƼ ƾȆƴȅ ƣƦ ȂϚƧǌ ǂƾ ƣƭƦ ǟƦƣƬ ǂƢƿǰǻ ƣƦ ǃƦƢǃƦ � ȂǙƦƢǂ ǾʒƢ ǂƾ

ρǈǂǃƦ ǃɠ ƷʓƹǑƬ ǂȆǕƸ ǽȅƿƦ ȅ ǃɠ ƷʓƹǑƬ ǂȆǕƸ ǂƾ ƣȃ ʑƧǙǯ ǋǌ ǂƾ Ƣǂ ƣƭƦ ǋǿǄ .ƫǈƢ ǵƖ ȁƿʒƢ ȂϚƧǌ

ȂƦ ǵƖ ȁƿʒƢ ƫǷƣƸ ȂƦ ȂƴȆƬ ƣƦ Ƣǂ ƣƭƦ ƪƣǿƣǈȆǿ ȅ ȁƾƢƾ ǂƢǃǯ ƣȃ ʑƧǙǯ ǋǌ ǾʓƦ ǂƾ Ƣǂ ƣȃ ǃɠ ƷʓƹǑƬ .Ǻʒƾǃɓ

ƿȀɓ ρǻ ȂƧǈƣƹǻ ȏȘș ǄƢ ǃƭǼɓ Ƣǂ ʐƾȆǼǠ ȅ ρǰǫƢ ʐƣƭǈƢǂ ǂƾ ƣƭƦ ǋǿǄ ƎƫǷƣƸ ǾʒƢ ǂƾ Ƴʒƣƭǿ .ǺʒƾǂȅƖ ƫǈƾ

ǋʒƣǻǄƖ ȅ ȂƦǃƵƬ ǆƣǈƢ ǃƦ ρǿȅǃƬȅǃɔȀǈ ʐƣȃ Ǿʓǌƣǻ ǂƾ .ƫǉʓǿ ǵȆƧǯ ǶƦƣǯ ρǿȅǃƬȅǃɔȀǈ ʐƣȃ ȂϚƧǌ ʐƢǃƦ Ȃɓ

ʐƢǃƦ ǶʓǷƾ ǾʓǼȃ ȂƦ ƎƿǌƣƦ ȏ � Ȑș ǄƢ ǃƭǼɓ ƿʒƣƦ ǇʓǘƣȀǥǻ ʐƣȃƣǙƼ ǂȆǕƸ ǂƾ ƣƭƦ ǋǿǄ ƎȂƭǫǃɠ ƪǂȆǐ ʐƣȃ

ȂƭǉƦ ǃʓǉǻ ƪ˫ˬƭƼƢ ƿʒƣƦ ƣƭƦ ǋǿǄ ƷʓƹǑƬ ǄƢ ǶƧǯ .ǺʓȀɓ ρǻ ȁƾƣǬƭǈƢ [ȓȏ] LOCO ƿɓ ǄƢ ƣƭƦ ǋǿǄ ƷʓƹǑƬ

ƷʓƹǑƬ ǾʒƢ .ǺʓǿƣǈǃƦ ǶǯƢƿƸ ȂƦ ƣȃǃϝǍʒƣǼǿ ȅ ƣȃ ǃɠ ƷʓƹǑƬ ǄƢ ȁƾƣǬƭǈƢ ƣƦ Ƣǂ ƣȃ ǇʓǘƣȀǥǻ ʐƣǙƼ ǂȆǕƸ ǂƾ

ǾʒƢ ʐ ȂƵʓƭǿ ǂƾ .Ǻʒƾǃɓ ƷʓƹǑƬ Ƣǂ Ƴʒƣƭǿ ȅ ȁƾǃɓ ρǈǂǃƦ Ǝƣȃ ǇʓǘƣȀǥǻ ʐƣǙƼ ρɠƿȀɓƢǃȩ ȂǙǰǿ ȏȘȘ ʐƢǃƦ Ƣǂ

Ƴʒƣƭǿ .ƿʓǈǂ ʐƾȆǼǠ ȅ ρǰǫƢ ʐƣƭǈƢǂ ǂƾ ǃƭǻȅǃϚʓǻ ȕȘ ȅ ȔȘ ȂƦ ǃƭǻ ρǸʓǻ Ȕ ǄƢ ȂƭǉƦ ǃʓǉǻ ǵˬƭƼƢ ƪƣƹʓƹǑƬ

.ƾǃɓ ȁƿȃƣǍǻ ȏȏ . Ȕ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ƣȃǂȆƭʓǿƣǻ ȅ ǃɠ ƷʓƹǑƬ Ǿƭǫǃɠ ǂƢǃǯ Ƕƹǻ ȅ

ǃɠ ƷʓƹǑƬ ȏȔ ȅ ǃϝǍʒƣǼǿ ȏȔ ǄƢ ƷʓƹǑƬ ǾʒƢ ʐƢǃƦ ƫǈƢ ǏƽǍǻ (Ɩ)ȏȏ . Ȕ ǶϚǌ ǄƢ Ȃɓ ǂȆǘ ǽƣǼȃ

ρȀǡʒ ρǙƼ ʐƣȃǃƭǻƢǂƣȩ ƎȂϚʒǂƣƦ ʐ ȂƭǉƦ ǃʓǉǻ ƷʓƹǑƬ ǄƢ ƿǡƦ .ƫǈƢ ȁƿǌ ȁƾƣǬƭǈƢ ʐƾȆǼǠ ȅ ρǰǫƢ ʐƣƭǈƢǂ ǂƾ

ʐƣƭǈƢǂ ǂƾ ƣƭƦ ǋǿǄ ƥʓƬǃƬ ǾʒƿƦ .ǺʓȀɓ ρǻ ƷʓƹǑƬ ƣȃ ǇʓǘƣȀǥǻ ʐƣȃƣǙƼ ǂȆǕƸ ǂƾ Ƣǂ ƣƭƦ ǟƦƣƬ ȅ ρɠƿȀɓƢǃȩ

ȏȐ . Ȕ ǶϚǌ ǂƾ ƷʓƹǑƬ ǄƢ ƿǡƦ ȅ ǶƧǯ ƣƭƦ ǋǿǄ .ƿǈǂ ρǻ ȏȚȓș ȅ ȏș ǄƢ ǃƭǼɓ ȂƦ ƥʓƬǃƬ ȂƦ ʐƾȆǼǠ ȅ ρǰǫƢ

ȁƾƢƾ ǋʒƣǼǿ ȏȑ . Ȕ ǶϚǌ ǂƾ ƷʓƹǑƬ ǄƢ ƿǡƦ ȅ ǶƧǯ ρɠƿȀɓƢǃȩ ǟƦƣƬ ƪƢǃʓʓǥƬ ƎǾʓȀȶǼȃ .ƿǌƣƦ ρǻ ȁƿȃƣǍǻ ǶƦƣǯ

ȁƾƣǬƭǈƢ ǃʓǥƭǻ ʐƣȃǃƭǻƢǂƣȩ ǽƢȆȀǠ ȂƦ ƣȃ ʑƧǙǯǂƣȄȵ ʐƣȃ ƪǂƿǯ ǄƢ ƪƣƹʓƹǑƬ ǾʒƢ ǹƣƵǿƢ ʐƢǃƦ .ƫǈƢ ȁƿǌ

ρǻ Ƣǂ ǽȆʓƬ ƪƢǃʓʓǥƬ ǾʓȀȶǼȃ .ƫǈƢ ȁƿǌ ȁƾƢƾ ǽƣǍǿ ȑ . Ȕ ǵȅƿƴ ǂƾ ƣȃ ʑƧǙǯǂƣȄȵ ƪǂƿǯ ƪƢǃʓʓǥƬ Ȃɓ Ǻʒƾǃɓ

Ǻʒƾǃɓ ʑƦƣʒƾǂ ȓAT ƿɓ ǂƾ Ƣǂ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ ƎƣƭƦ ǋǿǄ ƷʓƹǑƬ ǄƢ ƿǡƦ .ƾȆǼǿ ȁƿȃƣǍǻ Ȓ . Ȕ ǵȅƿƴ ǂƾ ǽƢȆƬ

ȂǿǄȅǂ ƎƣȃƣǙƼ ǂȆǕƸ ǶʓǷƾ ȂƦ Ȃɓ ƾǃɓ ȁƿȃƣǍǻ ǽƢȆƬ ρǻ .ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ȏȒ . Ȕ ǶϚǌ ǂƾ ǽƖ Ƴʒƣƭǿ Ȃɓ

ʐƢǃƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ .ƿȀɓ ρǻ Ƣƿʓȩ ƾȆƧȄƦ ǃƭǻƢǂƣȩ ǾʒƢ ƎƣƭƦ ǋǿǄ ƷʓƹǑƬ ǄƢ ƿǡƦ Ȃɓ ƿƦƣʒ ρǻ ǋȃƣɓ ρϚʓǻƣȀʒƾ

ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ ǾʓȀȶǼȃ .ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ (Ƥ)ȏȓ . Ȕ ǶϚǌ ǂƾ ǗƼ ǄƢ ƲǂƣƼ ƪƢǂǀ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȘ

ƪƢǃʓʓǥƬ ǄƢ ƿǡƦ ƣǙƼ ƣƦ ǽƢƿʓǻ ǽƣʒƾƢǃɠ ȂȀʓǍʓƦ ρǸǐƢ ǽƢƿʓǻ ǽƣʒƾƢǃɠ ȁƾƢȆǿƣƼ

ʑƧǉǿ ( Tm) ƣƭƦ ǋǿǄ ƷʓƹǑƬ ( Tm) ƣȃ ʑƧǙǯǂƣȄȵ

ȘȚȏȐȘ ȒȚȘȗȔȘ ȒȚȘȒȒȖ Qȏ

ȘȚȏȑȘ ȑȚȐȕȕȑ ȑȚȐȑȐȖ QȐ

ȘȚȘȏȘ ȐȚȖȕȔȏ ȐȚȖȓȕȖ Qȑ

ȘȚȘȏȘ ȑȚȔȏȔȏ ȑȚȓȗȑȒ QȒ

ȘȚȘȘȐ ȑȚȖȘȗȑ ȑȚȖȘȐȐ QMȏ

ȘȚȘȘȕ �ȏȚȔȓȘȘ �ȏȚȔȔȏȔ QMȐ

ȘȚȘȘȓ �ȏȚȗȕȏȔ �ȏȚȗȖȏȔ QMȑ

ȘȚȘȘȏ ȐȚȖȘȕȑ ȐȚȖȘȑȔ QMȒ

ȘȚȘȘȒ �ȐȚȘȖȑȕ �ȐȚȘȗȏȖ QMȓ

.ƣƭƦ ǋǿǄ ƷʓƹǑƬ ǄƢ ƿǡƦ ȅ ǶƧǯ ƣȃ ʑƧǙǯǂƣȄȵ ǽƢƿʓǻ ǽƣʒƾƢǃɠ :ȑ . Ȕ ǵȅƿƴ

Ȃɓ ƿȃƾ ρǻ ǽƣǍǿ Ǝȏȓ . Ȕ ǶϚǌ Ƴʒƣƭǿ .ƫǈƢ ȁƿȃƣǍǻ ǶƦƣǯ ȏȓ . Ȕ ǶϚǌ ǂƾ ƣƭƦ ǋǿǄ ƷʓƹǑƬ ǄƢ ƿǡƦ ȅ ǶƧǯ

Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ ǺʒǂƢƾ ǂƣǝƭǿƢ ǃȃ .ƿƦƣʒ ρǻ ǋʒƢǅǫƢ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ƎƣƭƦ ǋǿǄ ȅ ȂƭǉƦ ǃʓǉǻ ƷʓƹǑƬ ǄƢ ƿǡƦ

.ǺʓȀɓ ȁƿȃƣǍǻ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ ʐƢǃƦ ʐǃƭǬʓǡǔ Ƴʒƣƭǿ ƎʑʒȆʒƾƢǂ ƿǻƣǉƦ ɑƢȅƣɓ ȅ ρǿȅǃƬȅǃɔȀǈ ʐƣȃ ǋƦƣƬ ƪƢǃưƢ

ȅ ʑʒȆʒƾƢǂ ƿǻƣǉƦ ɑƢȅƣɓ ƪƢǃʓưƣƬ Ǿƭǫǃɠ ǃǝǿ ǂƾ ǽȅƿƦ ȅ ƪƣƹʓƹǑƬ ǹƣƵǿƢ ǄƢ ƿǡƦ ȂϚʒǂƣƦ ǃǼǠ ǵȆǘ ǾʓȀȶǼȃ

.ƫǈƢ ȁƿȃƣǍǻ ǶƦƣǯ ȏȔ . Ȕ ǶϚǌ ǂƾ ρǿȅǃƬȅǃɔȀǈ ʐƣȃ ǋƦƣƬ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȏ

ǄƢ ƿǡƦ ǽȆʓƬ ǄƢ ƿǡƦ ǽȆʓƬ ǵƖ ȁƿʒƢ ǽȆʓƬ

ƣƭƦ ǋǿǄ ƷʓƹǑƬ ȂƭǉƦ ǃʓǉǻ ƷʓƹǑƬ

ȒȔȚȐȏȘȖ ȒȔȚȏȗȒȓ ȒȔȚȐȏȘȏ �x

ȏȕȚȑȐȏȐ ȏȕȚȑȒȘȕ ȏȕȚȑȐȏȘ �y

.ʐƾȆǼǠ ȅ ρǰǫƢ ʐƣƭǈƢǂ ǂƾ ǽȆʓƬ ǃƦ ȂƭǉƦ ǃʓǉǻ ȅ ƣƭƦ ǋǿǄ ƷʓƹǑƬ ǃʓưƣƬ :Ȓ . Ȕ ǵȅƿƴ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȐ

ρǰǫƢ ʐƣƭǈƢǂ ǂƾ ȂƭǉƦǃʓǉǻ ƪ˫ˬƭƼƢ
(Ɩ)

ʐƾȆǼǠ ʐƣƭǈƢǂ ǂƾ ȂƭǉƦǃʓǉǻ ƪ˫ˬƭƼƢ (Ƥ)

.ƣǙƼ ρɠƿȀɓƢǃȩ ȂǙǰǿ ƿǐ ʐƢǃƦ ȂƭǉƦ ǃʓǉǻ ƪ˫ˬƭƼƢ ƷʓƹǑƬ :ȏȏ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȑ

ƷʓƹǑƬ ǄƢ ǶƧǯ ƣƭƦ ǋǿǄ (Ɩ)

ƷʓƹǑƬ ǄƢ ƿǡƦ ƣƭƦ ǋǿǄ (Ƥ)

.ƷʓƹǑƬ ǄƢ ƿǡƦ ȅ ǶƧǯ ƣƭƦ ǋǿǄ :ȏȐ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȒ

.ƣƭƦ ǋǿǄ ƷʓƹǑƬ ǄƢ ƿǡƦ ȅ ǶƧǯ ρɠƿȀɓƢǃȩ :ȏȑ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȓ

.ǗƼ ǃƦ ƪƢǂǀ
(Ɩ)

.ǗƼ ǄƢ ƲǂƣƼ ƪƢǂǀ
(Ƥ)

.ƣȃ ǇʓǘƣȀǥǻ ʐƣǙƼ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ ǗƼ ǄƢ ƲǂƣƼ ȅ ǗƼ ǃƦ ƪƢǂǀ ʐƢǃƦ ρϚʓǻƣȀʒƾ ȂǿǄȅǂ :ȏȒ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȔ

.ȂǰǸƸ ǂƾ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ
(Ɩ)

.ȂǰǸƸ ǄƢ ρƭǼǉǯ ǂƾ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ
(Ƥ)

.ρǿȅǃƬȅǃɔȀǈ ʐƣȃ ǋƦƣƬ ȅ ʑʒȆʒƾƢǂ ƿǻƣǉƦ ɑƢȅƣɓ ǃưƢ Ǿƭǫǃɠ ǃǝǿ ǂƾ ǽȅƿƦ ȅ ƣȃ ǇʓǘƣȀǥǻ ʐƣǙƼ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ ȂǰǸƸ ǂƾ ȂǿƣɔƬ ρɠƿǿǃʒǁȩ :ȏȓ . Ȕ ǶϚǌ



ǽƢǃʒƢ ǂȆǿ ȂǼǍȵ ǊǂƣƧǿƢ ȂǰǸƸ ȂϚʒǂƣƦ ϗʓǻƣȀʒƾ ȅ ʐǄƣǈ ȂȀʓȄƦ . Ȕ ǶǑǫ ȗȕ

.ǪǸƭƽǻ ʐƣȃǂƣǍǫ ǂƾ ƣȃ ǇʓǘƣȀǥǻ ʐƣȃƣǙƼ Ǿƭǫǃɠ ǃǝǿ ǂƾ ƣƦ ȂϚʒǂƣƦ ǃǼǠ ǵȆǘ :ȏȔ . Ȕ ǶϚǌ



ȕ ǶǑǫ

ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ

ǂƾ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ƫƹǐ ǄƢ ǽƣȀʓǼǘƢ ǶʓǷƾ ȂƦ ƫǈƢ ƫƼƣǈ ǵƣƸ ǂƾ ʐ ȁɇȅǃȩ ϗʒ ǽƢǃʒƢ ǂȆǿ ʐ ȂǼǍȵ

Ƣǂ ǽƖ ρǸɓ ʐƣǼǿ Ȃɓ ƿǌ ǹƣƵǿƢ ǽƣǼǷƖ ǂƾ ȏGSI ǃϝƦƣƭǌ ǅɓǃǻ ǂƾ ȂϚʒǂƣƦ ʐƣȃǃƭǻƢǂƣȩ ʐǃʓɠ ȁǄƢƿǿƢ ƎʐǄƣǈ ȂʓƧǌ

ǾʒƢ .ƫǈƢ Ȃƭǫǃɠ ǂƢǃǯ ǽƣǼǷƖ ƪƣƭǍǻǂƢƾ ǃȄǌ ρϚʒƾǅǿ ǂƾ GSI ǃϝƦƣƭǌ .ƾǃɓ ȁƿȃƣǍǻ ȏ . ȕ ǶϚǌ ǂƾ ǽƢȆƬ ρǻ

ʐ ȁɇȅǃȩ ǭƣƹǷƢ ǶʓǷƾ ȂƦ .ƫǈƢ ȁƿǌ ǇʓǈƣƬ ȏȗȔȘ ǵƣǈ ǂƾ Ȃɓ ƫǈƢ ρǿȆƬȅǃȩ ǽȅǃƬȅǃɔȀǈ Ǿʓǌƣǻ ϗʒ ǃϝƦƣƭǌ

ʐƣȃ Ǿʓǌƣǻ ǵǃƭȀɓ Ǻƭǉʓǈ ƣƬ ƿǌ ǊȆǻƣƼ ȐȘȏȔ ǵƣǈ ǄƢ Ǿʓǌƣǻ ǾʒƢ GSI ǂƾ ƾȆƴȆǻ Ǿʓǌƣǻ ȂƦ ȐFAIR ƿʒƿƴ

Ǻƭǉʓǈ ǽƣǼȃ FAIR ʐ ȁɇȅǃȩ Ǻƭǉʓǈ ǵǃƭȀɓ .ƾȆǌ ǮƧǙȀǻ FAIR ƁƫƼƣǈ ǵƣƸ ǂƾ ʐ ȁɇȅǃȩ ƣƦ GSI ǂƾ ƾȆƴȆǻ

ƾƣƵʒƢ Ǻƭǉʓǈ ǾʒƢ ǂƾ ǽƖ ǂƣƭƼƣǈ ȅ Ǿʓǌƣǻ ǾʒƢ ʐƣȃǃƭǻƢǂƣȩ ƣƬ ƫǈƢ ǹǄ˫ Ȃɓ ƎƫǈƢ ȑLSA ρȀǡʒ LHC ǵǃƭȀɓ

ǂƾ FAIR ʐ ȁɇȅǃȩ ǶʓǷƾ ȂƦ ǽƖ ρǿƣǈǂǄȅǂ ȂƦ Ȃɓ ƾȆƦ ȒEPICS Ǻƭǉʓǈ GSI ρǼʒƿǯ ǃϝƦƣƭǌ ǵǃƭȀɓ Ǻƭǉʓǈ .ƾȆǌ

Ƣǂ ʐǃʓɠ ȁǄƢƿǿƢ ǽƢȆƭƦ ƣƬ ƾǂȅƖ ǺȃƢǃǫ Ƣǂ ǽƣϚǻƢ ǾʒƢ ƎȐȘȏȖ ǵƣǈ ǂƾ GSI ƾƿƵǻ ǂƣɓ ȂƦ Ǟȅǃǌ .ƫǈƢ ǹƣƵǿƢ ǵƣƸ

ǂƾ .ƾǃɓ Ȃǉʒƣǰǻ ʐǄƣǈ ȂʓƧǌ ʐƣȃƿɓ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ƣƦ Ƣǂ ʐǃʓɠ ȁǄƢƿǿƢ Ƴʒƣƭǿ ȅ ƎƾƢƾ ǹƣƵǿƢ Ǿʓǌƣǻ ǾʒƢ ǂƾ

ʐǄƣǈ ȂʓƧǌ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ȓESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ȂƭǉƦ ǃʓǉǻ ʐƢǃƦ ȁƿǌ ǹƣƵǿƢ ʐǃʓɠ ȁǄƢƿǿƢ

ȁƿǻƖ ƫǈƾ ȂƦ Ƴʒƣƭǿ ƣƦ ƎƾȆƦ Ȃǻƣǿ ǽƣʒƣȩ ǾʒƢ ǂƾ ƣȃ ʐǄƣǈ ȂʓƧǌ ǹƣƵǿƢ ʐƢǃƦ ƿɓ ǾʒǃƬ ρǸǐƢ Ȃɓ elegant ƿɓ ǂƾ

ȅ ʐǄƣǈ ȂʓƧǌ ǄƢ ǶǐƣƸ Ƴʒƣƭǿ ǾʓƦ ϗʒƾǅǿ ρǿƢȆƽǼȃ ǄƢ ǽƣǍǿ Ƴʒƣƭǿ ǾʒƢ ʐ Ȃǉʒƣǰǻ .ƿǌ Ȃǉʒƣǰǻ ʐǃʓɠ ȁǄƢƿǿƢ ǄƢ

ȂƦ ƫǈƢ ǾϚǼǻ Ȃɓ ρǷƢȆǈ .ƫǈƢ ȁƿʓǈǂ ȧƣȵ ȂƦ [ȓȐ] ȂǷƣǰǻ ǂƾ ƫǼǉǯ ǾʒƢ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ .ƫǌƢƾ ʐǃʓɠ ȁǄƢƿǿƢ

ȗȖ



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȗȗ

(Ɩ)

GSI ρǸɓ ʐƣǼǿ :ȏ . ȕ ǶϚǌ

ρǿȅǃƭϚǷƢ ǞȆǿ ǄƢ ρϚʒ Ȃɓ ƫǈƢ GSI ȅ ǽƢǃʒƢ ǂȆǿ ʐ ȂǼǍȵ ǂƾ ȂϚʒǂƣƦ ǞȆǿ ǂƾ ƪȅƣǬƬ ƎƿȀɓ ǂȆǙƼ ȁƿȀǿƢȆƼ Ǿȃǀ

ǂƾ ȂϚʒǂƣƦ ρϚʓǻƣȀʒƾ ʐƣȃǃƭǻƢǂƣȩ ʐǃʓɠ ȁǄƢƿǿƢ ǂƾ ȂϚʒǂƣƦ ǞȆǿ Ȃɓ ƾǃɓ ǽƣʓƦ ƿʒƣƦ .ƫǈƢ ρǿȆƬȅǃȩ ǞȆǿ ǄƢ ʐǃϝʒƾ ȅ

ǽƾȆǼǿ ȂǫƣǔƢ ȅ ƎȂϚʒǂƣƦ ƫɓǃƸ ȂƦ ǖȆƦǃǻ ƪ˫ƾƣǡǻ ǂƾ ƪƢǂǀ ǂƣƦ ȅ ǹǃƴ ƫǰʓǰƸ ǂƾ ƎƾȆǌ ρǼǿ ƾǂƢȅ ʐǄƣǈ ȂʓƧǌ

ǾʓǼȃ ȂƦ .ƾǂƢǁɠ ρǼǿ ʐǃʓưƣƬ ȁƿǻƖ ƫǈƾ ȂƦ ʑʒƣȄǿ Ƴʒƣƭǿ ǂƾ ȁǂǀ ǞȆǿ ǃʓʓǥƬ ǽƢȆȀǠ ȂƦ ƣȃ ʐǄƣǈ ȂʓƧǌ ǂƾ ρǷȅɇƣǻ

Ǿʓǌƣǻ ȂƦ ǺʓǼǡƬ ǶƦƣǯ ƎρϚʓǻƣȀʒƾ ʐƣȃǃƭǻƢǂƣȩ ʐƢǃƦ ρǿȆƬȅǃȩ Ǿʓǌƣǻ ǂƾ ʐǄƣǈ ȂʓƧǌ ȅ ʐǃʓɠ ȁǄƢƿǿƢ Ƴʒƣƭǿ ƎǶʓǷƾ

ȂϚʒǂƣƦ ǽƣϚǻ ȅ ǽƣʒǃƴ ʐǃʓɠ ȁǄƢƿǿƢ ʐƢǃƦ ʐǃʓɠ ȁǄƢƿǿƢ ʐƣȃǂƢǅƦƢ ǃƦ ʐǂȅǃǻ ƢƿƭƦƢ ƎǶǑǫ ǾʒƢ ǂƾ .ƫǈƢ ρǿȅǃƭϚǷƢ

ʐǃʓɠ ȁǄƢƿǿƢ ȅ ƪƣƧǈƣƹǻ ȅ ESR ǊǂƣƧǿƢ ȂǰǸƸ ρǫǃǡǻ ȂƦ ǇȪǈ ȅ ƫǌƢƾ ǺʓȃƢȆƼ ƣȄǿƖ ǂƣɓ Ǆǃǘ ȅ ǃϝƦƣƭǌ ǂƾ

Ƣǂ ʐǃʓɠ ȁǄƢƿǿƢ ȅ ƪƣƧǈƣƹǻ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ ȂϚʒǂƣƦ ʐ ȂƭǉƦ ǃʓǉǻ ʐƢǃƦ ƫʒƣȄǿ ǂƾ ȅ ǺʒǄƢƾǃȩ ρǻ ǽƖ ȂƦ ǖȆƦǃǻ ʐƣȃ



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȏȘȘ

.ƾǃɓ ǺʓȃƢȆƼ Ȃǉʒƣǰǻ ǃϝʒƿϚʒ ƣƦ

ʐǃʓɠ ȁǄƢƿǿƢ ʐƣȃǂƢǅƦƢ ȏ . ȕ

ǄƢ ǂȆǝȀǻ .ƾƢƾ ǹƣƵǿƢ ʑƧʒǃƽƬǃʓǤ ȅ ʑƧʒǃƽƬ Ǯʒǃǘ ȅƾ ǄƢ ǽƢȆƬ ρǻ Ƣǂ ƪƢǂǀ ʐ ȂϚʒǂƣƦ ʐƣȃ ȂǑƽǍǻ ʐǃʓɠ ȁǄƢƿǿƢ

ƪǂȆǐ ʐǃʓɠ ȁǄƢƿǿƢ ǽƖ ʐȅǂ ȅ ȁƿǍǿ Ƕƭƽǻ ƾȆƼ ƫɓǃƸ ǃʓǉǻ ǂƾ ȂϚʒǂƣƦ Ȃɓ ƫǈƢ ρǿƣǻǄ ʑƧʒǃƽƬǃʓǤ ʐǃʓɠ ȁǄƢƿǿƢ

ƾǂȆǻ ƪƣǍʒƣǻǄƖ ǹƣƵǿƢ ʐƢǃƦ ƿǿƢȆƬ ρǼǿ ʐǃʓɠ ȁǄƢƿǿƢ ǄƢ Ǉȩ ƪƢǂǀ ʐ ȂϚʒǂƣƦ ʑƧʒǃƽƬ ʐǃʓɠ ȁǄƢƿǿƢ ǂƾ .ƾǃʓɠ ρǻ

.ƾǃʓɠ ǂƢǃǯ ʐǃʓɠ ȁǄƢƿǿƢ

ǽƢȆȀǠ ȂƦ ƎƾǂƢƾ ǽƖ ʐ ȁǄƢƿǿƢ ȅ ǂƣƭƼƣǈ ȂƦ ρɡƭǉƦ ƾȅǂ ρǻ ǂƣɓ ȂƦ ǃϝƦƣƭǌ ǃȃ ǂƾ Ȃɓ ʐǃʓɠ ȁǄƢƿǿƢ ʐƣȃ ǂƢǅƦƢ ǞȆǿ

ϗʒ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ ʐƣȃ ǂƢǅƦƢ ƣƦ ƎƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ǃƭǻȆǸʓɓ Ȑȕ ǵȆǘ ƣƦ LHC ǂƾ Ȃɓ ʐǃʓɠ ȁǄƢƿǿƢ ʐƣȃǂƢǅƦƢ ǵƣƱǻ

ʐǃʓɠ ȁǄƢƿǿƢ ʐƣȃǂƢǅƦƢ ƣƦ ǋƽƦ ǾʒƢ ǂƾ .ƫǈƢ ƪȅƣǬƭǻ ƎƾȆǌ ρǻ ȁƾƣǬƭǈƢ ʑȩƢǃƬȆʒƾƢǂ ʐƢǃƦ Ȃɓ ʐǃƭǻ Ȑ ǃϝƦƣƭǌ

.ǺʒȆǌ ρǻ ƣȀǌƖ Ǝƿǿǃʓɠ ρǻ ǂƢǃǯ ȁƾƣǬƭǈƢ ƾǂȆǻ ǅʓǿ GSI ǂƾ ȅ ƿǿȆǌ ρǻ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ǽƣʒǃƴ ȅ ǽƣϚǻ ʐƢǃƦ Ȃɓ

ʐƾƢǂƣǫ ǽƣƵȀǫȔ ȏ . ȏ . ȕ

Ȃɓ ƫǈƢ ʐǅǸǫ Ǻǉƴ ϗʒ ƎʐƾƢǂƣǫ ǽƣƵȀǫ .ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ǽƣʒǃƴ ʐǃʓɠ ȁǄƢƿǿƢ ʐƢǃƦ ȁƣɡƭǈƾ ǾʒƢ ǄƢ

ʐƢǃƦ .ƫǈƢ ǮʒƣǠ ǽƣƵȀǫ ǾʒƢ ʐ ȂǿƿƦ .ƿǈǂ ρǻ ǃǝǿ ȂƦ ǽƣƵȀǫ ϗʒ ȂʓƧǌ ƿʒƖ ρǻǃƦ ǽƖ ǺǈƢ ǄƢ Ȃɓ ǂȆǘ ǽƣǼȃ

.ƿǿȆǌ ρǻ ϓǼƴ ǽƖ ǽȅǂƾ ȅ ȁƾǃɓ ƾǂȆƼǃƦ ƾȆƼ ƫɓǃƸ ǃʓǉǻ ǂƾ ǽƣƵȀǫ ʐƣȃ ȁǂƢȆʒƾ ƣƦ ǂƢƾǂƣƦ ƪƢǂǀ Ǝʐǃʓɠ ȁǄƢƿǿƢ

ƣȃ ȁǂƢȆʒƾ ǂƾ ρǫƣǔƢ ǂƣƦ ǽƣƵȀǫ ʐƣȃ ȁǂƢȆʒƾ ƣƦ ǂƢƾǂƣƦ ƪƢǂǀ ƾǂȆƼǃƦ ƣƦ ƎƫǈƢ ǮʒƣǠ ǽƣƵȀǫ ʐƣȃ ȁǂƢȆʒƾ Ȃɓ ƣƵǿƖ ǄƢ

ȂϚʒǂƣƦ ǽƣʒǃƴ ȅ ƾǃɓ ʐǃʓɠ ȁǄƢƿǿƢ Ƣǂ ǂƣƦ ǂƢƿǰǻ ǽƢȆƬ ρǻ ǽƣƵȀǫ ǄƢ ȂϚʒǂƣƦ ǵǃƭȀɓ ƫƹƬ ƲȅǃƼ ƣƦ .ƿʒƖ ρǻ ƾȆƴȅ ȂƦ

ȂǿƣƭǈƖ ʐƾȅǂȅ ǽƣʒǃƴ ʐǃʓɠ ȁǄƢƿǿƢ ʐƢǃƦ ȅ ƫǈƢ ʑƧʒǃƽƬ Ǌȅǂ ϗʒ ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ ǾʒƢ .ƾǃɓ ȂƧǈƣƹǻ Ƣǂ

.ƾȆǌ ρǻ ȁƾƣǬƭǈƢ

ȁǂƢȆʒƾ ǽƣʒǃƴȕ Ȑ . ȏ . ȕ

ƕˬƼ ȂǝǬƹǻ ʐ ȁǂƢȆʒƾ ǂƾ ʐǃʒȆǑƬ ǂƣƦ ϗʒ ƎƫɓǃƸ ǵƣƸ ǂƾ ʐƢ ȂǙǰǿ ǂƣƦ ϗʒ ǂȆǕƸ ǂƾ ƥǼǷȆɓ ǽȆǿƣǯ ǮƧǘ

ȂϚʒǂƣƦ ǗǈȆƬ ρϚʒǃƭϚǷƢ ǽƣʒǃƴ ϗʒ Ǝǃϝʒƾ ρǿƣʓƦ ȂƦ .ƫǈƢ ʐƢ ȂǙǰǿ ǂƣƦ ƣƦ ȁǄƢƿǿƢ Ǻȃ ǽƖ ǂƣƦ Ȃɓ ƾȆǌ ρǻ ƣǰǷƢ



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȏȘȏ

ʐƾƢǂƣǫ ǽƣƵȀǫ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ (Ɩ)

ʐƾƢǂƣǫ ǽƣƵȀǫ (Ƥ)

.ϗʓƬƣǼǌ ƪǂȆǐ ȂƦ ʐƾƢǂƣǫ ǽƣƵȀǫ ƣƦ ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ ȅ ʐƾƢǂƣǫ ǽƣƵȀǫ :Ȑ . ȕ ǶϚǌ

ƫȄƴ ρǷȅ ƾǂƢƾ ƪƢǂǀ ȂϚʒǂƣƦ ǽƣʒǃƴ ƣƦ ǃƦƢǃƦ ρǿƣʒǃƴ Ȃɓ ƾȆǌ ρǻ ƣǰǷƢ ƕˬƼ ʐ ȂǝǬƹǻ ǂƾ ƫɓǃƸ ǵƣƸ ǂƾ ǂƢƾǂƣƦ

ƎʑʒƣǰǷƢ ǽƣʒǃƴ ʐǃʓɠ ȁǄƢƿǿƢ ƣƦ Ȃɓ ƿȃƾ ρǻ ǽƣǍǿ ǞȆǔȆǻ ǾʒƢ .ƫǈƢ ƪƢǂǀ ȂϚʒǂƣƦ ǂƾ ǽƣʒǃƴ ƫȄƴ ǩˬƼ ǽƖ

ƎƕˬƼ ʐ ȂǝǬƹǻ ʐƣȃ ȁǂƢȆʒƾ ǂƾ ʑʒƣǰǷƢ ǽƣʒǃƴ ʐǃʓɠ ȁǄƢƿǿƢ ʐƢǃƦ .ƿʒƖ ρǻ ƫǈƾ ȂƦ ƪƢǂǀ ʐ ȂϚʒǂƣƦ ǽƣʒǃƴ ȁǄƢƿǿƢ

ʐƣȃǂƣƦ ǽƣʒǃƴ ȅ Ǻʓȃƾ ρǻ ǂƢǃǯ ϗʓǻƢǃǈ ȂɔƬ ϗʒ ƿȀǿƣǼȃ ǮʒƣǠ ϗʒ ƕˬƼ ʐ ȂǝǬƹǻ ǄƢ ρϚȵȆɓ ƫǼǉǯ ǂƾ

ʐƣȃǂƢǅƦƢ ǄƢ ȁƾƣǬƭǈƢ ƣƦ ƥʓƬǃƬ ǾʒƿƦ .ƿȀɓ ƫɓǃƸ ǃʓǉǻ ǾʒƢ ǂƾ Ȃɓ ǺʓȀɓ ρǻ ƫʒƢƿȃ ʐƢ ȂǿȆɠ ȂƦ Ƣǂ ʐǃʒȆǑƬ

ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ ǾʒƢ .ǺʓȀɓ ʐǃʓɠ ȁǄƢƿǿƢ Ƣǂ ȂϚʒǂƣƦ ǽƣʒǃƴ ƫǰʓǰƸ ǂƾ ȅ ʑʒƣǰǷƢ ǽƣʒǃƴ ǺʓǿƢȆƬ ρǻ ρϚʓǿȅǃƭϚǷƢ

.ƫǈƢ ʑƧʒǃƽƬǃʓǤ ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ ϗʒ
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ʐƢ ȂǙǰǿ ƪǂȆǐ ȂƦ ȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢȖ ȑ . ȏ . ȕ

ƪƢǂǀ ȂϚʒǂƣƦ ǽƣϚǻ ȁƣɡƭǈƾ ǾʒƢ ƫǰʓǰƸ ǂƾ .ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢ ʐƢǃƦ ȂǸʓǈȅ ǾʒƢ ǄƢ

ȂϚʒǂƣƦ ǂȆƧǠ ƣƦ .ƿȀɓ ρǻ ʐǃʓɠ ȁǄƢƿǿƢ ƎƿȀȀɓ ρǻ ǶǼǠ ǾƭǿƖ ȂƦ ȂʓƧǌ Ȃɓ ρϚȵȆɓ ρȀȃƖ ʐƣȃ ȂǼɓƾ ǄƢ ȁƾƣǬƭǈƢ ƣƦ Ƣǂ

ƫǈƾ ȂƦ ǩƿȃ Ǝƿȃƾ ρǻ Ƣǂ ȂǙǰǿ ǃȃ ǂƾ ρϚʒǃƭϚǷƢ ǽƢƿʓǻ ȅ ƾȆǌ ρǻ ƣǰǷƢ ǖƣǰǿ ǾʒƢ ȂƦ ρϚʒǃƭϚǷƢǂƣƦ ǖƣǰǿ ǾʒƢ ǄƢ

ȁƣɡƭǈƾ ǽȆʓǈƢǃƧʓǷƣɓ ƥʒǃǔ ǄƢ ȁƾƣǬƭǈƢ ƣƦ .ƫǈƢ ƫɓǃƸ ǃʓǉǻ ǵȆǘ ǂƾ ȂϚʒǂƣƦ ʐƾȆǼǠ ȅ ρǰǫƢ ǽƣϚǻ ǽƾǂȅƖ

ǃƦƢǃƦ ρǔǃǠ ȂƹǬǐ ǂƾ ȂϚʒǂƣƦ ǽƣϚǻ ƎǺʓǌƣƦ ȂƭǌƢƾ D ȅ C BƎ AƎ ʐ ȁƿȀȀɓ ƫǌƢƾǃƦ ʐ ȂǙǰǿ ǂƣȄȵ ǃɠƢ kƎ ρȀǡʒ

.ƫǈƢ ǃʒǄ ƪ˫ƾƣǡǻ ƣƦ

x = kx(
(A+D) � (B + C)

A+B + C +D
)

y = ky(
(A+B) � (C +D)

A+B + C +D
)

.ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ȑ . ȕ ǶϚǌ ǂƾ D ȅ C BƎ AƎ ʐ ȂǙǰǿ ǂƣȄȵ ǽƣϚǻ

.ƾȆǌ ρǻ ȂƭǬɠ ǅʓǿ ʐƢ ȂǙǰǿ ƪǂȆǐ ȂƦ ȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢ ʐ ȂǸʓǈȅ Ǝȁƣɡƭǈƾ ǾʒƢ ȂƦ :ȑ . ȕ ǶϚǌ

ȗȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢ ɑƢȅƣɓ Ȓ . ȏ . ȕ

ǞȆǿ ȴʓȃ ƣȃ ɑƢȅƣɓ ǄƢ ȂǿȆɠ ǾʒƢ ȂƦ Ȃɓ ƪȅƣǬƬ ǾʒƢ ƣƦ ƎƫǈƢ ȁƿȀȃƿƦƣƭǌ ɑƢȅƣɓ ȂƦ ȂʓƧǌ ǂƣʓǉƦ ȁƣɡƭǈƾ ǾʒƢ

ρǿƣǻǄ ƎƾǂƢƾ ȁƿǿǃʓɠ ƣʒ ǾƭǿƖ ϗʒ ɑƢȅƣɓ ǾʒƢ .ƾȆǌ ρǼǿ ƾǂƢȅ ȂϚʒǂƣƦ ȂƦ ǽƾƢƾ Ƥƣƭǌ ʐƢǃƦ ρǉʓǘƣȀǥǻȅǃƭϚǷƢ ƲȆǻ

ȂϚʒǂƣƦ ǃɠƢ .ƾȆǌ ρǻ ƣǰǷƢ ǽƖ ʐƣȃ ȁǂƢȆʒƾ ȂƦ ǇʓǘƣȀǥǻȅǃƭϚǷƢ ƲȆǻ ƿȀɓ ρǻ ǂȆƧǠ ɑƢȅƣɓ ǾʒƢ ǶƼƢƾ ǄƢ ȂϚʒǂƣƦ Ȃɓ
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ƣƦ .ƾȆǌ ρǻ ǃǬǐ ρƴȅǃƼ ǵƣȀϝʓǈ ȅ ƾȆƦ ƿȃƢȆƼ ǽƣǉϚʒ ƾȅǃƭϚǷƢ ȂƹǬǐ ȅƾ ɇƣƭǷȅ ƎƿȀɓ ǂȆƧǠ ϓƴǃǻ ǃʓǉǻ ǄƢ

ʑƧʒǃƽƬǃʓǤ ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ ǾʒƢ .ƿƦƣʒ ρǻ ǋʒƢǅǫƢ ɑƢȅƣɓ ǄƢ ρƭǫƣʒǂƾ ǵƣȀϝʓǈ ϓƴǃǻ ǃʓǉǻ ǄƢ ȂϚʒǂƣƦ ǩƢǃƹǿƢ

.ƿʓȀʓƧƦ Ƣǂ Ȓ . ȕ ǶϚǌ .ƫǈƢ ƳʒƢǂ ǂƣʓǉƦ ƣȃǃϝƦƣƭǌ ǂƾ ǽƖ ǄƢ ȁƾƣǬƭǈƢ ȅ

ϓƴǃǻ ǗƼ ǄƢ ȁƿǌ ǩǃƹȀǻ ʐ ȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢ (Ƥ) ȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢ ɑƢȅƣɓ (Ɩ)

ƾȆǌ ρǻ ȂƭǬɠ ǅʓǿ ρǙƼ ƪǂȆǐ ȂƦ ȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢ ʐ ȂǸʓǈȅ Ǝȁƣɡƭǈƾ ǾʒƢ ȂƦ .ȂϚʒǂƣƦ ǽƣϚǻ ʐǃʓɠ ȁǄƢƿǿƢ ɑƢȅƣɓ :Ȓ . ȕ ǶϚǌ

ǊǂƣƧǿƢ ȂǰǸƸ ρǸɓ ƪƣǠˬǘƢ Ȑ . ȕ

ǃϝƦƣƭǌ ƎρǿȆʒ ǟƧȀǻ : ǄƢ ƪǂƣƧǠ Ȃɓ ƎƫǈƢ ȁƿǌ ǶʓϚǍƬ ρǸǐƢ ƫǼǉǯ ǋǌ ǄƢ [ȓȑ] GSI ρǿȆƬȅǃȩ Ǿʓǌƣǻ

.ƿȀǌƣƦ ρǻ ȂϚʒǂƣƦ ǵǃƭȀɓ ρǸǐƢ ǭƣƬƢ ȅ FRS ȁƿȀȀɓƢƿƴ ȂǰǸƸ ESRƎ ǊǂƣƧǿƢ ȂǰǸƸ ƎȁƿȀȃƾ Ƥƣƭǌ ʐ ȂǰǸƸ ƎρǙƼ

ρǻ Ƥƣƭǌ Ƣǂ ǹȆʓǿƢǂȅƢ ƣƬ ǹȆʓǸȃ ǄƢ ʐƾƣʒǄ ʐƣȃ ǽȆʒ Ȃɓ ESR ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ Ƴʒƣƭǿ ʐ Ȃǉʒƣǰǻ ȅ ʐǃʓɠ ȁǄƢƿǿƢ

ȂǰǸƸ ǂƾ ƕˬƼ ǂƣǍǫ .ƿȀɓ ρǻ ǃʓʓǥƬ � 2 [ȘȚȏ; ȘȚȗ] ȁǄƣƦ ǂƾ ȂǰǸƸ ǾʒƢ ǂƾ ƪƢǂǀ ƫǠǃǈ .ƿǌ ǹƣƵǿƢ Ǝƿȃƾ

Ǘʓƹǻ .ƿǈǃƦ ǶǯƢƿƸ ȂƦ Ǆƣɠ Ǿɓƣǈ ʐƣȃ ǺƬƢ ȅ ƣȃ ǽȆʒ ǾʓƦ ƾǂȆƼǃƦ ƣƬ ƾȆǌ ρǻ ƯǠƣƦ Ȃɓ ƫǈƢ ȏȘ�ȏȏmbar

.ƿȀɓ ρǻ ǃʓʓǥƬ Ȓ � ȒȘȘMeV

u
ȁǄƣƦ ǂƾ ȁǂǀ ǞȆǿ ȂƦ ȂƴȆƬ ƣƦ ƪƢǂǀ ʐɇǃǿƢ ȅ ƫǈƢ ǃƭǻ ȏȘȖȚȑȔ ȂǰǸƸ ǾʒƢ

ʑƧǙǯ ȅƾ ǋǌ ʐƢǂƢƾ ESR .ƫǈƢ ǩƣǐ ƫǼǉǯ ȅƾ ȅ ρȀƹȀǻ ƫǼǉǯ ȅƾ Ƕǻƣǌ ǽǂƣǰƭǻ ȂǰǸƸ ϗʒ ȂǰǸƸ ǾʒƢ

ƫǍȃ ǄƢ ȂǰǸƸ ǾʒƢ ǂƾ ρɡǿǂ ρȃƢǃʓƦƢ ƪƣƹʓƹǑƬ ʐƢǃƦ .ƿǌƣƦ ρǻ ʑƧǙǯǂƣȄȵ ƫǉʓƦ ȅ ȔȘ� ǩƢǃƹǿƢ ȂʒȅƢǄ ƣƦ

ǇʓǘƣȀǥǻ Ƕǻƣɓ ƪƣǑƽǍǻ .ƫǈƢ ȏȘTm ƎESR ǂƾ ȂȀʓǍʓƦ ρǉʓǘƣȀǥǻ ρƭƽǈ .ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ʑƧǙǯ ǋǌ
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ǂƾ ȂǰǸƸ ǾʒƢ ρǸɓ ǶϚǌ ǾʓȀȶǼȃ .ƾǃɓ ȁƿȃƣǍǻ ȏ . ȕ ǵȅƿƴ ǂƾ ǽƢȆƬ ρǻ Ƣǂ ȂϚƧǌ ǾʒƢ ǂƾ ȁƿǌ ȁƾƣǬƭǈƢ ʐƣȃ

.ƫǈƢ ȁƿǌ ȁƾƢƾ ǽƣǍǿ ȓ . ȕ ǶϚǌ

(Ɩ)

ESR ǊǂƣƧǿƢ ȂǰǸƸ :ȓ . ȕ ǶϚǌ

ρɠƿǌƾǃǈ ǄƢ ǂȆǝȀǻ ƎƫǈƢ ȏȏρǫƾƣǑƬ ρɠƿǌƾǃǈ ȅ ȏȘρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ȂǰǸƸ ǾʒƢ ǂƾ ǺȄǻ ρɠɈʒȅ ȅƾ

.ƾƢƾ ǺʓȃƢȆƼ ƷʓǔȆƬ Ƣǂ ρɠɈʒȅ ȅƾ ǾʒƢ ǋƽƦ ǾʒƢ ȂǻƢƾƢ ǂƾ Ȃɓ ƫǈƢ ȂϚʒǂƣƦ ρɠƿȀǸʓǉɠ ǋȃƣɓ

ȅ ƾȆǌ ρǻ ρǷȆǘ ȅ ρǔǃǠ ρɠƿȀǸʓǉɠ ǋȃƣɓ ƯǠƣƦ ȂǰǸƸ ǂƾ ƫǼǉǯ ȅƾ ǾʒƢ ƾȆƴȅ Ǝƿǌ ǽƣʓƦ Ȃɓ ȂǿȆɠ ǽƣǼȃ

ȅǂ ƎƫǈƢ Ȃƭǫǃɠ ǂƢǃǯ ȂǰǸƸ ʑƦǃǤ ǩƣǐ ǋƽƦ ǂƾ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ .ƾǃʓɠ ρǻ ǂƢǃǯ ȂǰǸƸ ǂƾ ǶʓǷƾ ǾʓǼȃ ȂƦ

ǽƾǃɓ ǩǃƹȀǻ ʐƢǃƦ (ǃɠ ƷʓƹǑƬ)ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ǃϝʒƾ Ǻʓǰƭǉǻ ǋƽƦ ǂƾ ȅ ƫǼǉǯ ǾʒƢ ʐȅǂ ȂƦ

ǂƢǃǯ ƣȃ ʑƧǙǯȅƾ ʐƣȄƭǿƢ ʐǃƭǻ ρƭǿƣǈ ƫǍȃ ǂƾ Ǝƣȃ ǇʓǘƣȀǥǻ ǾʒƢ .ƿǿƢ ȁƿǌ ȂʓƧǡƬ ǩƿȃ ȂƦ ǽƖ ƾǂȆƼǃƦ ȅ ȂϚʒǂƣƦ

Ǝ ȂǰǸƸ ƤȆȀƴ ȅ ǵƣǼǌ ǂƾ ǶϚǌ ρȀƹȀǻ ƫǼǉǯ ȅƾ ǂƾ .ƿǿǂƢƾ ǂƢǃǯ ƫǼǉǯ ǾʒƢ ǄƢ ƿǡƦ ȅ ǶƧǯ ǂƾ ȁƿǌ ȁƾƢƾ
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ʑƧǙǯ ȅƾ Ǟƣǡǌ Deg ǩƢǃƹǿƢ ȂʒȅƢǄ (T ) ρǉʓǘƣȀǥǻ ǽƢƿʓǻ (m) ǵȆǘ ƾƢƿǡƬ ʑƧǙǯȅƾ

ȔȚȘȘȗ ȔȘ� ȘȚȓȔ ȔȚȐȓ Ȕ BEȏ

( Tm) ǽƢƿʓǻ ǽƣʒƾƢǃɠ (m) ǵȆǘ ƾƢƿǡƬ ƣȃ ʑƧǙǯǂƣȄȵ

�ȘȚȒȗȗȖȔȔ ȘȚȖȐȏ Ȓ Qȏ

ȘȚȒȓȕȓȖȒ ȘȚȖȑȒ Ȓ QȐ

ȘȚȑȑȓȔȓȘ ȘȚȖȐȏ Ȓ Qȑ

�ȘȚȒȒȓȖȖȖ ȏȚȐȒ Ȓ QȒ

ȘȚȒȐȐȏȒȘ ȘȚȖȐȏ Ȓ Qȓ

( T
mȐ ) ǽƢƿʓǻ ƪǂƿǯ (m) ǵȆǘ ƾƢƿǡƬ ƣȃ ʑƧǙǯ ǋǌ

�ȘȚȒȒ ȘȚȑȒ Ȓ Sȏ

ȘȚȐȑ ȘȚȑȒ Ȓ SȐ

.ESR ȂǰǸƸ ǂƾ Ȃƭǫǂ ǂƣɓ ȂƦ ʐƣȃ ǇʓǘƣȀǥǻ ƪƣǑƽǍǻ :ȏ . ȕ ǵȅƿƴ

ǃɠ ƷʓƹǑƬ ȁƾǄƢȅƾ ǄƢ ρǸɓ ƪǂȆǐ ȂƦ ESR ȂǰǸƸ .ƿǿǂƢƾ ǂƢǃǯ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ȂƦ ǖȆƦǃǻ ʐƣȃǃɠ ƷʓƹǑƬ

ǩƿȃ .ƿǿƢ ȁƿǌ ʐǂƢǁϝǻƣǿ KY ȅ KX ƣƦ ǶϚǌ ǂƾ Ȃɓ ƫǈƢ ȁƿǌ ǶʓϚǍƬ ʐƾȆǼǠ ǃɠ ƷʓƹǑƬ ƫǍȃ ȅ ρǰǫƢ

ǃʓǉǻ ʐǄƣǈ ȂʓƧǌ ȅ elegant ƿɓ ǗǈȆƬ ȂǰǸƸ ǂƾ ρǰǫƢ ȅ ʐƾȆǼǠ ʐƣȃǃɠ ƷʓƹǑƬ ǂƢƿǰǻ ƁʐǄƣǈ ȂȀʓȄƦ ƎʑʒƢƿƭƦƢ

ǃʒƾƣǰǻ ƢƿƭƦƢ ƎƫǿƣϝǷƢ ƿɓ ǂƾ ESR ʐ ȁƿǌ ʐǄƣǈ ȂʓƧǌ ʐ ȂǿȆǼǿ ǋʓȩ ƫƼƣǈ ǄƢ ƿǡƦ .ƾȆƦ ƿɓ ǾʒƢ ǂƾ ȂϚʒǂƣƦ ȂƭǉƦ

ǃʓǉǻ ʐȅǂ żƢƾƿƵǻ ƣȄǿƖ ǄƢ ǂȆƧǠ ǄƢ ƿǡƦ ȂϚʒǂƣƦ Ȃɓ ƿǿƿǌ ρǻ ʐǄƣǈ ȂȀʓȄƦ ρǠȆǿ ȂƦ ƿʒƣƦ ƣȃǃɠ ƷʓƹǑƬ ȂƦ ǖȆƦǃǻ

ρǍʒƣǻǄƖ ǂƾ ƫʒƣȄǿ ǂƾ ȅ ƿǌ Ȃǉʒƣǰǻ [ȓȒ] mirko ǹƣǿ ȂƦ ʐǃϝʒƾ ƿɓ ƣƦ ƣȃ ƤƢȆƴ ǾʒƢ ǇȪǈ ƎƾƾǃɠǄƣƦ ρǸǐƢ

.ƿǿƿǌ Ȃǉʒƣǰǻ ƣȃ ʐǄƣǈ ȂʓƧǌ ƣƦ ʐǃʓɠ ȁǄƢƿǿƢ ǄƢ ȁƿǻƖ ƫǈƾ ȂƦ ʐƣȃ ƤƢȆƴ Ǝƿǌ ǹƣƵǿƢ ȐȘȏȖ ǵƣǈ ʐƣȄƭǿƢ ǂƾ Ȃɓ

ʐ ȂǰǸƸ ǂƾ ƣȃǃɠ ƷʓƹǑƬ ƫʓǼȃƢ ɑǂƾ ʐƢǃƦ Ǝʐǃʓɠ ȁǄƢƿǿƢ ȅ   ʐǄƣǈ ȂʓƧǌ ȂƦ ǖȆƦǃǻ Ƴʒƣƭǿ ƾǂȆǻ ǂƾ ƯƹƦ ǄƢ ǋʓȩ

.Ǻʓȃƾ ρǻ ȂƠƢǂƢ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ȅ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ƾǂȆǻ ǂƾ ρƬƣƹʓǔȆƬ ESR



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȏȘȔ

ȂϚʒǂƣƦ ρɠƿǌƾǃǈ ȑ . ȕ

Ǌȅǂ ǾʒƢ .ƾȆǌ ρǻ Ǆƣǫ ʐƣǕǫ ǽƿǌ ǃƭϚȵȆɓ ȅ ǃʓʓǥƬ ƯǠƣƦ ȅ ƫǉʓǿ ǶʒȅȆʓǷ ǾʓǿƢȆǯ ƫƹƬ ȂϚʒǂƣƦ ρɠƿǌƾǃǈ

:ƾȅǂ ρǻ ǂƣɓ ȂƦ ȁƾƣǬƭǈƢ ǃʒǄ ǩƢƿȃƢ ʐƢǃƦ ȅ ȁƾƢƾ ǋȃƣɓ ρǷȆǘ ȅ ρǔǃǠ ʐƣƭǈƢǂ ȅƾ ǃȃ ǂƾ Ƣǂ Ǆƣǫ ʐƣǕǫ

ȂǰǸƸ ǂƾ ƪƢǂǀ ȁǃʓƼǀ ȅ ǊǂƣƧǿƢ �

ƣȃ ǋʒƣǻǄƖ ǂƾ ρɠƿȀǍƼǂƾ ǋʒƢǅǫƢ �

ȂϚʒǂƣƦ ρɠƿȀɓƢǃȩ ǄƢ ʐǃʓɠȆǸƴ ȅ ρǸƼƢƾ ʐƣȃ ǩƿȃ ǂƾ ȁƿǌ ƾƣƵʒƢ ρǸƼƢƾ ʐƣǻǃɠ ƣƦ ȂǸƦƣǰǻ �

ƪƣǍʒƣǻǄƖ ǂƾ ʐƢ ȂʒȅƢǄ ƶȆǔȅ ȅ ʐɇǃǿƢ ǋʒƢǅǫƢ �

ƓƾȆǌ ρǻ ǵǃƭȀɓ ȅ ƾǃǈ ƎǄƣǫ ʐƣǕǫ ǂƾ ƿǡ̅Ʀ ǋǌ ǂƾ ȂϚʒǂƣƦ Ȃɓ ƫǈƢ ǾʒƢ ESR ǂƾ ȂƴȆƬ ǶƦƣǯ ʐƣȃ ρɠɈʒȅ ǄƢ ρϚʒ

ǂƣɓ ȂƦ ρɠƿǌƾǃǈ Ǌȅǂ ȅƾ ȂǻƢƾƢ ǂƾ .ƿƦƣʒ ǋȃƣɓ ȂǿƣɔƬ ρɠƿȀɓƢǃȩ ȅ ρɠƿȀǸʓǉɠ ƣƬ ƿȀɓ ρǻ ϗǼɓ Ǌȅǂ ǾʒƢ

.ǺʓȀɓ ρǻ ρǈǂǃƦ Ƣǂ ESR ʐ ȂǰǸƸ ǂƾ Ȃƭǫǂ

ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ȏ . ȑ . ȕ

ƿʓǿƢȆƬ ρǻ Ƣǂ ǽƖ ǃʒȆǑƬ Ǝ[ȓȓ]ƿǌ ǪǍɓ ȏȑϗǈǃʓƧʓǈȅȆǿ ǂƾ ȏȐǂƣɓƾȆƦ Ǌǃɠ ǗǈȆƬ ȏȗȔȔ ǵƣǈ ǂƾ Ǌȅǂ ǾʒƢ

ƥǼǷȆɓ ǽȆǿƣǯ ǮƧǘ ǃƦ ρǿȆʒ ȂϚʒǂƣƦ ȅ ǽȅǃƭϚǷƢ ǾʓƦ ʐɇǃǿƢ ǵƣǰƭǿƢ ʐ ȂʒƣȩǃƦ Ǌȅǂ ǾʒƢ .ƿʓȀɓ ȁƿȃƣǍǻ Ȕ . ȕ ǶϚǌ ǂƾ

.ƿȀƦƣʒ ρǻ ǋȃƣɓ ρǔǃǠ ρɠƿȀǸʓǉɠ ȅ ȂǿƣɔƬ ρɠƿȀɓƢǃȩ ǵƣǰƭǿƢ ǾʒƢ ʐ ȂƵʓƭǿ ǂƾ .ƫǈƢ

Ǝƾǃʓɠ ρǻ ǂƢǃǯ Ǿʓǌƣǻ ǂƾ ȑA ρǿȅǃƭϚǷƢ ȂϚʒǂƣƦ ǽƣʒǃƴ ƣƦ [ȓȔ] ȐMeV ʐƁɇǃǿƢ ƣƦ ρǿȅǃƭϚǷƢ ʐ ȂϚʒǂƣƦ ϗʒ

ǾʒǃƭǍʓƦ ǃϝʒƾ ǩǃǘ ǄƢ .ƫǈƢ � = ȘȚȗȔȕ ƫǠǃǈ ƣʒ ȅ 
 = ȑȚȗ ǃϝǍʒƣǼǿ ȐMeV ʐɇǃǿƢ ƣƦ ρǿȅǃƭϚǷƢ

ǗǈȆƬ ƿǿƢȆƬ ρǻ ǽȆʒ ǾʒƢ .ƫǈƢ ȑȚȔGeV
u

ƿǌƣƦ ȂƭǌƢƾ ƿǿƢȆƬ ρǻ ȐȑȖUȗȐ+ ǹȆʓǿƢǂȅƢ ǽȆʒ ϗʒ Ȃɓ ʐƢ ʐɇǃǿƢ

ρǫƾƣǑƬ ρɠƿǌƾǃǈ ƣȄȀƬ Ǻʓȃƾ ǋʒƢǅǫƢ Ƣǂ ʐɇǃǿƢ ρǼɓ ǃɠƢ ƎƾȆǌ ƾǃǈ ˫ƣƦ ǂƾ ȁƿǌ ȁƾƢƾ ƶǃǌ ρǿȅǃƭϚǷƢ ʐ ȂϚʒǂƣƦ

ρɠƿǌƾǃǈ ƾǃɓǂƣɓ ǂƾ ǺȄǻ ǶǐƢ .ƿǿƣǻ ρǻ ȁƾƣǬƭǈƢ ǽȅƿƦ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ȅ ƾǂƢǁɠ ρǻ ǃʓưƣƬ ȂϚʒǂƣƦ ǾʒƢ ʐȅǂ ǃƦ

ƣƵǿƖ ǄƢ . ve = vi ρȀǡʒ ƿȀǌƣƦ ǃƦƢǃƦ ǃϝʒƿϚʒ ƣƦ ƿʒƣƦ ρǿȅǃƭϚǷƢ ȅ ρǿȆʒ ȂϚʒǂƣƦ ƫǠǃǈ Ȃɓ ƫǈƢ ǾʒƢ ρǿȅǃƭϚǷƢ

ǂƾ ƎƾȆǌ ρǻ Ee = Ei ʐɇǃǿƢ ʐǃƦƢǃƦ ȂƦ όƭȀǻ ƣȃ ƫǠǃǈ ʐǃƦƢǃƦ ƎƿǿǂƢƾ Ǻʓǰƭǉǻ ʐƢ ȂǙƦƢǂ ʐɇǃǿƢ ȅ ƫǠǃǈ Ȃɓ

:ǺʒǂƢƾ ȂƵʓƭǿ

Ee =
me

Mi

:Ei (ȏ . ȕ)
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(Ɩ)

ρǿȅǃƭϚǷƢ ρɠƿȀȀɓƾǃǈ ȁƣɡƭǈƾ :Ȕ . ȕ ǶϚǌ

(Ɩ)

ȂϚʒǂƣƦ ǃƦ ρɠƿȀȀɓƾǃǈ ǃʓưƣƬ ƾǃϚǸǼǠ ǹǅʓǿƣϚǻ :ȕ . ȕ ǶϚǌ

ʐ ȂǙƦƢǂ ȂƦ ȂƴȆƬ ƣƦ ƥʓƬǃƬ ǾʒƿƦ .ƾǂƢƾ Ǻʓǰƭǉǻ ȂǙƦƢǂ ƪƢǂǀ ʐƣǻƾ ƣƦ ʐɇǃǿƢ ƎǾǻǅƭǷȆƦ ǽȆǿƣǯ ǮƧǘ ρǫǃǘ ǄƢ

ǃƦƢǃƦ ρǿȅǃƭϚǷƢ ȂϚʒǂƣƦ ʐƣǻƾ ƿʒƣƦ ȑȚȔGeV=u ʐɇǃǿƢ ƣƦ ρǿȆʒ ʐ ȂϚʒǂƣƦ ϗʒ ͣρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ʐƢǃƦ Ǝȏ . ȕ

ʐƣǻƾ ǋȃƣɓ ƯǠƣƦ ρǿȆʒ ǢƢƾ ȂϚʒǂƣƦ ƣƦ ƾǃǈ ρǿȅǃƭϚǷƢ ȂϚʒǂƣƦ ρȃƢǃǼȃ .ƿǌƣƦ kBT = ȘȚȏ � ȏMeV ƣƦ

ʐƣƭǈƢǂ ǂƾ ȂϚʒǂƣƦ ǽƾǃɓ ǩǃƹȀǻ ʐƢǃƦ .ƾȆǌ ρǻ ȂǿƣɔƬ ρɠƿȀɓƢǃȩ ȅ ρɠƿȀǸʓǉɠ ǽƿǌ Ǻɓ ȅ ρǿȆʒ ȂϚʒǂƣƦ

ȅ ǶƧǯ ȁƿȀǿǄ ȂƦǃǔ ǇʓǘƣȀǥǻ ǂƣȄȵ ƎȂǰǸƸ ρǸǐƢ ǃʓǉǻ ȂƦ ρǿȆʒ ʐ ȂϚʒǂƣƦ ǽƿǿƢƾǃɠǄƣƦ ǇȪǈ ȅ ρǿȅǃƭϚǷƢ ȂϚʒǂƣƦ

ȂƦ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ Ȃɓ ƎƾȆǌ ǺʓǝȀƬ ʐƢ ȂǿȆɠ ȂƦ ƣȄǿƖ ƪǂƿǯ ƿʒƣƦ Ȃɓ ƾǂƢƾ ƾȆƴȅ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ǄƢ ƿǡƦ

.ƿȃƾ ƺǂ ρƭǈǂƾ
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ρǫƾƣǑƬ ρɠƿȀȀɓƾǃǈ Ȑ . ȑ . ȕ

ǄƢ Ȃɓ ρϚʒǃƭϚǷƢ ǵƣȀϝʓǈ ϗʒ ǄƢ Ǌȅǂ ǾʒƢ .ƫǈƢ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ƎǄƣǫ ʐƣǕǫ ǋȃƣɓ ʐƢǃƦ ǃϝʒƾ Ǌȅǂ

ǾʒƢ Ǌȅǂ ǾʒƢ ǂƾ .ƿȀɓ ρǻ ȁƾƣǬƭǈƢ ƎƾȆǌ ρǻ ȁƾƣƭǈǃǫ ȏȒƫǌƢƾǃƦ Ƕƹǻ ǂƾ ϓƴǃǻ ǃʓǉǻ ǄƢ ȁƿǌ ǩǃƹȀǻ ƪƢǂǀ

ƣƬ ƾȆǌ ρǻ ƾǂƢȅ ȂϚʒǂƣƦ ȂƦ ȂƦǃǔ ϗʒ Ǝ Ƕƹǻ ǾʒƢ ǂƾ ȁǂǀ ǩƢǃƹǿƢ ȁǄƢƿǿƢ ȂƦ ȅ ƿǈǂ ρǻ ȏȓȂƦǃǔ Ƕƹǻ ȂƦ ǵƣȀϝʓǈ

ȏȔǃʓǻǂƿǿȅ ǽȆǼʓǈ ǗǈȆƬ ȏȗȕȐ ǵƣǈ ǂƾ Ǌȅǂ ǾʒƢ .ƿʓȀʓƧƦ Ƣǂ Ȗ . ȕ ǶϚǌ ƎƿǿƢƾǃɠǃƦ ρǸǐƢ ǃʓǉǻ ȂƦ ȁǂƣƦȅƾ Ƣǂ ǽƖ

(Ɩ)

ρǫƾƣǑƬ ρɠƿǌƾǃǈ ƾǃɓǂƣɓ ǹǅʓǿƣϚǻ :Ȗ . ȕ ǶϚǌ

ǽƢȆƬ ρǻ ƎǃʒǄ ȂǙƦƢǂ ǮƧǘ Ȃɓ .ƾǂƢƾ ρɡƭǉƦ � ƣʒ ǊǅǥǷ ǶǻƣǠ ȂƦ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ƫǈǂƾ ƾǃɓǂƣɓ .ƿǌ ǞƢǃƭƼƢ

:ƫǈƢ ȂƭǉƦƢȅ ȁǂǀ ʐɇǃǿƢ ȅ ƤȅƣȀƬ ȁǂȅƾ ȂƦ ǶǻƣǠ ǾʒƢ Ȃɓ ƿʒƾ

�T

TȘ
= �

�E

E
(Ȑ . ȕ)

ρɠǂǅƦ ǂƢƿǰǻ ƿʒƣƦ ƫǌƢƾǃƦ ȅ ȂƦǃǔ ǾʓƦ Ȃɓ ρǷƣƸ ǂƾ ƎƿǌƣƦ ϗȵȆɓ ȂƦǃǔ ǖƣǰǿ ȅ ƫǌƢƾǃƦ ǖƣǰǿ ǂƾ ƿʒƣƦ �

� Ȃɓ ƾƢƾ ǽƣǍǿ ǽƢȆƬ ρǻ Ȑ . ȕ ȂǷƾƣǡǻ ǄƢ .ƾǂƢƾ Ƣǂ ǃʓưƣƬ ǾʒǃƭǍʓƦ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ƫǷƣƸ ǾʒƢ ǂƾ ƎƿǌƣƦ ȂƭǌƢƾ
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:ƣƦ ƫǈƢ ǃƦƢǃƦ

� =
ȏ

tr

� ȏ



(ȑ . ȕ)

ƣƦ ǃƦƢǃƦ 
tr ρǫǃǘ ǄƢ


tr =
ȏ

p
�c

(

Z
D(s)

�
ds)� ȏ

Ȑ (Ȓ . ȕ)

D(s) ƣʒ ρɠƿȀɓƢǃȩ ǟƦƣƬ ȂƦ ρɡƭǉƦ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ƤȆƼ ƾǃϚǸǼǠ ƎƫǬɠ ǽƢȆƬ ρǻ ƫǰʓǰƸ ǂƾ .ƿǌƣƦ ρǻ

.ƾǂƢƾ

ȁƾƣǬƭǈƢ ƾƣʒǄ ʐɇǃǿƢ ƣƦ ƪƢǂǀ ʐƢǃƦ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ǄƢ ȅ Ǻɓ ʐɇǃǿƢ ƣƦ ƪƢǂǀ ʐƢǃƦ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ǄƢ

.ƾȆǌ ρǻ ǵǃƭȀɓ ƿǡ̃Ʀ ǋǌ ǂƾ ƪƢǂǀ ʐɇǃǿƢ ȁǄƣƦ ǹƣǼƬ ρɠƿǌƾǃǈ Ǌȅǂ ȅƾ ǾʒƢ ǄƢ ȁƾƣǬƭǈƢ ƣƦ ȂƵʓƭǿ ǂƾ .ƾȆǌ ρǻ

ƾȆƴȅ ȂƦǃǔ ʐ ȂǙǰǿ ǂƾ ǃɠ ƷʓƹǑƬ ȅƾ ȅ ƫǌƢƾǃƦ ʐ ȂǙǰǿ ǂƾ ǃɠ ƷʓƹǑƬ ȅƾ Ǝǅʓǿ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ʐƢǃƦ

 ȂǰǸƸ ǂƾ.ƾƾǃɠǄƣƦ ρǸǐƢ ǃʓǉǻ ȂƦ ƫǌƢƾǃƦ ȂǙǰǿ ǄƢ ȁƿǌ ȁƾƣƭǈǃǫ ȂƦǃǔ ǗǈȆƬ ȂϚʒǂƣƦ ƣƬ ƿǿȆǌ ρǻ ƥƧǈ Ȃɓ ƎƿǿǂƢƾ

ρɠƿǌƾǃǈ ƎǋʒƣǻǄƖ ǹƣƵǿƢ ǽƣǻǄ ǂƾ ρǷȅ ƎƾǂƢƾ ƾȆƴȅ ρǙʒƢǃǌ ǂƾ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ǽƾȆƦ ǊȆǻƣƼ ǽƣϚǻƢ ESR

.ƾǃʓɠ ρǻ ƪǂȆǐ ρǿȆʒ ʐ ȂϚʒǂƣƦ ʐȅǂ ǃƦ ǽƖ ǗǈȆƬ ρɠƿǌƾǃǈ ȅ ƫǈƢ Ǿǌȅǂ ȁǂƢȆǼȃ ρǿȅǃƭϚǷƢ

ρǫƾƣǑƬ ρɠƿǌƾǃǈ ȅ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ȂƦ ǖȆƦǃǻ ƪƣƧǈƣƹǻ Ȓ . ȕ

ƎǺʒƾǃƦ ʑȩ ESR ǊǂƣƧǿƢ ȂǰǸƸ ǂƾ ǹǅʓǿƣϚǻ ȅƾ ǾʒƢ ƫʓǼȃƢ ȂƦ Ȑ . ȑ . ȕ ȅ ȏ . ȑ . ȕ ǋƽƦ ƪƣƹʓǔȆƬ ȂƦ ȂƴȆƬ ƣƦ

ǂƾ Ȃɓ Ƣǂ ǹǅʓǿƣϚǻ ȅƾ ǾʒƢ ǂƾ ǃɠ ƷʓƹǑƬ ʐƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ʐƣȃ ʐǄƣǈ ȂʓƧǌ ȅ ƪƣƧǈƣƹǻ ǋƽƦ ǾʒƢ ǂƾ

:Ǻʓȃƾ ρǻ ȂƠƢǂƢ ƎƫǈƢ ȁƿǌ ǹƣƵǿƢ mirko ȅ elegant ƿɓ ȅƾ

�(ELEvalues � MIRvalues) (mrad)Ȇɓǃʓǻ ǂƾ ǂƢƿǰǻ (mrad) ƫǿƣϝǷƢ ǂƾ ǂƢƿǰǻ ȂǑƽǍǻ

�ȏȚȏ �ȘȚȗȔ �ȐȚȘȔ EȘȏKXȓ

ȘȚȑ ȐȚȑȏ ȐȚȔȏȖ EȘȏKXȔ

ȘȚȑ �ȐȚȑȏ �ȐȚȔȏ EȘȐKXȏ

ȏȚȏ ȘȚȗȕ ȐȚȘȕ EȘȐKXȐ

.ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ʐƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ǃʒƾƣǰǻ Ȃǉʒƣǰǻ :Ȑ . ȕ ǵȅƿƴ
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�(ELEvalues � MIRvalues) (mrad) Ȇɓǃʓǻ ǂƾ ǂƢƿǰǻ (mrad)ƫǿƣϝǷƢ ǂƾ ǂƢƿǰǻ ȂǑƽǍǻ

ȏȚȘȏ ȘȚȗȔ ȘȚȗȕ EȘȏKXȏ

�ȘȚȘȒ ȐȚȘȏ ȏȚȗȕ EȘȏKXȐ

ȏȚȘȖ �ȐȚȖȓ �ȏȚȕȕ EȘȏKXȑ

�ȘȚȖȏ ȒȚȐȘ ȑȚȑȗ EȘȏKXȒ

ȘȚȖȔ Ș ȘȚȖȔ EȘȏKXȓ

.ƫǌƢƾǃƦ ȂʓƸƣǿ ǂƾ ρǫƾƣǑƬ ρɠƿǌƾǃǈ ȂƦ ǖȆƦǃǻ ǃʒƾƣǰǻ Ȃǉʒƣǰǻ :ȑ . ȕ ǵȅƿƴ

.ƿǿǂƢƾ ǂƢǃǯ ȂƦǃǔ ǽƣϚǻ ǂƾ ǃɠ ƷʓƹǑƬ όȀȩ ȅ ƫǌƢƾǃƦ ǽƣϚǻ ǂƾ ǃɠ ƷʓƹǑƬ όȀȩ ƎρǫƾƣǑƬ ρɠƿǌƾǃǈ ʐƢǃƦ

ʐƣȃǃɠ ƷʓƹǑƬ ǃʒƾƣǰǻ Ȃɓ ƾǃɓ ǽƢȆȀǠ ƿʒƣƦ .ƫǈƢ ȁƿǌ ȂƠƢǂƢ ƫǌƢƾǃƦ ʐ ȂǙǰǿ ȂƦ ǖȆƦǃǻ ǃʒƾƣǰǻ ȑ . ȕ ǵȅƿƴ ǂƾ

ǩƢǃƹǿƢ ȂƦ ǖȆƦǃǻ ǃʒƾƣǰǻ ǾʒƢ ǾʓȀȶǼȃ .ƫǈƢ ǂƢǃǯǃƦ ȑ . ȕ ǵȅƿƴ ǮƧǘ ǽǂƣǰƭǻ ƪǂȆǐ ȂƦ ǅʓǿ ȂƦǃǔ ȂƦ ǖȆƦǃǻ

ȓ . ȕ ǶϚǌ ȂƦ ȂǰǸƸ ǂƾ ƯƹƦ ƾǂȆǻ ʐƣȃǃɠ ƷʓƹǑƬ ǽƣϚǻ ȁƿȃƣǍǻ ʐƢǃƦ .ƫǈƢ ǃƭǻ ρǸʓǻ ȏȗ ƣƦ ǃƦƢǃƦ ȂϚʒǂƣƦ

.ƾȆǌ ǞȆƴǂ

ǩƿȃ ʐ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ȂƦ ǖȆƦǃǻ ƪƣƧǈƣƹǻ ȓ . ȕ

ȅ Ǻʓǰƭǉǻ ǃʓǉǻ ǂƾ ȂϚʒǂƣƦ ǽƾǃɓ ǩǃƹȀǻ ʐƢǃƦ Ǝǩƿȃ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ǄƢ ȁƿǌ ȂƭǬɠ Ȃɓ ǂȆǘ ǽƣǼȃ

ǃʓʓǥƬ Ƣǂ ȂϚʒǂƣƦ ǩƢǃƹǿƢ ǽƢǅʓǻ ǽƢȆƬ ρǻ ƣȃ ȁƿȀǿǄ ȂƦǃǔ ƪǂƿǯ ǺʓǝȀƬ ƣƦ .ƾȆǌ ρǻ ȁƾƣǬƭǈƢ ǩƿȃ ƣƦ ǽƖ ƾǂȆƼǃƦ

ȂʓƧǌ ȅ ρƸƢǃǘ Ǝǃƭǻ ρǸʓǻ ȏȘ ǩƢǃƹǿƢ ƣƦ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ʐƢǃƦ ƣȃ ʐǄƣǈ ȂȀʓȄƦ ȅ ƪƣƧǈƣƹǻ .ƾƢƾ

ǽƿǿƢƾǃɠǄƣƦ ȅ ǩƿȃ ƣƦ ȂϚʒǂƣƦ ƾǂȆƼǃƦ ƎρǸǐƢ ǃʓǉǻ ǄƢ ȂϚʒǂƣƦ ǩƢǃƹǿƢ Ǝƣȃ ǇʓǘƣȀǥǻ ǾʒƢ ǄƢ ǩƿȃ .ƿǿƿǌ ʐǄƣǈ

Ǝƿǌ ǹƣƵǿƢ mirko ȅ elegant ƿɓ ȅƾ ǂƾ ȂϚʒǂƣƦ ǃʓǉǻ ʐƢǃƦ ʐǄƣǈ ȂʓƧǌ ǾʒƢ .ƫǈƢ ρǸǐƢ ǃʓǉǻ ȂƦ ȂϚʒǂƣƦ

ǂƾ ȁƿȀǿǄ ȂƦǃǔ ǇʓǘƣȀǥǻ ƪǂƿǯ ƎƫǈƢ ǏƽǍǻ Ȃɓ ǂȆǘ ǽƣǼȃ .ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ Ȓ . ȕ ǵȅƿƴ ǂƾ Ƴʒƣƭǿ

Ǝǩƿȃ ʐ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ǽƣϚǻ ȁƿȃƣǍǻ ʐƢǃƦ ƎƿǿǂƢƾ ƪȅƣǬƬ ρǼɓ ƿɓ ȅƾ ǾʒƢ ǂƾ ƣȃǃɠ ƷʓƹǑƬ ǾʒƢ

.ƾȆǌ ǞȆƴǂ ȓ . ȕ ǶϚǌ ȂƦ



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȏȏȏ

�(ELEvalues � MIRvalues) (mrad)Ȇɓǃʓǻ ǂƾ ǂƢƿǰǻ (mrad) ƫǿƣϝǷƢ ǂƾ ǂƢƿǰǻ ȂǑƽǍǻ

�ȘȚȘȗ �ȘȚȒȑ �ȘȚȓȐ EȘȏKXȏ

ȘȚȏȕ ȐȚȓȏ ȐȚȔȖ EȘȏKXȐ

ȘȚȏȕ ȐȚȓȏ ȐȚȔȖ EȘȏKXȓ

�ȘȚȘȗ �ȘȚȒȑ �ȘȚȓȐ EȘȏKXȔ

.ȂϚʒǂƣƦ ǩƢǃƹǿƢ ǃƭǻ ρǸʓǻ ȏȘ ʐƢǃƦ ǩƿȃ ȂƦ ǖȆƦǃǻ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ʐǄƣǈ ȂʓƧǌ ȂƦ ǖȆƦǃǻ ǃʒƾƣǰǻ :Ȓ . ȕ ǵȅƿƴ

ȂϚʒǂƣƦ ƫɓǃƸ ʐ ȂƭǉƦ ǃʓǉǻ ǂƾ ƣȃǃɠ ƷʓƹǑƬ ʐǄƣǈ ȂȀʓȄƦ Ƴʒƣƭǿ Ȕ . ȕ

ȏȘ(mm) ǩƢǃƹǿƢ ʐƢǃƦ Ǝǩƿȃ ƣƦ ƾǂȆƼǃƦ ʐƢǃƦ ȂϚʒǂƣƦ ȂƦ ƣȃ ȁƿȀǿǄ ȂƦǃǔ ȅ ƣȃǃɠ ƷʓƹǑƬ ƎȂɔȀʒƢ ȂƦ ȂƴȆƬ ƣƦ

ȂϚʒǂƣƦ ƎʐǄƣǈ ȂʓƧǌ ǂƾ ρǫƾƣǑƬ ρɠƿǌƾǃǈ Ȃɓ Ȃƭɔǿ ǾʒƢ Ǿƭǫǃɠ ǃǝǿ ǂƾ ǾʓȀȶǼȃ ȅ ƿǿƢ ȁƿǌ ʐǄƣǈ ȂʓƧǌ ȂϚʒǂƣƦ ȂƦ

ƎȂǰǸƸ ǂƾ Ƣǂ ȂϚʒǂƣƦ ƫɓǃƸ ρǸɓ ǃʓǉǻ ǽƢȆƬ ρǻ ƎƿǿƢƾǃɠ ρǻ ǄƣƦ ϓƴǃǻ ǃʓǉǻ ȂƦ Ƣǂ ǃƭǻ ρǸʓǻ ȏȗ ǩƢǃƹǿƢ ƣƦ ʐƢ

ǋʒƣǼǿ ȗ . ȕ ǶϚǌ ƪǂȆǐ ȂƦ elegant ƿɓ ȂƦ ǖȆƦǃǻ Ȓ . ȕ ƣƬ ȑ . ȕ ʐƣȃ ǵȅƿƴ ǂƾ ȁƿǌ ȂƠƢǂƢ ǃʒƾƣǰǻ ȂƦ ȂƴȆƬ ƣƦ

ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ǶϚǌ ǂƾ e-cooler ƣƦ Ȃɓ ʐǃʓǉǻ ǂƾ ƎƫǈƢ ǏƽǍǻ ȗ . ȕ ǃʒȆǑƬ ǄƢ Ȃɓ ȂǿȆɠ ǽƣǼȃ .ƾƢƾ

ʐǄƣǈ ȂȀʓȄƦ ǄƢ ƿǡƦ ESR ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ƫɓǃƸ ǃʓǉǻ :ȗ . ȕ ǶϚǌ

ȂƦ ǖȆƦǃǻ ʐƣȃǃɠ ƷʓƹǑƬ ƎƫǼǉǯ ǾʒƢ ǄƢ ƿǡƦ ȅ ǶƧǯ .ƾȆǌ ρǻ ǃʓǉǻ Ǻȃ ρǿȅǃƭϚǷƢ ȂϚʒǂƣƦ ƣƦ ρǿȆʒ ȂϚʒǂƣƦ ƎƫǈƢ

ƫǼǉǯ ǾʒƢ .ƿȀǿƢƾǃɠ ρǻǄƣƦ ρǸǐƢ ǃʓǉǻ ȂƦ ȁǂƣƦȅƾ ȅ ǩǃƹȀǻ Ƣǂ ȂϚʒǂƣƦ ǃʓǉǻ Ȃɓ ƿǿǂƢƾ ǂƢǃǯ ǽȅǃƭϚǷƢ ρɠƿǌƾǃǈ



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȏȏȐ

ρɠƿǌƾǃǈ ƣʒ ESR ȂǰǸƸ ǂƾ .ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ Electron-cooling-correctors ƣƦ ǶϚǌ ǂƾ

ǃƦ ǽƣǻǅǼȃ ƪǂȆǐ ȂƦ ƫǼǉǯ ȅƾ ǾʒƢ ȂƵʓƭǿ ǂƾ ȅ ƿȀƭǉȃ Ǿǌȅǂ ǩƿȃ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ƣʒ ȅ ρǫƾƣǑƬ

ǽƖ ǃʓưƣƬ ȅ ρǫƾƣǑƬ ρɠƿǌƾǃǈ .ƫǈƢ Ǿǌȅǂ ȁǂƢȆǼȃ ρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ Ȃɓ ρǷƣƸ ǂƾ ƎƿǿǂƢǁɠ ρǼǿ ǃʓưƣƬ ȂϚʒǂƣƦ

ǏƽǍǻ ʑƦƖ ǗƼ ƣƦ ǩƿȃ ʐ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ȅ ʐƢ ȁȆȄǯ Ǿʓȵ ǗƼ ƣƦ ǶϚǌ ǂƾ ȂϚʒǂƣƦ ƫɓǃƸ ǃʓǉǻ ǃƦ

ʐ ȂƭǉƦ ƫɓǃƸ ǂȅƾ ϗʒ ǄƢ ǋʓƦ ʐƢǃƦ ƫɓǃƸƎȂϚʒǂƣƦ ƫɓǃƸ ǃʓǉǻ ǃƦ ǹǅʓǿƣϚǻ Ȃǈ ǃȃ ǃƭȄƦ ɑǂƾ ʐƢǃƦ .ƿǿƢ ȁƿǌ

ƣʒ ρǸǐƢ ǃʓǉǻ ʐȅǂ ƪƢǂǀ ʐƢǃƦ ƣȃ ʐǄƣǈ ȂʓƧǌ ȅ ƪƣƧǈƣƹǻ ǹƣǼƬ.ƫǈƢ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ ǶϚǌ ǂƾ ȂϚʒǂƣƦ

ʐƣȃ ǇʓǘƣȀǥǻ ȅ ƣȃǃɠ ƷʓƹǑƬ ƪǂƿǯ ʐǄƣǈ ȂȀʓȄƦ ƣƦ Ȃɓ ƾǃɓ ȁƿȃƣǍǻ ǽƢȆƬ ρǻ .ƫǈƢ ȁƿǌ ǹƣƵǿƢ �p
p

= Ș

ρϚʒ ǗǈȆƬ ǩƢǃƹǿƢ ƪǂȆǐ ǂƾ ȅ Ȃƭǫǃɠ ǂƢǃǯ ϓƴǃǻ ǃʓǉǻ ǂƾ ρƭǈǂƾ ȂƦ ȂϚʒǂƣƦ ʐ ȂƭǉƦ ǃʓǉǻ Ǝǩƿȃ ȁƿȀǿǄ ȂƦǃǔ

ǃʓǉǻ ȂƦ ȁǂƣƦȅƾ ǩƿȃ ʐ ȁƿȀǿǄ ȂƦǃǔ ʐƣȃ ǇʓǘƣȀǥǻ ƣʒ ȅ ρǫƾƣǑƬ ρɠƿǌ ƾǃǈ ƎρǿȅǃƭϚǷƢ ρɠƿǌƾǃǈ ǹǅʓǿƣϚǻ Ȃǈ ǄƢ

ǽƢȆƬ ρǻ ƎȂϚʒǂƣƦ ƫɓǃƸ ǃʓǉǻ ʐƢǃƦ ʐǄƣǈ ȂʓƧǌ ǂƾ ȁƿǌ ǹƣƵǿƢ ʐǄƣǈ ȂȀʓȄƦ ǃʓưƣƬ ɑǂƾ ʐƢǃƦ .ƾƾǃɠ ρǻ ǄƣƦ ρǸǐƢ

.ƾǃɓ ȁƿȃƣǍǻ ȏȘ . ȕ ǂƾ ʐǄƣǈ ȂȀʓȄƦ ǄƢ ǶƧǯ Ƣǂ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ƫɓǃƸ ǃʓǉǻ

ʐǄƣǈ ȂȀʓȄƦ ǄƢ ǶƧǯ ESR ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ƫɓǃƸ ǃʓǉǻ :ȏȘ . ȕ ǶϚǌ



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȏȏȑ

ʐǃʓɠ ȁǄƢƿǿƢ Ǌȅǂ ȕ . ȕ

ʐǂƣʓǉƦ ǶʓǷƾ ǾʓǼȃ ȂƦ ȅ ƾȆƦ ƿʒƿƴ ƣȄǿƖ ƾǃϚǸǼǠ ȅ ƣȃ ȁƣɡƭǈƾ ʐ ȂǼȃ GSI ǂƾ Ǻƭǉʓǈ ǵǃƭȀɓ ͣρǿƣǈǂ Ǆȅǂ ȂƦ ǶʓǷƾ ȂƦ

ʐ ȂƹǬǐ LSA Ǻƭǉʓǈ ǵǃƭȀɓ ρǸǐƢ ρɠɈʒȅ .ƫǫǃɠ ρǻ ǹƣƵǿƢ Ǿʓǌƣǻ ǂƣɓ ȂƦ Ǟȅǃǌ ǂƾ ƣǙƼ ȅ ρǡǈ ƣƦ ƾǂƢȆǻ ǄƢ

ǃȃ ʐƢǃƦ Ȃƭǫƣʒ ǃʓʓǥƬ ǂƢƿǰǻ ǽƾǃɓ ƾǂƢȅ ƣƦ ƣƬ ƿȃƾ ρǻ ȁǄƣƴƢ ǃƦǂƣɓ ȂƦ Ȃɓ ƫǈƢ ǽƖ ǂƾ ʐƢ ȂƼƣǌ ǂƢƾȆǼǿ ȅ ρϚʓǫƢǃɠ

ȂϚʒǂƣƦ ǊǂƣƧǿƢ Ǝʐǃʓɠ ȁǄƢƿǿƢ ǹƣƵǿƢ ǂƾ ǵȅƢ ǹƿǯ .ƾȆǌ ƣȃǃƭǻƢǂƣȩ ǃϝʒƾ ǃƦ ǃʓʓǥƬ ǾʒƢ ǃʓưƣƬ ȂƴȆƭǻ ƎƣȃǃƭǻƢǂƣȩ ǄƢ ϗʒ

ǽƖ ȂƦ ȂƴȆƬ ƣƦ Ȃɓ ƎƾȆǌ ρǻ ȁƾƢƾ ǋʒƣǼǿ ƫȀǈǂȆƠȆǸǫ ȂƹǬǐ ϗʒ ǗǈȆƬ ȂǰǸƸ ȂƦ ȂϚʒǂƣƦ ƾȅǂȅ .ƾȆƦ ȂǰǸƸ ǂƾ

ƁʐɇǃǿƢ ƣƦ Ar + ȏȖ ǽȆʒ ƎǋʒƣǻǄƖ ǹƣƵǿƢ ʐƢǃƦ ʐƾȅǂȅ ȂϚʒǂƣƦ .ƾǃɓ ȁƿȃƣǍǻ Ƣǂ ʐƾȅǂȅ ȂϚʒǂƣƦ ǽƣϚǻ ǽƢȆƬ ρǻ

.ʐƾȅǂȅ ȂϚʒǂƣƦ ʐ ȁƿȀȃƾ ǋʒƣǼǿ ƎƫȀǈǂȆƠȆǸǫ ʐ ȂƹǬǐ :ȏȏ . ȕ ǶϚǌ

ȂƹǬǐ ʑƦǃǤ ǵƣǼǌ ǟƦǂ ȂƦ Ƣǂ ȂϚʒǂƣƦ ƎȂϚʒǂƣƦ ǵƣǰƭǿƢ ǃʓǉǻ ǂƾ ƣȃ ʑƧǙǯǂƣȄȵ ƪǂƿǯ ǃʓʓǥƬ ƣƦ .ƾȆƦ ȐȔȐMeV=u

ǂƾ ȂϚʒǂƣƦ ƾȅǂȅ Ȃɓ ƾȆƦ ȁƾƢƾ ǽƣǍǿ ρǸƧǯ ʐƣȃ ȂƦǃƵƬ ƎǺʒƾǃɓ ƫʒƢƿȃ ESR ʐ ȂǰǸƸ ȂƦ ƾȅǂȅ ʐƢǃƦ ƫȀǈǂȆƠȆǸǫ

ǾʒƢ .ƿǌ ǄƣǤƖ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ǊǂƣƧǿƢ ʐƢǃƦ ǊˬƬ ƥʓƬǃƬ ǾʒƿƦ .ƿȃƾ ρǻ ǋʒƣǼǿ Ƣǂ ƣȃǃƭǻƢǂƣȩ ǾʒǃƭȄƦ ȂǙǰǿ ǾʒƢ

ȧȆϚǈƢȆǸʓǈƢ ȂƹǬǐ ǂƾ ƿƭǼǻ ρǿƣǈȆǿ ʐƣȃǂƢƾȆǼǿ ǽƿǌ ǂƢƿʒƿȩ ƣƦ ƎƾƢƾ ǎƣǑƭƼƢ ƾȆƼ ȂƦ Ƣǂ ʐƾƣʒǄ ǽƣǻǄ ȂǸƸǃǻ

ȐȒ ǂƾ ǃǻƢ ǾʒƢ ρǷȅ Ǝƫǫƣʒ ǽƣȀʓǼǘƢ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ǊǂƣƧǿƢ ǄƢ ǽƢȆƬ ρǻ ƎȏȐ . ȕ ǶϚǌ ǂƾ ȁƿǌ ȁƾƢƾ ǋʒƣǼǿ

ʐ ȂϚʒǂƣƦ ʐɇǃǿƢ ƿȀǿƣǻ ρǿƢȅƢǃǫ ʐƣȃǃƭǻƢǂƣȩ ƎȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ǊǂƣƧǿƢ ʐƢǃƦ .ƿǍǿ ǃǉʓǻ ǋʒƣǻǄƖ ʐ ȂʓǷȅƢ ƫǠƣǈ

ƪǂƿǯ ȅ ESR ʐ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ƾȅǂȅ ʐ ȂʒȅƢǄ ƎǶƧǯ ʐ ȁƿȀȃƿƦƣƭǌ ȂǰǸƸ ǄƢ ȂϚʒǂƣƦ ƲȅǃƼ ʐ ȂʒȅƢǄ Ǝʐƾȅǂȅ



ESR ǊǂƣƧǿƢ ʐ ȂǰǸƸ ǂƾ ʐǃʓɠ ȁǄƢƿǿƢ . ȕ ǶǑǫ ȏȏȒ

ρǿƣϚǸȩ ƪǂȆǐ ȂƦ ƣȃ ǇʓǘƣȀǥǻ ƪǂƿǯ ǋʒƢǅǫƢ (Ɩ)

ǪǸƭƽǻ ʐƣȃ ƫǼǉǯ ǂƾ ȂϚʒǂƣƦ ǽƣʒǃƴ (Ƥ)

.ƫǈƢ ȁƿǍǿ ǊǂƣƧǿƢ ESR ǂƾ ʐƢ ȂϚʒǂƣƦ ǄȆȀȃ ǶϚǌ ǾʒƢ ǂƾ ƎƫǈƢ ȂϚʒǂƣƦ ǊǂƣƧǿƢ ǃϝǍʒƣǼǿ ȂƭǈȆʓȩ ρǿƣǈȆǿ ρȀƹȀǻ :ȏȐ . ȕ ǶϚǌ

ƫʒƣȄǿǂƾ .ƾǃɓ ρǼǿ ƾƣƵʒƢ ȂϚʒǂƣƦ ǊǂƣƧǿƢ ǂƾ ʐǃʓưƣƬ ƪƢǃʓʓǥƬ ǾʒƢ ρǷȅ .ǺʒƾƢƾ ǃʓʓǥƬ Ƣǂ ƣȃ ʑƧǙǯǂƣȄȵ ǄƢ ρϚʒ

ρɠƿǌƾǃǈ ǽƢƿʓǻ ȅ ƣȃ ʑƧǙǯǂƣȄȵ ǄƢ ρϚʒ ƪǂƿǯ șȐȘ ǋȃƣɓ ƣƦ  ρǸƧǯ ƪƣǍʒƣǻǄƖ ƪƢƿȀƭǉǻ ǄƢ ȁƾƣǬƭǈƢ ƣƦ

.ƿǿƿǌ ǂƢƿʒƿȩ ȧȆϚǈƢȆǸʓǈƢ ǂƾ ȏȑ . ȕ ǶϚǌ ȂƦ ρǿƣǈȆǿ ʐƣȃǂƢƾȆǼǿ ȅ ƿǌ ȁǃʓƼǀ ȂǰǸƸ ǂƾ ȂϚʒǂƣƦ ƎǽȅǃƭϚǷƢ

.ƫǈƢ ESR ǂƾ ȂϚʒǂƣƦ ǊǂƣƧǿƢ ǃϝǍʒƣǼǿ ǹǂƣȄȵ ǵƣǿƣɓ ǂƾ ȂƭǈȆʓȩ ρǿƣǈȆǿ ρȀƹȀǻ :ȏȑ . ȕ ǶϚǌ























https://www.gsi.de/en/start/forschung/ forschungsfelder/appa_pni_gesundheit/atomphysik/research/ experimental_facilities/esr.htm.
https://www.gsi.de/en/start/forschung/ forschungsfelder/appa_pni_gesundheit/atomphysik/research/ experimental_facilities/esr.htm.
https://www.gsi.de/en/work/fairgsi/primary_beams/ abteilungen/system_planning/lattice_design_and_ion_optics/ mirko.htm.
https://www.gsi.de/en/work/fairgsi/primary_beams/ abteilungen/system_planning/lattice_design_and_ion_optics/ mirko.htm.



	فهرست مطالب
	فهرست جداول
	فهرست تصاویر
	چکیده فارسی
	مقدمه
	چکیده
	هدف
	ساختار مطالعه

	پیشینه تئوری
	اصول اولیه
	نیروی لورنتس و سختی مغناطیسی
	معادلات ماکسول
	هامیلتونی یک ذره باردار در میدان الکترومغناطیس

	بسط میدان مغناطیسی چندقطبی
	حرکت بتاترونی خطی
	Hill's equationمعادله هیل
	روش ماتریسی
	Courant-Snyderپارامترهای کورانت-اسنایدر
	گسیلندگی
	مختصات نرمالیزه شده
	خطا در مغناطیس ها
	خطای میدان دوقطبی و اختلال در مسیر بسته
	خطای میدان چهارقطبی و تغییرتیون بتاترونی

	ذرات دور از محور اصلی
	فشردگی تکانه و انتقال انرژی
	ابیراهی رنگی
	تصحیح کروماتیسیتی

	رزونانس
	روش‌های عددی و ردیابی ذرات
	نگاشت فرکانسی


	عناصر غیرخطی در حلقه انبارش
	نگاشت سیمپلکتیک
	نگاشت لی
	سری توانی برای شش قطبی ها
	کاربرد جبرلی در دینامیک غیرخطی
	کاربرد جبرلی در شش قطبی‌ها
	عبارت های ابیراهی رنگی مرتبه اول
	عبارت های هندسی مرتبه اول
	ابیراهی رنگی مرتبه دوم
	تشدید‌های هندسی مرتبه دوم


	الگوریتم چندمنظوره ژنتیکی
	MOGA
	رتبه بندی جمعیت جواب های به دست آمده

	معرفی شبکه بتا-پایین در حلقه انبارش چشمه نور ایران
	شبکه بتا-پایین
	ساختار شبکه
	شبکه های فودو
	شبکه های با آکرومات دوقطبی مرتبه دوم
	شبکه با گسیلندگی کمینه‌ی تئوری
	شبکه های با آکرومات دوقطبی مرتبه بالاتر


	بهینه سازی و دینامیک باریکه حلقه انبارش چشمه نور ایران
	آماده سازی شبکه برای بهینه سازی در الگوریتم ژنتیکی چندمنظوره
	نتایج بهینه سازی برای حلقه ایده‌آل بتا-پایین
	نگاشت فرکانسی

	بررسی نتایج بهینه سازی بعد از انجام تصحیحات توسط کد OPA
	نتایج بهینه سازی برای شبکه بتا-پایین با در نظرگرفتن خطاهای مربوط به مغناطیس ها

	 اندازه‌گیری در حلقه‌ی انبارش ESR
	ابزارهای اندازه‌گیری
	Faradey Cupفنجان فارادی
	Wall Currentجریان دیواره
	Pick-up Buttonsاندازه‌گیری مکان باریکه به صورت نقطه‌ای
	کاواک اندازه‌گیری مکان باریکهCavity BPM

	اطلاعات کلی حلقه انبارش
	سردشدگی باریکه
	سردشدگی الکترونی
	سردکنندگی تصادفی

	محاسبات مربوط به سردشدگی الکترونی و سردشدگی تصادفی
	محاسبات مربوط به مغناطیس های ضربه زننده‌ی هدف
	 نتایج بهینه سازی تصحیح گرها در مسیر بسته‌ی حرکت باریکه
	روش اندازه‌گیری
	اندازه‌گیری مسیر بسته‌ی باریکه در حلقه‌ی ESR و مقایسه‌ی آن نتایج شبیه سازی

	نتیجه گیری و جمع بندی
	مراجع

